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ABSTRACT.

This thesis is divided into three parts.
In Part I we consider the non-trivial solubility in p-adic

integers of a pair of additive equations of degrees k > n > 1:

flx) =ax+... +axk=0}
= 11 s s (*)
_ n n o_
glx) = blx1 ve. + bsxs 0
where the coefficients a1, .o ,as. and b1' .o ,b’5 are rational

integers. It appears that the situation with k# n has not
previously been investigated. We develop methods involving
p-normalisation procedures and exponential sums which enable us to
show:
(i) when k=3, n=2, and s 2 11, the equations (*) have a
non-trivial solution in p-adic integers for every rational prime p.
An example shows that this result is best possible.
(ii) if s > 2(k+n) and p > k‘nz, then the equations (*) have a
non-trivial solution in p-adic integers. The condition on s is best
possible.

In Part I1 we consider the non-trivial solubility of the
equations (*) in rational integers. We éhow that when k=3, n=2
and s = 14, then subject to certain natural conditions on a,...,a,

s

b1" .. ,bs, the equations (*) have a non-trivial rational solution.
To prove this result, we first generalise Vaughan’s iter‘ative method
to the case of simultaneous equations, and then use a variant of the
Hardy-Littlewood method, subject to complications.

In Part II1 we investigate Waring’s Problem. Let G(k) denote the
smallest number s such that every sufficiently large natural number

n is the sum of at most s kth powers of natural numbers. We begin by

showing that certain technical refinements of Vaughan's new



iterative method permit, in certain circumstances, an wupper bound
G(k) = H(k) to be replaced by G(k) = H(k)-1, with further savings
possible for k > 12. We then describe a new method which extends the
ideas of Vaughan’s iterative method. This permits us to improve
substantially all previous upper bounds for G(k) when k =z 6. In

particular, Vinogradov’s upper bound
G(k) < (2+0o(1))klogk as k — w» ,

dating from 19539, is replaced by
G(k) < (1+0(1))klogk as k —> o .
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NOTATION.

The notation throughout this thesis is consistent with that in
current use by analytic number theorists, unless otherwise stated.

We 1list below the notational conveniences most commonly adopted in

this thesis:

2ni
e(a) denotes e°"",

|- Ip denotes the wusual p-adic valuation, normalised with

_ 1
|plp- P,

« and » refer to Vinogradov’'s well-known notation, so that we

write f ¢« g to mean f = 0(g),
pfln is used to denote that p'|n but P n,
[x] denotes the integer part of the real variable x,

%] is used to denote Min { [x-y| } .
yelZ

We also make extensive use of vector notation for brevity. For

example, (01’ ce ,ct) is abbreviated to c .

For the sake of conciseness we adopt a localised approach to the
labelling of results and equations. Thus, for example, the name of
the nth lemma of section m of the pth chapter, when referring from
the gth chapter, is:

"Lemma p.m.n" or "Lemma m.n of Chapter p" if g = p,
{ "Lemma m.n" if g = p.

This approach is brief, and causes no confusion.

11



CHAPTER O.
INTRODUCTION AND HISTORICAL SURVEY.

1. DIOPHANTINE EQUATIONS, AND ARTIN'S CONJECTURE.

When he proposed his list of problems for the twentieth century
at the 1900 International Congress, Hilbert asked for a method for
deciding whether or not an arbitrary diophantine equation has a
solution (Hilbert’s tenth pr‘ob‘rblem). That 1is, does a universal
algorithm exist which decides, given a polynomial f = f(xl,...,xn)
with integer coefficients, whether or not the equation f =0 is
soluble in integers XioeeosX o Matijasevi¢ [1970, 1971] completed
the solution of Hilbert’s tenth problem —— in the negative. Despite
this negative resolution of the original problem, there remains
active iInterest iIn developing methods for establishing the
solubility of certain restricted classes of equations. Interest has

focused on two areas:

(i) Let F(x,y) denote a polynomial with integer coefficients
in the two variables x and y, and let m be some integer.
Under certain circumstances it is possible to decide whether
or not the equation F(x,y) = m has only finitely many
solutions in integers. In addition, if the equation has only
finitely many solutions, it can frequently be shown that it

has "very few" solutions (see A.Baker [1975], Chapter 4).

(i1) Let G = G(xi, - ,xn) denote a homogeneous polynomial

with integer coefficients in the variables xI, ...,X . Under
n

certain circumstances it can be shown that when n is

sufficiently large, the equation G =0 has a non-trivial

12



solution in integers (that is, a solution with not all the
X, zero). When a solution is known to exist, it can
frequently be shown that "many" solutions exist.
We shall consider only the second of these areas (the first more
properly belongs to transcendental or algebraic number theory).
Consider a homogeneous polynomial G = G(xl,...,xn) of degree k

with integer coefficients. It 1is plain that if the diophantine

equation
G(x,...,x) =0 (0.1)
1 n
is to be soluble non-trivially in rational integers, then
necessarily,

(i) the equation G = 0 must be soluble non-trivially over R,
(ii) for every rational prime p, the equation G = O must be soluble
non-trivially over the p-adic field Qp . Equivalently, for every
rational prime p, the congruence

G(x,,...,x) = 0 (mod P
must be soluble for each natural number n with one at least of the
X, coprime with p.

Conditions (1) and (ii) are known collectively as the local
solubility conditions. Ifr the equation (0.1) is soluble
non-trivially in rational integers, then it is said to satisfy the
global solubility condition. Under many circumstances we would
expect local solubility to be a sufficient condition for global
solubility (a generalised Hasse principle), but even the global
solubility of cubic equations is not yet fully understood.

In 1936 Artin conjectured (see Artin [1965], p.x) that if n > K
then every homogeneous polynomial of degree k > 0 in Qp[xl, ce ,xn]

has a non-trivial zero in !Dp. For many years, all work done on this

13



problem appeared to support this conjecture. Interest was generated
in restrictions of the problem, and it was probably Artin's
conjecture, at least in part, that prompted Davenport and Lewis to
work on additive equations in the sixties. The original conjecture
has been shown to be false by Terjanian [1966], who exhibited a
counter-example of degree 4 in 18 variables over ﬂa. Indeed, the
conjecture is not Just false, but "very false", for Arkhipov and
Karatsuba [1981] have shown that there are arbitrarily large values
of r, and homogeneous polynomials of degree k = k(r) in at least
K'+1 variables, which possess no non-trivial solution over Qp for
some rational prime p. Although now thoroughly discredited for
general polynomials, the Artin conjecture, now reincarnated as the
"Artin question", gains some credibility from the restricted problem

of additive equations.

2. P-ADIC SOLUBILITY OF ADDITIVE EQUATIONS. -
Let CU (1si=1¢t 1= j=gs5) be rational integers, and ki
(1=i=1t) be natural numbers. Consider the simultaneous

diophantine equations

K K
_ i 1 .
Fi(g) = ¢, X + ... 0+ c X, = 0 (1=jis=t). (0.2)

The Artin question for this system of additive equations asks
whether or not, for each rational prime p, the simultaneous

equations (0.2) are non-trivially soluble over Qp whenever

& 2
s > Zki .
i=1

Davenport and Lewis [1963] were able to answer the Artin question

in the affirmative for single additive equations (the case t = 1),

14



and went on to consider simultaneous additive equations (t > 1). For
pairs of equations with Ic1 = k2 = k, Davenport and Lewis [1967] were
able to answer the Artin question in the affirmative only for odd k,
whilst for even k they showed that for each rational prime p, the
equations (0.2) are soluble non~trivially whenever s = 7k%.  [When
the powers are all equal, say to k, the general case with t
equations gilves _somewhat weaker results, and the best results
currently available, due to Low, Pitman and Wolff [1988], require at
least [2t2klogk + 1] wvariables when k 1is 1large and odd, and
[48tk°log(3tk®)] when k = 3.]

In an earlier paper, Davenport and Lewis [1966] considered the
local and global solubility of @pairs of additive cubics. In
particular, they were able to show that when s 2 16, t =2 and
k1 = k2 = 3, then for each rational br'ime p, the equations (0.2)
have a non-trivial p-adic solution. Further, they were able to find
an example in 15 variables possessing no non-trivial 7-adic
solution. So this result of Davenport and Lewis is in some sense
best possible.

Cook [1985] refined the methods of Davenport and Lewis, using a
computational check of cases to deal with stubborn small primes. He
showed that 13 variables are sufficient to guarantee the non-trivial
p—adic solubility of a pair of additive cubic equations whenever
p # 7. Further, it 1is not difficult to show that there is an
infinite set of primes for which 12 variables are insufficient. To
see this, let p=1 (mod 3), and take w to be a cubic non-residue
(mod p). Then the equation

xf - wy:: + p(x: - wy:) + p2(x§ - wyz) =0 (0.3)

has no non-trivial p-adic solution, since each of the congruences

15



x:: = wy:: (mod p) has no non-trivial solution (mod p). Thus, by
considering two disjoint copies of the equation (0.3), we obtain a
pair of equations in 12 variables having no non-trivial p-adic
solution.

The prime 7 has therefore been shown to exhibit exceptional
behaviour with regard to pairs of additive cubics. Later work (see
Atkinson and Cook [1983]1) has shown that there are exceptional
primes for pairs of additive equations of higher degree (for
example, 11 is exceptional for fifth powers). However, there are no
exceptional primes for pairs of additive quadratic equations — an
argument similar to that applied above shows that for primes p > 2,
an example in 8 variables exists possessing no non-trivial p-adic
solution, and moreover Demjanov [1956] has shown that 9 variables
are sufficient to guarantee the non-trivial p-adic solubility of a
pair of additive quadratic equations.

The classification of exceptional primes is an area of current

interest in the study of additive equations.

It is notable that to date, there appears to have been no
consideration of the p-adic solubility of simultaneous additive
equations in which the powers k1 are not all equal. In Part I of
this thesis, we consider what is probably the simplest "non-trivial"
example of a problem of this type. Thus we consider the p-adic

solubility of equations of the type

cix::+ +csx:=0 '
2 2 (0.4)

dx + ... +dx =0

11 s 8

with ¢ ,d € Z .
1’71
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We are able to prove:

Theorem 0.1. The equations (0.4) are soluble non-trivially in

p-adic integers provided only that s = 11.

An example in 10 variables for primes p = 1 (mod 3) shows that
the condition on s is essentially best possible. Thus there are no
exceptional primes for simultaneous additive equations of the form
(0.4). .In deriving this result, the method we use is essentially an
elaboration of the methods of Davenport and Lewis, combined with the
computational approach of Cook. Thus we use a variational principle
to show that all equations of the form- (0.4) are in some sense
equivalent to a pair of equationé which have many variables explicit
(mod p). After disposing of a few standard cases, it is then

possible to use exponential sums, via the identity

p-1
p! Ze(rh/p) ={1 h
r=0 0 h

0 (mod p)
0 (mod p),

to show that the derived equations have a solution (mod p) which can

H

be 1lifted, by means of a standard argument from p-adic analysis
(Hensel’'s Lemma), to a non-trivial p-adic solution. It then follows
that the equations (0.4) have a non-trivial p-adic solution.

The outline of the method Jjust given is a gross simplification.
In particular, small primes (especially the prime 7) are very
troublesome, and we are forced to go Iinto some detail in order to
dispose of them. The essential non-linearity introduced by
considering such examples makes the analysis in many respects more
difficult than that of Davenport and Lewis, and of Cook, and ofle of

the goals of the first part of this thesis has been to initiate
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progress towards a systematic method of dealing with such systems of
equations.

A step in the proof of Theorem 0.1 entails estimating the number
of singular solutions to a certain pair of congruences. In order to
do this, we use a 1emma counting the number of solutions to a
certain "subset sum" congruence problem. This problem is rather
similar to an archimedean problem of Littlewood and Offord [1943].

We include an appendix to examine this problem in some detail.

In the second chapter of Part I, we consider pairs of additive
kth and nth power equations. We are able to derive a result which
generalises one of Atkinson and Cook [1983], who considered the case

with k = n.

Theorem 0.2. Suppose that k= n > 1, and that p is a rational
prime with p > k*n®. Then a pair of additive kth and nth power
equations in at least 2(k+n)+1 variables are simultaneously soluble

non-trivially in p-adic integers.

When p = 1 (mod kn), it is easy to construct an example of a pair
of additive kth and nth power equations in 2(k+n) variables
possessing no simultaneous non-trivial p-adic solution. Thus
Theorem 0.2 shows that although there may be exceptional primes,
there cannot be too many of them. Theorem 0.2 follows from a
refinement and generalisation of the arguments wused to prove

Theorem 0. 1.

18



3. RATIONAL SOLUBILITY OF ADDITIVE EQUATIONS.

Now consider the problem of the non-trivial global solubility of

equations of the form (0.2).

Additive quadratic equations are sufficiently simple for a
variety of algebraic methods to be brought to bear on the problem of
global solubility. Thus it was shown in the nineteenth century that
provided not all of the coefficlients are of the same sign, then an
additive quadratic equation in five variables is non-trivially
soluble in rational integers. However, these methods do not easily
generalise to equations of higher degree, and it remained until this
century for progress to be made on the general problem.

The Hardy-Littlewood method provides a systematic means of
passing from local solubility to global solubility of systems of
diophantine equations. The modern versions of this method are now
rather technical in nature, but we can Iillustrate many of the
salient features by considering the rational solubility of a single
additive kth power equation.

Let {i and Ei be positive real numbers with cl < Ei (1=1i=y5s),
and let P be a large positive real number. For 1 = i = s, let

fla) = z elax) .
i
(1P<x5tiP

Then by using the identity

1 1 h=0
Ie(ah) da =
0 0 h e Z\{0},

we deduce that the number of solutions, R(P), of the additive

equation

"
o

Kk Kk
ax +...+ax (0.5)

19



in integers xi', e ,xs inside the box

B = (C1P’ Ez” X (caP, €2Pl X ... X (CBP, &sP]
is given by
1 s
RP) = [ £ (a0 de . (0.6)
0 1=1

So we see that the number of solutions of the equation (0.5) inside
B corresponds to the value of the integral (0.6). In such
circumstances we frequently speak of the diophantine equation
(meaning (0.5)) wunderlying the integral (0.6), and conversely, of
the integral representation (meaning (0.6)) of the diophantine
equation (0.5).

Roughly speaking, the idea which underlies the Hardy-Littlewood
method is the splitting of the range of integration [0,1] into two
sets as follows. In one set, the so-called minor arcs, m, we put the
points o with poor rational approximation (o is not close to a
rational a/q with g "small"). In the complement of these minor arcs,
the major arcs, M, we put the points a« with good rational
approximation.

By pernmitting P to become very large, on the major arcs we are
able to obtain an asymptotic formula for the generating functions
fi(oc) in terms of the distance of « from the nearest good rational
approximation to «. By making an appropriate choice for the Ci and
Ei, we can then show that the contribution from the major arcs to
the integral (0.6) is asymptotic to

CeP*™ + o(P°%) ,
in which C€C 1is a constant depending on the non-trivial real
solubility of the equation (0.5), and 6 is a constant depending on

the non-trivial solubility of the equation (0.5) over all p-adic

fields. Further, provided that the equation (0.5) has a non-trivial,

20



non-singular solution over both the real field, and every p-adic
field, one can show that C and 6 are both positive.

On the minor arcs we proceed in two stages. In the first
stage we obtain an estimate for the integral

1 2t
I(P) = Iolf(a)l do

where

f(a) = e(axk) ,
xZP

and with 2t < s. The value of this integral is the number of
solutions of the diophantine equation
R L T
with 1 = XY, = P, By going back and forth between integral
representations and diophantine equations, it 1is possible to
manipulate equations to obtain an estimate of the form
I,(P) « P,

when t is sufficiently large in terms of k.

In ‘the second stage, we exploit the “bad rational
approximability" property of points in m to. obtain an estimate of
the form

-p+E

sup If ()] « P77,
o eEm

in which p is a positive number depending on k. Such estimates stem,
essentially, from the theory of uniform distribution. By combining
this latter estimate with the above mean value estimate, we obtain
for s > 2t a bound for the contribution of the minor arcs to the
integral (0.6) which is o(P*™*). Thus

RP) » P¥ S wasP—w,

and so there are many rational solutions to the equation (0.5).
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All recent analyses of additive equations have depended on an
approach of the form Jjust outlined, although elaborations of the
method are required in order to obtain the best results currently
available. In the case of simultaneous equations we obtain as an
integral representation a multi-dimensional integral. However, when
the k1 are all equal, by carefully manipulating the equations it is
possible to wuse linearity to make a change of variables which
permits the integral over the minor arcs to be written as the
product of several single dimensional integrals. Thus the original
simultaneous problem may be dealt with by using methods available
from the study of the corresponding single equation problem.

For brevity, we shall define G.(ﬁ) =G.(k1,...,kt) to be the
least integer r such that for all sz r, and all Cu (1 =1i=t,
1 = j = s) satisfying all conditions imposed by local solubility
considerations, thé simultaneous equations (0.2) have a non-trivial
rational solution. Also, for the purposes of this discussion, we
adopt the convention that "G.(é) s r" is to mean that r satisfies
the above conditions subject to some further, not unreasonable,
conditions (for example, we may require the equations to possess
non-singular solutions over the real field).

We have already mentioned that G*(Z) = 5. Using methods based on
the strategy outlined above, results for single additive equations
have reached a reasonably satisfactory state. For cubics, we have
seen already that p-adic solubility considerations imply that in
general, at least 7 variables will be required to guarantee
non-trivial rational solubility. Thus the result G'(3) s 7
(R.Baker [19380]) 1is in some sense best possible. For general

exponents, it is of interest to consider a rational "Artin question"
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for additive equations, and for single equations this problem has
recently been resolved by Vaughan. Davenport and Lewis [1963] were
able to show that G‘(k) = k°+1 for all values of k other than
7 = k < 17. This gap has slowly been filled, culminating with the
case k = 10 (Vaughan [1988a]).

For systems of equatiohs our knowledge is very much less
satisfactory. However, the barriers to more precise results might be
said to derive more from the incomplete state of our knowledge of
the p-adic problem, than from limitations in the Hardy-Littlewood
method itself. For pairs of equations, and small values of k,
previous authors have obtained

"G (2,2) = 8" (Cook [18711),

G'(3,3) = 14  (Bridern).

The latter result (not yet in print) is the most recent improvement
on the result G'(3,3) = 16 (Vaughan [1977]), which in view of the
example of Davenport and Lewis [1966] is essentially best possible
(when "18" is replaced by any smaller integer, 7-adic solubility can
no longer be guaranteed).

More general results have been obtained by previous authors.
However, once again the case when the ki are not all equal appears

not to have been considered.
In Part II of this thesis, we consider the non-trivial global

solubilty of the equations (0.4). We are able to prove the following

result.
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Theorem 0.3. ("G'(3,2) = 14"). The simultaneous additive
equations (0.4) have a non-trivial solution in rational integers if
the following conditions hold.

(a) the quadratic equation in (0.4) is indefinite, and has at least
five variables explicit, and
(b) the cubic equation in (0.4) has at least seven variables
explicit, and
(c). the simultaneous equations (0.4) have a non-trivial real
solution, and
(d) (i) s = 14, or

(ii) at least 6 of the dx are zero, or

(iii) at least 4 of the c, are zero.

The non-linearity inherent in the system (0.4) forces us to adopt
a fundamentally_ multi-dimensional approach to the proof of
Theorem 0.3, as we are unable to use the linearising ideas available
for systems of equations of the same degree. Although results
stemming from Vinogradov’'s mean value theorem (see, for example,
Hua [1965], Chapter V) are of some use, to obtain more precise
results we are forced to generalise the modern approaches to the
Hardy-Littlewood method.

In the application of the Hardy-Littlewood method to additive
problems of the type described above, a fundamental réle 1is played

by estimates for the number of solutions of auxiliary equations of

the form
* ky X k
X'+ .. v X =Sy o+ 4y (1=i=t), (0.7)

in which 1 = Jif_1,_}"1 = P. One 1idea for improving classical estimates,
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in which the Jltj and yJ range over the entire interval, 1is to
restrict the variables to lying in intervals of the form
PJ < xj,yJ < 2Pj for j=1,...,s,

where P1 = P2 zZ ... . The use of diminishing ranges does not,
however, seem well suited to cases where the k1 are not all equal.
The problem is that the method makes savings by exploiting features
of the real character of solutions, which become less pronounced
when the k are not all equal. Vaughan [1989a,b,c] has shown that
when t =1 a more efficient approach is to impose restrictions on
the arithmetic character of the solutions.

In the first chapter of part II of this thesis, we shall
demonstrate that this approach remains effective when t > 1,
although there are then a number of algebraic, as well as analytic,
questions to be answered if we are to take full advantage of the
method. We consider the equations (0.7) with :irj,y-1 € A(P,R), for a
suitable R, where

d4(P,R) ={ n: n= P, p prime, pln implies p = R }.
We then relate the number of solutions of (0.7) to the number of
solutions of the simultaneous equations
k k kK k k

1 i 1
X +...+x +m (u +...+u )
1 r 1

k k k k k

= y11+...+ yr1+ m 1(v11+...+ Vsir) (1 =1i=<1t) (0.8)

with xj,yJ = P, M<ms MR, and uj,vj € A(P/M,R). By making use of
homogeneity and Holder’s inequality, we are then able to relate the
number of solutions of the equations (0.8) to the number of
solutions of (0.7) with s replaced by a range of values not too far
from s.

The second chapter of Part II is devoted to the application of

the Hardy-Littlewood method to our problem. Here there are a number
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of difficulties over a standard application, many being caused by
our non-standard generating functions. Howeve‘r", the wunderlying
strategy remains the same, and we are able to bring the plan to a
successful conclusion. We use the methods alluded to above on the
minor arcs In our application of the Hardy-Littlewood method. The
treatment of the major arcs is complicated in two respects. Firstly,
we are dealing with an inherently non-linear problem, which causes
difficulties even in a classical approach to the problem. Secondly,
we have restricted the variables to lie in the set 4(P,R), and this
causes complications. It should be emphasised that in order to deal
successfully with the major arcs, it is crucial that the set A(P,R)
is relatively dense. Fortunately, when R = P" with 7 > 0, we have

card 4(P,R) » P.

4. WARING’S PROBLEM.

Given a natural number k, consider now the diophantine problem of
representing a natural number n as the sum of s kth powers of
natural numbers:

k

X + ... +XxX =n. (0.9)

1 s
Define g(k) to be the least s such that every natural number n is
represented in the form (0.8). In 1770, Waring asserted that g(k)
satisfles

g(2) = 4, g(3) =9, g(4) = 19, and (later) g(k) < « for k = 4.
Lagrange proved that g(2) = 4 in the eighteenth century, and during

the nineteenth century the problem was solved for many values of k.
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It was Hilbert [1809] who finally succeeded in proving that

g(ki < o for all k € N,
although the proof he gave guaranteed only the existence of such a
number.

The integer

k:
n= 2“[[%] ] -1, (0.10)

is smaller than Bk, and so can be represented as the sum of kth

powers of 1 and 2 only. Thus we may deduce that

k:
g(k)zzk+[[§]]-z,

and indeed it would seem that this holds with equality (this
assertion remains unproven). For a discussion of the current state
of play on this problem, the interested reader should see the
introduction of Vaughan [1981b]. Note that it has been proved since
the writing of that book that g(4) = 20 (Balasubramanian [1985]).
Indeed, Balasubr'amahian, Deshouillers and Dress [1986a,b] claim to
have proved the bound 3(4) = 19, and hence g(4) = 19. However, it
should be emphasised that there are some doubts about the extensive
computational checks required in their "proof", and moreover a
complete proof has yet to be published.

The number (0.10) clearly has some rather special features, and
in general fewer than g(k) kth powérs suffice to represent all
"large" natural numbers n. Thus we are led to consider G(k), which
we define to be the least natural number s such that all
sufficiently large natural numbers are the sum of at most s kth
powers of natural numbers. The evaluation of G(k) is very much more
difficult than that of g(k), and to date, G(k) is known precisely
only in the cases G(2) = 4 (Lagrange) and G(4) = 16

(Davenport [1938bl).
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Hardy and Littlewood were the first workers to make substantial
progress on the problem of reducing G(k). Using a method based on
the ideas outlined in §2, they were able to show (Hardy and
Littlewood [1822]) that

G(k) s (k-2)2°! + 5 for all k € N. (0.11)
For smaller k, arguments based on the use of diminishing ranges in
the Hardy-Littlewood method had led, by the Forties, to the bounds

G(3)

1A

7 (Linnik [1943]), G(4) = 16 (Davenport [1939b]l), G(5) = 23,

A

G(B8) = 36, G(7) = 53 (Davenport [1942], and his methods for k = 7),
G(8) = 73, G(8) = 99, G(10) = 122 (Narasimhamurti [1941]). Moreover
Davenport [1939b] was able to show that all natural numbers n
satisfying the necessary congruence conditions (a local solubility
hypothesis) are the sum of at most 14 biquadrates. We abbreviate
this result by writing G*(4) = 14.

Meanwhile, Vinogradov was wusing 1ideas based on diminishing
ranges, and mean value theorems, to obtain results for large k
substantially smaller than that given by (0.11). Initially, he was
able to show that as k — o we have G(k) = 0((klogk)2), but later
improved this result to G(k)v < (C+o(1)).klogk, with C =86 (see
Vinogradov [1934]). Over the next twenty-five years, Vinogradov
[1859] was able to reduce the value of C to 2, obtaining the bound

G(k) < k(2logk + 4loglogk + 2logloglogk +13) for k = 170000.

Over the thirty years since then, only the o(1) term in the bound
G(k) < (2+o(1))klogk has been reduced, the most recent result being

due to Vaughan {198%a].
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In Part III of this thesis we improve substantially all previous
upper bounds for G(k) when k = 6. We are also able to improve the
bound for G(5), although it is reported that this has =already been
achieved by Br‘iidern.

The first chapter of this section Iis devoted to some rather
technical refinements which enable small improvements to be made in
bounds for G(k). The interest in these methods probably derives more
from the applications of such methods outside Waring’s problem as to
the improvements themselves. To illustrate the use of these methods
directly, we show how to make the modest improvements in Waring’s
problem alluded to.

In the second chapter of this section, we go on to describe a new
method in Waring’s problem which 1leads to rather substantial
improvements in the existing upper bounds. Indeed, the method leads
to an asymptotic halving of the existing upper bounds, and so at
last we may substantially improve Vinogradov's wupper bound
G(k) = (2+o(1))klogk.

The major results of this part of the thesis may be summarised in

the following two theorems:

Theorem 0.6. As k —> o, we have

G(k) < k(logk + loglogk + 0(1)) .
Theorem 0.7. For 5 = k = 20, we have

G(k) = F(k),

where F(k) is as given by Table 0.1.
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Table 0.1

F(k) F(k) k  F(k) k F(k)
18 9 55 13 87 17 120
27 10 63 14 85 18 128
36 11 70 15 103 19 138
47 12 79 i6 112 20 148

x

0 N O U |x

These bounds may be compared with the most recent results in
print, themselves a substantial improvement on those previously

known, due to Vaughan [1988a,c]. He has shown that G#(4)

1A

12,

1A

G(5) = 19, G(6) =29, G(7) = 41, G(8) = 57, G(9) = 75, G(10) = 93,
G(11) = 109, G(12) = 125, G(13) = 141, G(14) = 158, G(15) = 171,
G(16) = 187, G(17) = 202, G(18) = 217, G(19) = 232, G(20) = 248.

We remark that the above results are intended as something of a
demonstration of the power of the method, and improvements may be

obtained by refining the method, especially for smaller k. This is a

matter we intend to return to in papers subsequent to this thesis.

As has become standard in applications of the Hardy-Littlewood
method, bounding G(k) depends fundamentally on estimates for the
number of solutions of auxiliary equations of the form

xl:+...+x:=y'1‘+...+y: (0.12)
with the xJ and y.1 lying in certain subsets sdj of [1,PlnZ. Vaughan’s
substantial innovation was to set each of the adj equal to a set 4
with suitable arithmetic properties, and to use these properties to
relate the number of solutions of the equation (0.12) to the number
of solutions of the equation

k

k, k k k k, k
x+m(u1+...+u1)=y+m(v1+...+v
&

(0.13)

with (xy,m) =1, x,y= P, M<ms= M, and uj,vJ € B, where B has
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similar properties to 4, but with B3 c [1,P/MInZ . The condition
(xy,m) = 1 enables us, roughly  speaking, to assume that
x =y (mod mk), and we are effectively able to take first
differences in a very eff'icient manner, by considering
U(x,y) = m *(x*~y*) (which is, of course, an integer). We may then
exploit the homogeneity of the uj and vJ , via Hoblder’s inequality,
to relate the number of solutions of (0.13) to that of equations of
the form (0.12) with 4 replaced by B, and s replaced by a range of
values not too far from s. In this way we may obtain estimates for
the number of solutions of the equation (0.12) iteratively, going
(in the simplest version of the method) from s-1 to s.

To explain the limitations of Vaughan’s method, let us define the
modified forward difference operator, A: , by

A (£(x)shim) = m “(£(x+hm’) = £(x)),

and define A: recursively by

A:ﬂ(f(x);hi,...,h sm_,...,m,_ )

J+1’ 1 J+1
= A:(A;(f(x);hl, ... ,hj;mi, ce ,mj);hju;mju) .
Then classical estimates for generating functions wused in the
context of Waring’s problem depend on taking standard differences
repeatedly, and then using estimates stemming from that for the
divisor function,
d(n) « n° for n e N.

Thus we consider exponential sums depending on

.

AJ(f(z);hi,...,hJ;l,...,1)
with f(z) = (z - h1 - .. - hj)k. In the approach of which Vaughan's
method is the most refined version, we consider exponential sums

depending on

*
Aj(f(z);hl,...,hj;m,l,...,1)
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with f(z) = (z - 111mk -h - ... - hj)k.

5 Thus we have taken one

efficient difference, and for the remaining differences we are
forced to return to standard differencing.

Our new idea is to further exploit the arithmetic properties of 4
so as to continue taking differences, each difference being taken
nearly as efficiently as the first. Thus we consider exponential

sums depending on

[ ]
Aj(f(z);hl,...,hj;ml,...,mj)
with f(z) = (z - hlm: - - hjm’;)k. It transpires that this

approach puts no obstacles In the way of previous applications of
Vaughan’s iterative method, since the improvements effected do not

change the character of the auxiliary equations used.

Finally, it should be noted that the ideas involved in our new
method are of significance beyond the application in Waring’s
Problem to which we have put it in this thesis. Thus large
improvements may be achieved In estimates stemming from Vinogradov’s
mean value theorenm, in estimates for fractional parts of
polynomials, and much else. In particular, the estimate
"G‘(3,2) = 14" may be replaced by "G.(S,Z) = 13" in Theorem 0.3.
These are all matters the author intends to consider in papers

subsequent to this thesis.
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PART 1.

SIMULTANEOUS ADDITIVE EQUATIONS: THE LOCAL PROBLEM.

Modified versions of Chapters 1 and 2 have been accepted for
publication by the London Mathematical Society and Mathematika,
respectively as the first and third parts in the series "On

simultaneous additive equations”.
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CHAPTER 1.
ON THE P-ADIC SOLUBILITY OF PAIRS OF EQUATIONS,
ONE CUBIC AND ONE QUADRATIC.

1. INTRODUCTION.
Let Sy (1=i=t 1=j=s) be rational integers, and k1
(1=i=st) be natural numbers. Consider the simultaneous

diophantine equations
k Kk

F(x) =c x'+...+cx'=0 (1=si=t). (1.1)
We say that the simultaneous equations (1.1) satisfy the p-adic
solubility condition if they have a non-trivial solution in p-adic
integers (i.e. a solution with not all the X, zero). Also, we say
that the equations satisfy the congruence condition if they satisfy
the p-adic solubility condition for every rational prime p.
Define r;(g) = I‘;(ki,...,kt) to be the least integer r such that
for all sz r, and all CiJ (1=i=t 1= j=gs), the equations

(1.1) satisfy the p-adic solubility condition. Also, define F*(ﬁ) to

be Sup T (k).

o

P prime
There has been much interest in the problem of evaluating I“(E)

over the last quarf.er of a century, mostly stemming from the
pioneering investigations of Davenport and Lewis [1963, 1866, 1967,
19689]1. However, it seems that thﬁs far the only cases which have
been considered are those '1n which the kl are all equal. In this
chapter we shall consider the easiest "non-trivial" case with

unequal exponents, namely l"(3,2), and shall be concerned with the

equations
3 3
Fx) =cx + ... +cx =0
= 11 s S (1 2)
Gx) =dx°+ ... +dx =0
= 11 s B
where ci,diez for i=1,...,s. We shall prove:

34



Theorem 1.1. We have I".(3,2) = 11,

Although this problem is of independent interest, knowledge of
the p-adic solubility of the equations (1.1) is also an essential
prerequisite to an application of the standard method for dealing
with the corresponding rational problem, namely the Hardy-Littlewood
method. We shall go on to consider the solubility of the equations
(1.2) over the rational integers in Chapters 3 and 4.

Theorem 1.1 may be compared with results obtained by prévious
workers for small values of t and k1:

r'(2) = 5 (classical), I (3) = 7 (Lewis [18571),
r(2,2) =9 (Demjanov [19561),
r'(3,3) = 16 (Davenport and Lewis [1966]).

Cook [1985] has given a more precise analysis of the p-adic
solubility of pairs of additive cubic equations, showing that
I';(S,S) = 13 for p#*17, with equality holding whenever
p =1 (mod 3). It is worth noting that the exceptional behaviour
exhibited by the prime 7 for pairs of cubics is in contrast with the
situation for pairs of equations, one cubic and one quadratic, where
no prime demonstrates such "exceptional" behaviour.

It is to be hoped that our consideration of this particular
example may stimulate interest in the more general problem, and to
this end many of our methods are set out in a quite general form.
The proof of the theorem is based on generalisations of the methods
of Davenport and Lewis [1966, 1967, 1969] and Cook [1885], although
owing to the inherent non-linearity of the system (1.2), numerous

complications occur.
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We begin in §2 by generalising the p-normalisation methods of
Davenport and Lewis [1966, 1967, 1969] to our non-linear set-up. The
primes 2 and 3 have special difficulties associated with them, and
are dealt with separately in §5. The primes p = 5 (mod 12) can be
treated particularly simply, and these we also consider in §5. For
primes other than 2 and 3, we are able to use Hensel’'s Lemma to show
in &3 that wunless the resultant p-normalised system 1is of a
particular form, then it has a non-trivial p-adic solution. In §4 we
use exponential sums to bound the primes for which we are still
unable to guarantee a non-trivial solution. Lemma 4.3 enables us to
bound the number of solutions of a certain system of congruences
rather effectively, and this gives us a bound on the set of primes
requiring further investigation of much greater strength than would
otherwise be possible. We are then left with a finite set of
congruences for which we require solutions non-singular (mod p), and
these may be checked using a computer. We mention some of the
economies which may be made in this task in §6. Finally, in §7, we
conclude the proof of the upper bound implicit in the theorem, and
give an example of a system of the form (1.2) for which 10 variables

are insufficient to guarantee a non-trivial p-adic solution.

2. THE P-ADIC NORMALISATION OF A SYSTEM OF ADDITIVE FORMS.

Here we attempt to generalise the successful treatment of
simultaneous kth power equations given by Davenport and Lewis [1966,
1967, 1968). Not all of the details will be required for the system
(1.2), but the general method is of interest in its own right, and

so is included in any case.
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Suppose that k1’ ceey kt are positive integers, and

£= (F1’F2""’Ft) is the simultaneous system of t = s diagonal
forms
k, k,
Fi(g) = Fi(xi,...,xs) =a.X +...+ax (1 =is=st) (2.1)

with k = Max({ k‘ : 1= i=1t}, We suppose that no Fi(_J_E) is a linear

combination of the other Fj(g;) (i.e. the system is not linearly

dependent).

Let

K= 1 k, .,
15_151:"
and
_ . t ., . . .y
S = { (Jl,...,jt) e {1,...,s} : J, # Jy for i= i }

so that |S| = s(s-1)...(s-t+1) = M, say. When o = (jl...-,jt) €S
define

kl
D (F) = det [ al
where }c’1 = K/ki. Then we define

8(F) =  D(F) . (2.2)
o €S

As an example, for the system (1.2) we have

a(F,G) = (cid; - ) .
wy TS

The apparently rather complicated form of 8, with powers attached to
the coefficients, is required to ensure that a(_g_) is in some sense
"homogeneous" with respect to the coefficients of £ This
homogeneity leads to results of the form obtained by Davenport and
Lewis [1966, 1967, 1969].

To simplify notation, we define an equivalence relation R on
{1,...,t} by

iRj if and only if k1.= kj

We denote the equivalence class containing i by [i], and the set of

equivalence classes by I = {1,...,t}/R.
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Lemma 2.1. Given a system F of the form (2.1), 8(F) satisfies the

following:

(i) ir V...,V are integers, and
v v
r - 1 s
F' =F(p XseesP X ),
then

6(£') = ptmv/a(z) ,

wherev=v1+... + v
8

(ii) If AIJ (1 =14,j=t) are rational numbers, and the system F” is

defined by

F"(x) = AF(x), (i=1,...,1),
1= jeznl b=

then we have

a(F") = JU.a(p) ,

where
5
J= | det [h ] :
1] .
a €1 i,jea
g ky
Proof: (i) Write P, for p°, and a'l ; for the coefficient of xJ
in F’l(}__t). Then if o = (jl,...,jt) € S, we have
kl
D_(F') = det [.a'i ! ]
- Jm 1=im=t
kl
= det [p‘ aii ]
o Va1 sim=t
kl
=p p. .det [ai1 ]
1 I w1 =im=t
Then

oFy = [ 0E.85 .6 )
o €S 1 t

and Z(v + . 4w ) = th/s.

o €S '11 t

Kk
(ii) VWrite a’l’J for the coefficient of le in F’i'(g). Then if

o= (ji,...,jt) € S, we have
Ky Ky
det [a’i’ ] = (det H).det [a1 ]
w1l =im=t i =im=t
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where the rows and columns of the matrix H can be rearranged to give

the block matrix

C1
C
2
C
r
where r = |I|, and each C1 corresponds to a unique a € I, having
determinant
k'
1
det [Ai ] .
J i,jea

The result follows on noting that the number of factors in the
product (2.2) is M, which is even for t > 1.

This completes the proof of the lemma.

We shall follow Davenport and Lewis [1966, 1967, 19869], and call
two systems of the form (2.1), with integral coefficients,
equivalent if one system can be obtained from the other by a
combination of the operations (i) and (ii) of Lemma 2.1; here we
shall always demand that the determinant J # O, so that the
operation (ii) is non-trivial. Notice that the operations (i) and
(ii) are commutative. Also, if the system F(x) = 0 has a non-trivial
solution over Qp, then so does any system equivalent to £ .

We shall assume throughout §§2-5 that 3(£) # 0 {(we shall see in
§7 that this is not too demanding a condition for us to fulfill).
This property is plainly preserved under equivalence.

A system £ will be called p-normalised if the power of the
rational prime p dividing 8(£) is minimal amongst the set of all
forms equivalent to £ That this is possible follows because this
power is non-negative. A p-normalised system is not unique, for any

operation of type (il) with J not divisible by p transforms a
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p-normalised system into another p-normalised system. Such a
transformation is known as a unimodular change of basis.

To any system 5 with integral coefficients there corresponds a
system 5’ with coefficients in Z/pZ, these coefficients being
congruent (mod p) to the corresponding coefficients of £ Plainly,
there may be variables explicit in £ but not in £'. The number of

variables occurring explicitly in a form is known as its rank.

Lemma 2.2. A p-normalised system F can be written in the form

_ k-1 .
Fi_Fi,o+pF1,1+"'+p Fi’k_1 (i=1,...,1)

where the I-"l,j are forms in m‘1 variables, and these sels are
disjoint for j=0,...,k-1. Moreover, each of the mJ variables
occurs in one at least of Fl,] (i=1,...,t) with a coefficient not
divisible by p.

The following inequalities hold:

(i) we have

mo+ ... +mJ_12js/k for j=1,...,k ,

min

where k is the harmonic mean of the ki and kmin is the least of the

k.
1

(ii) suppose that a € I with k1 = h for i€ a and we form any L

linear combinations

Ad - -
£(x) = , ;:\” Flx) (1=1,...,1)

where L s |a|l, and the (A ) are linearly independent over

-

17 €

Z/pZ. Then, denoting by Q(L,h) the number of variables occurring
explicitly in one at least of these combinations, we have

Q(L,h) =z Ls/th for L =1,...,]lal.
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(iii) denoting by q the number of variables occurring explicitly

i,
in the form F: 5 we have

m+ m+ ... +m +q = js/k + s/tk
o 1 1 1,3 1

for 0 = j = Min{ kmm, ki—-l }.
Proof: It is plainly possible to express a p-normalised system in
the form

F1=F1,o+pF1,1+"' (i=1,...,1)

k
where we put in 15'ij those terms amxni for which pj is the highest

power of p dividing every a (i=1,...,t). Then the sets of

in

variables occurring in F1 ] (j=0,1,...) are plainly disjoint.

But if j = k, the forms Fij are empty. For if F is a

p-normalised system then the power of p dividing 8(F) is minimal,
N . =
and so if a x! were terms in F(x) (i = 1,...,t) with a all
in n i = in

divisible by pk, we could reduce the power of p dividing 6(£ ) by an
operation of type (i), namely that of putting x = p-1x;, while
preserving the integrality of the coefficients.

(i) 1let Xpseoos X, where m = m o+ ...+ mj_l, denote the variables

in F:,o" "’Fx,j-1 (1=j= kmm). Then the system

’ = -J
Fl(J__:) o Fi(pxl,...,px,x

m’ “m+1’’

ce,Xx) (i=1,...,1)
-3
has integral coefficients and 1is equivalent to the system £ By

Lemma 2.1, we have

~IM. (K’ +. . .+k;_) + tMRo/s

a(F)=p ! a(F) .

Then by the definition of a p-normalised system,
mz js. (k; + ... 0+ k;)/(tK)
= js/k .

(11) let o« € I with k =h for i€ a, and rearrange equations so
that « = {1,...,r}. Take any L linear combinations of the thﬁ)

(j € a):
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where 1 =L =<r , and the (AU) 1= ys, 2FC linearly independent
over Z/pZ. Each set can be completed to give a set of r linear
combinations independent (mod p). Then f1’ “ee ,1“r are derived from
the Fj (1 = j=r) by operation (ii) of Lemma 2.1 with J not

divisible by p. Let Q = Q(L,h) be the number of variables that occur

in at 1least one of fl,...,fL with coefficient not divisible by p,
and take these variables to be xl, .o ,XQ . Then the system

’ = -1 =

fi(ﬁ) p fi(pxl,..., xQ,xQu,...,xs) i=1,...,L }

fl(g) =fi(pxi,....pxo,xoﬂ,...,xs) i= L+1,  r

has integral coefficients, and is derived from £ by a combination of
operation (i) with » = Q, and operation (ii) with J = p_LJo, where

J0 is not divisible by p. Then on writing h’ = K/h, we have

3(_£_") - ptKHQ/s - !ﬂ_h'J.:: 3(_£_)

M
_ _tKMQ/s - MLh' n’
=p Jy [det.( ) e a] 8(F)
Thus
'
lacey1 = P T R am

But £ ' is equivaient to 5, and so by the definition of a
p-normalised system we have

tKMQ/s = MLh’,
and hence

Q = Ls/th .

(iii) Suppose that the number of variables occurring explicitly in

*

F is q. Let these variables be X ,eee,X where
n,J m+1 m+q
m=m + ...+ m3-1’ and let XoeoonX be the variables occurring in
1-‘1’0,...,1-'1’J_1 (1si=1t). Then for O = j = Mm{kmm, kn—l}, the
system
" - "j .

Fl(.-’é) =P Fi(pxi""’pxm+q'xm+q+1'""xs) 1#n, }

" — -3-1

Fn(ﬁ) =p Fn(pxi,...,pxmq,xmq”,...,xs)
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has integral coefficients, and is equivalent to i . But by Lemma 2.1,

we have

tKM(m+q) /s - (j(ki-f. c.4k’) + KN

8(F") = p tawm ,

and hence, by the definition of a p-normalised system,
tKM(m+q)/s = M(j(k; + ... 4 k;) + kxl:) .

Then

m+ q2z sj/k + s/(tkn) .

This completes the proof of the lemma.

Notice that as far as the p-normalisation of a system goes, a

measure of its "average" degree is simply the harmonic mean of the

k..
i

Lemma 2.3. EFach of the F1 ] can be written in the form

o 2
Ry = F0t PRy " PFLy0

for i=1,...,t and j=0,...,k-1, where the Fijh are forms in

’

r1 §h variables, and these sets of variables are disjoint for

h=0,1,2,... . Moreover, each of the r, 5h variables occuring in

rJe

15'i b have coefficient not divisible by p.

Using the notation of Lemma 2.2, the following hold:
[}

(1) r =m ,
hZO Lk
() r 0=,

(iii) if we define R . by

then we have

Ri - (H+1)s/(tk1) , for H = 0,...,k1—1.
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Proof: All the results of the Ilemma, except part (iii), are
immediate from Lemma 2.2.
let H=k-1, R=R , and let x,...,x denote the variables
n n,H 1 R

occurring in the form

H
[Fn,o,o+ pFn,o,1+ e ¥t pFn,O,H]

* p[Fn’1’0+ pFn,1,1+ e pn—iFn,i.Hq] e ? pHFn,H,O
i.e. the variables explicit in the form I"n reduced (mod p}m). Then
the system
F'(x) = p'H'an(pxl,...,pxR,xRu,...,xs) ,
F’i(é) = Fi(pxl,...,pxR,xR”,...,xs) , for i # n, }

has integral coefficients and is equivalent to the system £ . By
Lemma 2.1, we have

4
a(g,) = p‘(H+l)}{kn + tKMR/s

8(F).
Then, by the definition of a p-normalised systen,
R = (H+1)sk;/(tK) = (H+1)s/(tkn) .

This completes the proof of the lemma.

Using Lemmata 2.2 and 2.3, we obtain for the system (1.2) with

s = 11 (with an obvious minor change in notation):

By =5, qr,o = Rr,o =2, qc,o = Rc,o =3,
+ >
m, + m 10, m, + % =7, m, + 9.1 =8, (2.3)
RF,I =z 4 , RG’1 z 6, RF,2 =6 .
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3. TACKLING THE "STANDARD" CASES WHEN P > 5.

On the assumptions 8(F,G) # 0 and s = 11, we may rearrange

variables and change notation (for this section only) to write

#*

3 3 3 3
F=ax+...+tax+by+...4b
11 uu Y. vyv

=]

1

*
[\

}s 0 (mod p) (3.1)

Go= cy

2 2 2
" +...+Cc y + d1z1+"'+d V4

vy W W

[

where none of the ai,bl,ci,d1 are divisible by p, and by (2.3) we
have
m, = utviw = 5, 9.0 = viw = 3, qr,o =utv z 2 . (3.2)
In this section we shall show that subject to the hypothesis
(H) for all congruences of the form (3.1) satisfying u+v+w z 5,
u=1, and w = 1, we have a solution non-singular (mod p),
when p > 5, all p-normalised systems of the form (1.2) have a
non-trivial p-adic solution. We achieve this by showing that we may
set certain of the variables to 2zero in such a way that the
resulting pair of equations 1is equivalent to a system having a
solution non-singular (mod p). By an application of Hensel’s Lemma,
such a solution gives us a non-trivial p-adic solution to the
system.

Given F and G of the form (1.2), and X € Z: , we shall define

A(i, j) = A(F,G;1,J) = 6xixj(c1djxi- cjdlxj), and

AY(F,G) = Max {IA(4, )|} .
1Si< j=<s P

Thus if x Is a solution to the congruences F=G=0 (mod p), it is
non-singular (mod p) when A'(F,G) = 1.

We shall require some well-known lemmata.

The following version of Hensel’'s Lemma plainly extends to

systems in n > 2 variables, by fixing n-2 of them.
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Lemma 3.1 (see Greenberg [1969], Proposition (5.20)). Suppose
that F(X,Y), G(X,Y) € Zp[X,Y] , and that ao,bo € Zp satisfy

2
Hax {1F(ag, b)) ,1G(a,, b))} < 1812,

where

) _ [ 8F 8G _ 8G oF
Ao‘MF’G”(ao,bo)'[axW axay]( .

0,0

is non-zero, 8F/3X etc. being formal derivatives. Then there is a

unique (a,b) € Zp x Zp such that F(a,b) = G(a,b) = 0 and

Pl

1A

Al

Max{|a - aolp , |b - bolp} olp

Lemma 3.2 (Chowla, Mann and Straus [1959]). For any positive
integer k, and rational prime p, write & = (k,p-1). If p > 28+1 and
@o...a # 0 (mod p), then
k

k
ax + ... +ax
11 n n

represents at least Min{ p, 1 + ((2n-1)(p-1)/8) } residues (mod p).

Corollary 3.2.1. Let p > 7 and oo, 2 0 (mod p). Then ale + oczx:

represents all residues mod p.

Corollary 3.2.2. Let p > 5 and oo ® 0 (mod p). Then ocle + azxz

represents all residues mod p.

Lemma 3.3 (Lewis [1957]1, Theorem 1). The congruence
ax® + by3 + cz°> = 0 (mod p)

is always soluble with one at least of x,y,z # 0 (mod p).

Lemma 3.4 (see Davenport and Lewis [1966] Lemma 5). Suppose that
abc 2 0 (mod p). Then the -congruence ax° + by3 = c (mod 7) is

soluble unless b = ta and ¢ £ #4a.
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Notice that, in particular, the corollaries to Lemma 3.2 say that
all non-zero residues are represented non-trivially by the
respective forms. Notice also that if abc # 0 (mod p), then the
conclusion of Lemma 3.3 implies that at least two of x,y,z are
non-zero (mod p).

We first consider the cases where qr,o =23 and p > 7. We then go

on to deal with the prime 7, and then the cases with qF o = 2.

Lemma 3.5. Let p > 7. Then all p-normalised systems of the form
(1.2) satisfying s z 11, ql__’o z 3, and either u > 1 or w > 1, have a
non-trivial solution over Zp.

Proof: We divide into cases according to the value of V
(i) v = 0.

Then by (3.2), w23 and u= 3. By Lemma 3.3 we can solve the
congruence

ale + ... 04+ aux?l = 0 (mod p)
with one at least of the variables non-zero, say X Also, by
Corollary 3.2.2, we can solve the congruence

dlzf S dwzs = 0 (mod p)

independently with one at least of the variables non-zero, say zj.
Then the system is soluble (mod p) with

*

A (F,G) = IBxlzj(.atldjxl)lp = 1,
(ii) v = 1.
Then by (3.2), w2z 2 and u 2 2. Set y1 = 1. By Corollary 3.2.1 we
can solve the congruence

3 3 =

ax +...+ax + b1 = 0 (mod p)

with one at least of the variables non-zero, say X, Also, by

Corollary 3.2.2, we can solve the congruence

2 2 _
c, +tdz + ...+ dz =0 (mod p)
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independently with one at least of the variables non-zero, say zj.
Then the system is soluble (mod p) with
»
A (F,G) = lelzJ(aldjxi)lp = 1.
(iii) v = 2.
There are two cases:

(a) w= 2.

1]

() p=1 (mod 3).
Since q}_,o = 3, by Lemma 3.3 we can solve the congruence
ale + ...+ auxi + blyf + ... 0+ bvyz = 0 (mod p)

non-trivially (here the X may not be present if u = 0). Further, we
can plainly ensure that at least one of the ¥, 4is non-zero (for
example, by taking variables other than y, and Y, to be suitable
residues). Let 1,c,c’ be the three distinct cubic roots of unity
(mod p). Then fixing the y, so as to solve the cubic, we can plainly
find g € {1,c,c’} for i =1,...,v, so that

C1(g1y1)2 + ... 0+ cv(gvyv)2 # 0 (mod p). (3.3)
Then we have a solution to t.hé cubic with the quadratic (3.3)
non-zero.
(B) pz 1 (mod 3) and u > 0.
Then every non-zero residue (mod p) is a cubic residue. We may put
X= ... TX=y= ... =y= 0 and solve the congruence
alxi+ blyfs 0 (mod p) non-trivially.
() p2 1 (mod 3) and u = 0.
Then v = 3. Also, we have bi = B? (mod p) for some B1 20
(i =1,2,3). But if

o o ol o o+ o= rod b,

then

2 _ 2. .2 _ 2 .2 _ 2
c,(B,BB,)% = —c,(B%)% = c_(8%,)% = —c (B,8,8)° (mod p) .
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Then (318283)2 = 0 (mod p), which is a contradiction. So one of
(Bz’_81’0)’ (0,83,.-82) and (-83,0,81) is a solution in (yl,yz,ya) to
the congruence
3 3 3 _
bly1 + b2y2 + bsys = 0 (mod p),
2 2 2
such that c,y, * ¥, tcy, ¢ 0 (mod p).
In any of the cases (a), (B) and (y), we may solve the cubic
congruence in (3.1) in such a way that
2 2
ey, * ... tcy ® 0 (mod p),
and so that at least one of the ¥, is non-zero, say yj. But by
Corollary 3.2.2, fixing these values of y, Wwe may solve the
quadratic
2 2 _ _ 2 2
d1z1 + ... 4 d"zw = (C1y1 + ... 0+ cvyv) £ 0 (mod p),
with one at least of the z, non-zero, say zk. Then the system is
soluble with
»
A (F,G) = |6 bd = 1.
(F,G) = | yjzk( f kyj)lp
(b) uz2and w = 1.
Then by (3.2), v = 3-w. By Corollary 3.2.2 we can solve the
congruence
2 2 2 _
cy *t ... tcy + diz1 = 0 (mod p)
non-trivially (here the term in z, may not be present if w = 0).
Further, we can ensure that at least one of the ¥, is non-zero (for
example, by setting the variables other than ¥y, and v, to be
suitable residues), say y1. Notice that by replacing any ¥, by A
we still have a solution to the quadratic. Fix these values of ¥
and consider the cubic form
axs + ax .
11 272
By Corollary 3.2.1, since p > 7 this form fails to represent

non-trivially at most one reduced residue (mod p), namely the zero

residue. But for suitable choices of + and - signs, there are at
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least two distinct reduced residues amongst
3 3
+ +
t bly1 ... % bvyv
(because one at least of the VA is non-zero). Then one at least of
these two distinct residues provides a non-trivial solution in X,

and X, to the congruence

3 3 3 3
+ + + = ]
ax +ax % bly1 * ...¢ bvyv 0 (mod p)

So we may suppose that x1 is non-zero, and therefore that the system
is soluble with
A'(F,6) = l6x,y,(a,c x) = 1.

Then in cases (1), (ii) and (iii) we have established that the
congruences (3.1) have a solution non-singular (mod p). We may
therefore apply Hensel’s Lemma to deduce that the equations (1.2)
have a non-trivial solution over Zp.

This completes the proof of the lemma.

The prime 7 is problematic because the congruence
X+ y3+ 4z° = 0 (mod 7) has solutions only when z =0 (mod 7). We

now modify the ideas above to by-pass this eventuality.

Lemma 3.6. All 7-normalised systems of the form (1.2) satisfying
s z 11, qF’0 =z 3, and either u>1 or w> 1 have a non-trivial
solution over 27.

Proof: We divide into cases according to the value of v.
(i) v = 0.
The proof follows in precisely the same way as in Lemma 3.5.
(ii) v = 1.
Then by (3.2), w2z 2 and uz 2. By Lemma 3.4, we can solve the

congruence

3 3 _
ax +...+ax + b1y1 = 0 (mod 7)
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with y, # 0 (mod 7), and at least one of the 5{1 non-zero, unless
u=2, a=*a and b= :4a1. If the latter is not the case, the
proof proceeds as in Lemma 3.5 (ii). However, if the latter is the
case, by a change of varié.bles and a temporary change in notation,

we may suppose that the system is

.
F = x::-i- xz + llyi3 }
¢ = 7(b1xf+ bzx:) + clyf+ dlzf+ s + dtzi
where 7 does not divide ci, at most 7 divides d1""’dt’ and by
(2.3) we have
t=m + 9,1 " %0 ® 5.

Here, F. denotes the variables explicit in F (mod p), and G" those

explicit in G (mod p°).

Put y, = 0. If three or more of d1""’dt are not divisible by 7,
say d1’ cen ,d", then we can solve the congruences
Fo=x+x =0
o 1 2
. 2 s (mod 7)
Go— d121+...+duzw=0
independently with x = 1, x, = -1, and one at least of the z,

non-zero, say zj. Then the system is soluble with
*®
A (F,G) = ISxin(djxi)l,, = 1.
If only two of d1""’dt are not divisible by 7, without loss of

generality dt- and dt’ then put z =z = 0 and divide G through

1 t-1

by 7. We then obtain a system of the form

* 3 3
Fo = x1 + x2 =0

. 2 > - 2 (mod 7) (3.4)
G o = Cix1 + szz + cl1z1 + ... + dwz" =0

where 7 does not divide any of the di, the C1 are integers, and
w z 3. We can solve the cubic congruence by putting X = 1 and
x, = =1. Then by Corollary 3.2.2, we may solve the quadratic
congruence for the z, say with zj non-zero. So the reduced system
is soluble with

.

A (F,G) = If:‘:xiz-,(djxi)lp = 1.
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So in this case the reduced system has a solution non-singular
(mod 7), and hence the equations (1.2) have a non-trivial solution
over Z_,, by Hensel’s Lemma.

(iii) v = 2.

There are two cases:

(a) w= 2.

The same argument as in Lemma 3.5(iii)(a)(«) applies.

(b) uz2and ws=1.

By (3.2), v =3 - w. Observe that by a multiplicative change of
variables, ciyf + Czy: (mod 7) can be transformed into one of the

forms

i(yf + y:) or i(yf - y:) .

By taking certain of the variables to be zero, we have

2 2 2 2 2 2 2
cy+ ... +tcy+dz+ ... +dz = + + dz
1y1 vyv 121 w W Ciyl C2y2 ’

where we have adopted the convention of writing dz® for dlzf if
_ 2 - 2 2 2 _
w =1, and for €Y, 1f w = 0. Then cly1 + cay2 + dz" = 0 (mod 7) is

equivalent to one of the congruences

yf + yz + z% = 0, with solution (1,2,4),

2 = 0, with solution (2,1,2),

+(yf - y:) + 2
2

_(yf - y:) + z" = 0, with solution (1,2,2),

2

-(y? + y2) + 2% = 0, with solution (2,2,1).

Adopt the convention of writing I:by3 for bayg if w=0, and for O
if w = 1. Then in each of these cases, the quadratic is soluble with
Yo ¥, and z each non-zero, so that for suitable choices of + and -,
the expression

; 3 3 3
+ + +
_b1y1 - b2y2 * by
takes at least three distinct values. Then the congruence
2 2 2 _
¢y, + c¥, +dz =0

may be solved in such a way that, by Lemma 3.3, the congruence
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has a solution with at least one of the xl non-zero, say x1. Then
the system is soluble with
A.(F,G) = |6x1y1(alclx1)|7 = 1.

Then in cases (i), (ii) and (iii), we have deduced that by
setting certain of the variables to zero, the equations (1.2) are
equivalent to a system which either has a non-trivial 7-adic
solution, or else has a solution non-singular (mod 7). An
application of Hensel’s Lemma now gives us a non-trivial 7-adic

solution to the equations (1.2).

This completes the proof of the lemma.

So subject to hypothesis (H), and the assumptions 48(F,G) # O,
s z 11 and qr,o = 3, we have shown that every system of the form
(1.2) with p > 5 has a non-trivial p-adic solution. We now go on to
show that when qr,o = 2, we nonetheless have a non-trivial p-adic

solution.

Lemma 3.7. Let p > 5, and suppose that hypothesis (H) holds. Then
all p-normalised systems of the form (1.2) with s = 11 and qF’o =2
have a non-trivial solution over z, -

Proof: We use the inequalities (2.3) to divide into cases:

(i) Suppose that R,

=2 and R =z 5.
F,1

We may rearrange variables and change notation to write

.- 3 3 3 3

F = Aixi + AZXZ + p(alx1 t.ootax 4+ b1y1 + ...+ bvyv) }
. 2 2 2 2

G -Bixf + Bzx:ar CYi* ... tecy.+dz+...+dz

where p does not divide any of the al,bi,ci,dl,Al, the Bl are

integers, and from (2.3) we have

53



u+v=R - R = 3,

u+v+w=m + - 25
o ql-‘,l qr-‘,o ?

v+w=m - q z 3.
] F,0

Here F . denotes the variables explicit in F (mod p2), and G
denotes those explicit in G (mod p).

Independently of RF . if p=7 and A1E tAz (mod 7), then since
v+w =2 3, we have a solution to the system non-singular (mod 7), as
for (3.4). Henceforth we may therefore assume that if p = 7, then
A % £A (mod 7).

1 2
We now set X1 = X2 = 0, and consider the congruences obtained by

a change of variables:

F" (p-lf").

. }ao(modp)

»

G =G
This system of congruences is either of a form in which hypothesis
(H) applies, or else is of the same form as the systems we
considered in Lemmata 3.5 and 3.6, and with 9 , =z 3. The system
therefore has a solution non-singular (mod p), and hence the
equations (1.2) must have a non-trivial p-adic solution, unless
p=T, u=2, v=1, w=2, azsial (mod 7) a.ndblsilla1 (mod 7).

But in this last case we consider the congruences obtained by

setting X1 =X =y =2z =2z =0, and making a change of

2 1 1 2
variables:
F'=p"
= 0 (mod 7).
¢' = (r'e)"

By a rearrangement of variables and change in notation, by (2.3) the
system takes the form (3.4) with
w+2=(m +m) -m =65,
o 1 0
Then the congruences have a solution non-singular (mod 7), and hence

the equations (1.2) must have a non-trivial 7-adic solution.
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(ii) Suppose that RF,O = 2, R}_,1 = 4, and RI__’2 = 7.

We may rearrange variables and change notation to write

_ ' 2 3 3 3 3
F = AIX::+A2X: + p(A3X§+A4xi) +p (a1x1+...+auxu+b1y1+...+bvyv)
3 3 3 3m+n 3 3
+p (Blzl+...+B"z") +p (e1u1+...+erur)
G = CXHC X° + C.XH4C X + p(D xo+...+D x°) + ¢ y2+...+c y2
171 722 373 "4"s 171 uu 171 viv
+d zo+...+d Zz° + p(f u+. . +f u?)
11 W W 11 rr J

where p does not divide any of the al', bi, ci,dl, Al and ei, the
B,C,D,f and e ,...,e are integers, we have
A Lt L | 2 r

m=z1and 0 = n= 2,

and by (2.3),
u+v=RF’2—RF’1=3,v+w=m°+qp,1—RF’1=3,
4 +u+v+w+rz=l1i. (3.5)

We may suppose that the 1“1 are not divisible by p, for if plf‘i and

3m+n

pal(p ei) for some i, then 8 is not minimal (we can make a
transformation of the type u +— p"iu1 without affecting the
integral character of the coefficients).

Independently of R!‘_,2 , If p=7 and A3 = 2A4 (mod 7), then we
set X1 = X2 = 0 and divide what is left of F by 7. Since v+w = 3,
the system takes the form (3.4), and we therefore have a non-trivial
7-adic solution to the equations (1.2). Henceforth we may therefore
assume that if p = 7, then A3 2 iA4 (mod 7).

(a) Suppose first that u+v+w 2 5.
Then we set X1 = ... = X4 = 0 and consider the congruences obtained
by a change of variables:
= (p2R)"
o G } = 0 (mod p)
This system of congruences is either of a form in which hypothesis

(H) applies, or else is of the same form as the systems we
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considered in Lemmata 3.5 and 3.6, and with ql__,,'0 z 3. The system
therefore has a solution non-singular (mod p), and hence the
equations (1.2) must have a non-trivial p-adic solution, unless
p=7, u=2, v=1, w=2, aZEia1 {mod 7) and b1 si4a1 (mod 7).
But in this last case we consider the system obtained by setting

X1 = ... = X4 =y, =z =2, = 0, and make a change of variables:
= 77"
4. =20 (mod 7) .
G = (7 °G)
Since

rz7-u-v-w=2, and

m + m - R - R z10 -4 - 3 = 3,
(¢} 1 F,1 G,0

possibly by setting one or more variables to zero, we have a system

of the form
Pt = x? + x:
. 2 2 o 2 } = 0 (mod 7) (3.8)
G" = D1x1 tax + b1y1 + ... + br,yr,
where 7 does not divide bl,...,br,, r' z2, and if r’ =2, then 7

does not divide a,.

But we may solve the cubic congruence by putting
'(xl,xa) = (ocl,—ocz) for any @,o, € {1,2,4}. If r’ > 2, then we may
solve the quadratic congruence non-trivially, by Corollary 3.2.2,
say Wwith y, non-zero. If r’ = 2, then since for some choice of o
and ocz, the expression D1°‘f + aloc: must be a non-zero residue, we
may also solve the quadratic congruence for y, and Y, by
Corollary 3.2.2, say with y1 non-zero. Then this system is soluble
with

A"(F7,6") = I6x,y, (b x )1 = 1.
So the system has a solution non-singular (mod 7), and hence the

equations (1.2) have a non-trivial 7-adic solution.
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(b) Sdppose now that u+v+w < 5.
Then by (3.5), we have r = 3.
If n=0, put
X3=X4=x1=... =X =y =..=y =z =.. =z =0,

and replace Xi by me1 for i = 1,2,

if n=1, put

X1=X2=x1=... =X =Y, T ... =y, T2 = ... =z“=0,
and replace X by p'“X1 for i = 3,4,
if n=2, put
X1=... =X4=0,
and replace X, by pmxi for i=1,...,u, y, by p"'yi for i=1,...,v,
and zi by pmzl for i=1,...,w.

3m+n

Then we may divide through by p in what is left of F, and by
p in what is left of G. Then we obtain, by a rearrangement of

variables and change of notation, the system

* 3 3 3 3
F* = ax+ ... +ax+by+ ... +b
11 uu lyl vyv
»
G¥ = +cyz+...+cy2+dzz+...+dz2
171 v'v 11 W W
where

uz2, utv 2 3, viw = 3,

and

0,1
2.

wtviw = { 5 for n

6 for n
When p # 7 the system of congruences F"‘ = G""'l =0 (mod p) is
seen to be of the same form as the systems we considered in

Lemma 3.5. When p = 7 we have Am_ # Am (mod 7) for i = 1,2, and

1
hence when n = 0,1 the system of congruences = G“" =0 (mod 7)
is seen to be of the same form as the systems we were able to solve

in Lemma 3.6, and with qF.OZB. When p=7 and n=2 we have

u+v+w = 6, so that by setting at most one variable to zero we obtain
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a system of the form we were able to solve in Lemma 3.6. The system
therefore has a solution non-singular (mod p), and hence the
equations (1.2) must have a non-trivial p-adic solutlion.

= B.

(iii) Suppose that R, = 2, Rl__’1 = 4, and Rr,z =

F,0

By a rearrangement of variables and change of notation, the
p-normalised system now takes the form,
_ 2 4 1
F = AX38 0k PAKAXD + P (AXCHAXD)

+ ps'""(alet i .+arx3) a7
> 3.7

G= BXBXr BYHBX +  BX DX

+ (ble+...+brxf) )
where
mz1, 0=n=2, andr 5,
and where the Bi and b1 are integers, and p does not divide any of
the Al, or a,. Further, by the same argument we applied to the f . in
(ii), at most p divides any of the b,.
Let So = {i:p!bi, and 1 = i =r}, and S1 = {1,...,2‘}\50. Then one
or other of card S0 and card 51 is at least 3, since r =z 5. Suppose
that card St =z 3, and rename any three of the variables with indices

inS as x,x,x. Put x = x = 0. Now we have the system
t 1’72 'y 5

F

AXCHA X+ p(AXCHAX) + pP(A_X+A X°) )
11 2 2 33 4 4 5 B 6 6

3H+N 3
+p (::11;\r1

BX+BX° + BX+BX° + B X°+B X
11 2 2 3 3 4 4 5 85 6 6

3 3
+a x +a x)
272 “3°3

t 2 2 2

+p (b1x1+b2x2+b3x3) )

where p does not divide any of the Al or bl, t=0 or 1, M=21,
0 < N = 2, and at most two of a,a,a, are divisible by p.

If N=0, put
and replace Xl by pHXl for i =1,2,
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if N=1, put
X =X =X =X =0,
1 2 5 8

and replace Xi by p“X‘ for i = 3,4,

if N =2, put

and replace ){1 by p")(i for i = 5,6.

Then we may divide through by pamu

in what is left of F, and by
pt in what is left of G, to obtain, by a rearrangement of variables

and change of notation, the system

» 3 3 3 3
F =ax+ ... +ax+by+ ... +by
11 u u 171 v'v (38)
w* 2 2 2 2 *
G" = +cy+ ... +cy+dz+ ... +dz
171 vv 11 w W
where

utv 2 3, v+w = 3, and u+v+w = 5.
Now we know that A21-1 z A21 (mod 7) for 1= 1,2, and hence

unless N=2, p=17, u=2, v=1, w=2, a

ta, (mod 7) and
b1 = illa1 (mod 7), then the system of congruences
F*" = ¢ = 0 (mod p) is seen to be of the same form as the systems
we considered in Lemmata 3.5 and 3.6, and with qF",O z 3. In this
case the system therefore has a solution non-singular (mod p), and
hence the equations (1.2) must have a non-trivial p-adic solution.

In the problematic case, returning to our notation previous to
equation (3.8), we must have As = i-AG (m(od 7). If Bs and Bs are both
divisible by 7, we may set X1 = ... = X4 = 0, and divide through
what is left of F by 72, and what is left of G by 7%, In this case
we have a system of the form (3.4), and hence a non-trivial 7-adic
solution to the equations (1.2).

Returning to the notation implicit in equation (3.7), we may

assume that B,5 and B6 are not both divisible by 7. Suppose now in

59



addition that at least four of the bl are divisible by 7, so without
loss of generality 7 divides bi,. . .,b4 . Then we set

X1=... =X4=x5=... =x =0,
and replace Xi by p"Xl for I = 5,6. By dividing through what is left

of F by 72

, and what is left of G by 7, we obtain a system of the
form (3.8) with u+v 2 3, v+w 2 4, and u+v+w = 6. Then, possibly by
setting one of the variables to zero, we again obtain a system of
the form (3.4), and hence a“ non-trivial 7-adic solution to the
equations (1.2).

Then we may assume that at least two of the b1 are not divisible

by 7 (since r =z 5), and at least one of B5 and Ba is not divisible

by 7. Set X1 = ... = X4 = 0. Then by a multiplicative change of
variables and a change in notation, we have a system of the form
(7%= S+ L }
= 0 (mod 7)
vy 2 2 2 2
(G) = Ax + ax + b1y1 + b2y2

where 7 does not divide al, b1 or bz' As for the congruences (3.6),
this system has a solution non-singular (mod 7), and hence the
equations (1.2) have a non-trivial 7-adic solution.

This completes the proof of the lemma.

4. ESTIMATES FOR EXPONENTIAL SUMS.

In this section we use exponential sums to show that hypothesis
(H) is satisfied for all primes excéeding some prime P, Our first
step is to obtain an estimate for the number of solutions to a pair
of congruences (Lemma 4.3), which enables us to provide a good bound

on a fundamental exponential sum.
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Consider the congruences

ale-r +asx:

- - = 0 (mod p) (4.1)
bx + ... +bx

171 55

where at most one of the al, and at most one of the b! is zero, and
where at1 and b1 are not simultaneously zero. The number, N, of
solutions (mod p) to the congruences (4.1) 1is given by the

exponential sum

N=p T (u)...T (u), (4.2)
u,v(mod p) - -
where
T (u) = z e((aux3+bvx2)/p) , for j=1,...,5.
= x mod p J J

The term with u = v =0 in (4.2) contributes p3 to N, which is the
"expected" number of solutions to the congruences (4.1). We aim to
show that the remaining terms, together with the number of singular
solutions, do not exceed p3-1 in modulus, and hence that the
congruences (4.1) have a non-singular solution. For pairs of
congruences of the same degree it is essentially only the ratios of
the coefficients that determine the singularity condition.
Unfortunately, singularity conditions are more complicated in our
case, and we must therefore provide an estimate for the number of
singular solutions of the congruences (4.1) (see Lemma 4.5).

Before proceeding to the proof of Lemma 4.3, we give some
well-known estimates for exponential sums. These estimates are a
consequence of the argument of Corollary 6D to Theorem 6C of
Chapter IV of Schmidt [1976]1. We give a sketch proof for the sake of

completeness.
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Lemma 4.1. Let

T(u) = z e(uxs/p), and S(u) = Z e(uxz/p).
x mod p ] x mod p

Then when p is a rational prime congruent to 1 (mod 3), we have

p=-1 2

z IT(u)|® = 2p(p~-1)
u=1

p-1

z |‘1’(u)|‘1 = Spa(p-l)
u=1

p-1

z IT(w)1® = 22p°(p-1) .
u=1

When p = 2 (mod 3), each of these sums 1is zero. Also, for any

positive integer r and prime p > 2, we have

pcl 2r r
z IS(w) 1" = p"(p-1).

u=1

Proof: First consider the cubic exponential sums.
(i) Suppose that p = 1 (mod 3).
By Lemma 4.3 of Vaughan [1981b], we have for plu
T(u) = x(u)t(x) + x(u)x(x),

where

T(x) = Zx(x)e(x/p) ,

x=1
and y is a primitive cubic character modulo p. As in Cook [1985] §4,
IT(w)|? = 2p + 2.Re(x(u)T(x)T(Y)) , and
4 2 b 2 2, \=2,—
IT(u)|” = 6p~ + 8p.Re(x(u)T(x)T(x)) + 2.Re(x"(u)T" ()T (%)) .
Summing over u gives us the first two results, and in the same
manner,

1 p-1
z IT(u)1® = 20p%(p-1) + zz.Re(rs(x)?3(i))

u=1 u=1

= 22p°(p-1),

since |t(x)| = p1/2.

(ii) Suppose that p = 2 (mod 3).
For r =z 1, the number of solutions to the congruence

3 - 3
X+ . v x =2y o4ty (mod p) (4.3)
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is given by

N=p! Z IT(u) | .

u=0
But since every residue is a cubic residue (mod p), the number of

solutions to the congruence (4.3) is precisely pz"'1 The result now

follows.
The results for S follow in a similar, though simpler manner.

This completes the proof of the lemma.

The proof we give for Lemma 4.3 is entirely elementary, using

nothing more complicated than the following well-known result on the

quadratic residue symbol.

Lemma 4.2. Let f(x) = ax® + bx + ¢, where a,b,c are integers, and

let p be an odd prime not dividing a. Further, let d = b% - 4ac be
the discriminant of f. Then denoting the quadratic residue symbol by

[;] , we have
p

P - [ 2 ] if p does not divide d
) [ £(x) ] _ P
x=1 p a

(p-l)[ > ] if p divides d.

Lemma 4.3. Suppose that p # 2,3 is a rational prime. Then the

number of solutions, S, of the simultaneous equations

P ys + y3
1 2 1 2 (4.4)
xz + x2 = w2 4 2 )
1 2- Y1 VY,
over I!-'p satisfies S = 4p2- S5p + 2 .
Proof: Suppose that (xl,xz,yi,yz) satisfies (4.4), and let
A=x1+x2-y1—-y2. (4.5)

Write sk(g) = zl: + z: for k =z 1. Then noting the identity

s,(2)° - 3s,(2)s (2) + 2s.(2) = 0,
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we have from (4.4),
3 T
(A + 51(¥)) - SSZ(Z)(A + sl(;)) + 253(;) =0.

So if the equations (4.4) are to have a solution, then A must
satisfy the cubic equation

2 =

AAT + 37\(y1 + yz) + Bylyz) 0. (4.6)
There are two cases.
(a) A =
Then from (4.5) we have X+ X, =y+y, and from (4.4) and (4.5)
wehavexlx A Soforanyse[F
(s - xl)(s - xz) = (s - yl)(s - y2).

Then (x1 - }'1)(Jr1 - yz) = 0, and hence either X, =y, or x =y,.
Thus A = 0 gives precisely two solutions to (4.4) and (4.5) for each

2 —
pair (yi,yz) € IFp with AL A namely (xl,xa) = (yl,yz) and
(xl,xz) = (yz,yi). But when y=y, we plainly get the single
solution x1 = x2 = y'1 , so the total number of distinct solutions
corresponding to A = 0 is 2p(p-1) + p = 2p2 - p.
(b) A = 0.
Then from (4.6), A satisfies

2

A+ :37\(}'1 + )'2) + Eiyly2 =0. (4.7)

For a given (yl,yz), the number of solutions in A of this quadratic

equation is [%] + 1, where A = 9y°- 6y y+ 9y° is the discriminant
of the quadratic in (4.7). Then the number, T, of triples (yi,ya.k)
satisfying (4.7) is

P [[9y-6yy+9y

=1 =1
y1 y2

+ 1

~1

p +
p

P P 2_ 2
z Z [93'1 By,¥,* 9y, ] .
1 2
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Fix Y, and consider Syf— Sy1y2+ Qy: as a quadratic in y, It has
discriminant -288yf , Which is divisible by p if and only if p =2
or 3, or if p divides ¥y, Then using Lemma 4.2 we deduce that

E E [Syf‘ﬁyly;gy:] ) [pg- [%]] + (p—l)[%} =0.

=1
p Y,

So T=p° But A =0 is a solution of (4.7) whenever p divides
f:‘yiy2 , that is, when y,=Pp or y=p, and we have already counted
the solutions with A =0. So the number of triples (yl,yz,h)
satisfying (4.7) with A = 0 is p° - (2p - 1).

Given a tr'iple'(yl,yz,?t), substitute (4.5) into the quadratic in
(4.4). Ve deduce that X, satisfies the quadratic

2y1y2 + 2?L(y1 + yz) + 2%+ 2x§ = 2;|r2(y1 ty,+ A). (4.8)

Given a solution X, to (4.8), X is uniquely determined by (4.5), so
for each triple (yi.yz,l), there are at most 2 pairs (xl,xz)
satisfying (4.4) and (4.5).

The total number of solutions to the equations (4.4) is therefore
bounded by

Ss2(p°-2p+ 1) +2p° - p=4p° - 5p + 2.

This completes the proof of the lemma.

Corollary 4.3.1. Writing T(u) = z e((ux’+ vxz)/p), we have
. x mod p
_p Pal Pl . 3p2— 12p + 9 for p =1 (mod 3)
pe Y Y oartwitsq
u=1 v=1 3p-6p +3 for p=2 (mod 3).

Proof: The exponential sum
-2 p-1 p-1 s
)4 Z Z IT(u)l
u=0 v=0

is the number of solutions of the simultaneous congruences

3 3 3 3
X1+ Xz = x3+ X4

s o s 2 (mod p) ,
X+ X =E X+ X

1 ‘2 3 "4
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which is bounded above by 4p2—5p + 2, by Lemma 4.3. Also, by

Lemma 4.1,
p-1 p-1 p-1 p-1
IT1* = 1ir@1* + T irw,o1* + ¥ irco,m1*
u=0 v=0 - u=1 v=1
u=0 or v=0 s 2
p + 7p°(p-1) for p=1 (mod 3)
p4 + pz(p-l) for p= 2 (mod 3) .
Then
_p P=l Pal , [3P°-12p+9 for p=1 (mod 3)
P z Z IT(u)]” = .
u=1 v=1 3p>-6p +3 for p=2 (mod 3)
This completes the proof of the corollary.
Lemma 4.4. We have
(i) if no aiis zero and no b‘is zero, then
6p> 2+ (2(33)'/2-23)p%"2
- P + (17-2(33)%)p"? for p = 1 (mod 3)
6p5/2— 11p3/2+ Sp“2 for p = 2 (mod 3)

(ii) if there is an i for which a1 is zero, but no bj is zero, then

. 3pss/a_ 11p3/2+ 8p1/2
IN - p| =

n

+ sz— 6p for p =1 (mod 3)

3p5/2_ 5p3/24_ 2p1/2 for p

2 (mod 3)

(iii) if there is an i for which b1 is zero, but no aJ is zero, then

6p 2+ (2(33)172-24)p%"2
IN - p3| = + (18—2(3!3)“2)}:'1/2 + pz- p for p=1 (mod 3)
6p5/2- 12p3/2+ 6p1/2+ p2- P for p = 2 (mod 3)

(iv) if there is an 1 for which a, is zero, and a j for which bj is

zero, then

(12p°- 96p*+ 264p°- 288p%+ 108p) 1”2
s + 7p2- 7p for p =1 (mod 3)
IN-p| =
(12p°- 48p*+ 72p°- 48p°+ 12p)'/?
+ p2- p for p =2 (mod 3)
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Proof: Separating out the main term, we obtain

-2 p-1 p-1 p-1
P [[ ) ZTi(g)...Ts(g)] + [ erl(o,v)...rs(o,v)]

u=1 v=1
. p-1
+ [ ZTl(u,O)...Ts(u,O)] ]
u=1

N-—p3

Sl+ Sz+ 83 , say.
There are four cases:
(i) No a 1is zero, and no b is zero.

Then by Holder’s inequality,

p-1 p-1 5 , p-1 p-1 51175
T,()...T(w) | s | [ Y T, ()] ]
u=1 v=1 i=1 u=1 v=1
p-1 p-1
4
= [Sup ITI(l__i)l] z ITI(g)l
u u=1 v=1

for some I € {1,...,5}, where the supremum is over u # 0 and v # O.
By the Riemann  Hypothesis for finite fields (see e.g.
Schmidt [1976]), we have for any polynomial f(x) of degree k with
integer coefficients, and with p not dividing the content of
f(x) - £(0), the estimate

e(f(x)/p) | = (k-1)p'2.

x mod p

Using this estimate, making a change -of variables, and applying

Corollary 4.3.1, we obtain

1 (mod 3)

5/2 2

gp>’ 2- 12p3/ + 8p1/2

2 (mod 3) .

6p5/2_ 24p:3/2 + 18p1/2 for p
Is 1 =
for p

Also, by a similar argument to the above, there is a J such that
p-l 5
y 1T,00,m)1°

v=1

-2
ISl =p

By Lemma 4.1 and Cauchy’s Inequality, on making a change of
variables,

Is,! s pZ(p-1).
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Also, as above, there is a K such that
p-1

-2 5

|33| =p ITK(u,O)I .

u=1

If p=2 (mod 3), then the sum is zero. Otherwise, by Cauchy’s

inequality and Lemma 4.1,
-1

-2 p-1 6 1/2 P A 1/2
Is,l = p [ Y 1T, (u,0)] ] [ Y T, (1,0)] ]
u=1 u=1
= p 2(22p%(p-1).6p%(p-1))172
= 2(33)%p 2 (p-1) .
The result now follows on adding the above estimates for |S1l' ISzl

and [S_|.
3
(ii) there is an i for which a, is zero, but no bJ is zero.
By a rearrangement of variables we may suppose that a = 0. Then

by Hélder’s inequality and the Riemann Hypothesis for finite fields,

p-1 p-1 5 p-1 p-1 A 1/4
] Irw..rw |=[serw] n[ ] Timwn
u=1 v=1 g i=2 % u=1 v=1
p-1 p-1
1/2 4
= Y IT (W]
u=1 v=1

for some I € {2,...,5}. Making a change of variable and using

Corollary 4.3.1, we have

3p5/2— 12p"2 + 9p'? for p=1 (mod 3)
IS, | =
! 3p5/2— 6p3/2 + 3p1/2 for p =2 (mod 3) .
Also, in a similar way to (i), we have
ISzl = puz(p-l),
and noting that Tl(u,O) = p, we have
p-1
-2 4
Is,l = p [p ZITK(u,O)l] :
u=1
for some integer K, and hence,
< B6p(p-1) for p =1 (mod 3)
IS_|
3 =0 for p = 2 (mod 3)
The result now follows on adding the above estimates for |S1l' ISaI

and |S_|.
3
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(iii) there is an i for which bi is zero, but no a is zero.
In a similar way to (i) and (ii),

6p°/2- 24p%2% 18pY %+ p(p-1)

1/2 1/2

IN - p°| = + 2(33) (p-1) for p =1 (mod 3)

3/2

6p°/%- 12p 172

+ 6p

+ p(p-1) for p = 2 (mod 3) .

(iv) there is an i for which .az1 is zero, and a j for which bj is

zero.

We may rearrange variables so that a1 =0 and b2= 0. In a

similar way to (i) and (ii), we obtain

pf pir (w)...T ()

u=1l v=1

-2 < (2p*®) (pV?)p 2 pil pillT I
P %) (p (u

u=1 v=1

for some I, and hence by Cauchy’s inequality,

/2 - p-1 p-1 . 1/2
'51'52[ Z ZIT(ull] [p ) XITI(g)I] . (4.9)

u=1 v=1 u=1 v=1
But
p-1 p-1
-2 2
2 VIt (wl
u=0 v=0

is the number of solutions to the system of congruences

3_ 3
agkx, = ax
o > (mod p),
bx = bx
1 12

which is plainly p, since aI and bI are both non-zero. Then using

Lemma 4.1 we deduce that

p=1 p-1 p- pz- 2p(p-1) - p(p-1) for p =1 (mod 3)
IRDIAPIEES R
u=1 v=1 p - p- p(p-1) for p =2 (mod 3) .
By Corollary 4.3.1 and (4.8), we then deduce that
(12p°- 96p*+ 264p°- 288p>+ 108p)"% for p = 1 (mod 3)
IS | =
! (12p°- 48p*+ 72p°- 48p%+ 12p)'’?  for p = 2 (mod 3) .

And as in (i) and (ii),

Is,| = p(p-1), and

1 (mod 3)

= 6p(p-1) for p
IS_|

=0 for p =2 (mod 3) .
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The result now follows on adding our estimates for ISII. ISz| and
ISsl-

This completes the proof of the lemma.

Lemma 4.5. Suppose that p # 2,3. Then the number of distinct
singular solutions of the congruences (4.1) is at most

(a) 9p-8 if no a, is zero, and no b, is zero,

i
(b) Sp-4 if there is an i for which either a.l =0 or b =0, but

there are no i and j, i # j, with a = bJ o,
(c) 2p-1 if there is an i for which a is zero, and a j for which bJ
is zero.

Proof: Suppose that (al,. . ,ocs) is any solution of the
congruences (4.1) singular (mod p). Suppose also that precisely v of
the ocl are non-zero, and rearrange variables so that o, £ 0 for

i=1,...,v. Plainly, as ai and bi are not simultaneously zero, we

have v = 0 or v = 2. Since « is a singular solution and p # 2,3, we

must have for every 1i,j € {1,...,5},
cciczjtaibjozi - ajban) = 0 (mod p),
and hence albjoc1 = ajblccJ (mod p) for all i,j € {1,...,v}.

Suppose that v 2 2. There are two cases:

(i) there is no i € {1,...,v} for which either a = 0 or bi = 0.
Then
aib
)« for j=1,...,v
1
o = b a
J 1)
(¢} for j = v+1,...,5.

There are plainly p-1 such non-trivial solutions, taking

oc1 =1,...,p1.
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(ii) there are i,j € {1,...,v} for which a = 0 or bj = 0.

Then we can find i,j e {1,...,v} such that aJ and b1 are both
non-zero, but a_‘biocj E ..:tlbjaci = 0 (mod p). Then @, = 0, which is a
contradiction.

So we conclude that (i) holds whenever v # 0, and from

ala?+ ee. *+ asoc: =0
2 - (mod p)
ba+ ... +ba =0
11 5 5
we obtain
3,2 3,2 3 _
(b1/a1+ el bv/alv).oc1 = 0 (mod p).
Rearrange variables so that ai # 0 and b1 #0 for i=1,...,n,

1]

and either a =0 or b =0 for n<is=5. Let B bf/af for
i=1,...,n. Using the notation of Appendix A, there are at most
N( p;g) distinct congruences of the form

Bl+ el 4 BiEO (mod p),
1 t

with 1 = i1< 12< vee < .its n and 0=t =n one of which is the
"empty" congruence. For each such non-empty congruence, we have p-1
non-trivial singular solutions (given by the p-1 non-zero values of
ccl). Thus, by Theorem 1.1 of Appendix A, the number of singular
solutions, including g , to the congruences (4.1) is at most

(2) (10 - 1)(p~1) + 1 = 9p-8 if no a is zero, and no b is zero,

(b) (6 - 1)(p-1) + 1 = 5p-4 if there is an i for which either a = 0
or b1 = 0, but there are no i and j, i # j, with a1 = bJ =0,

(c) (3 -1)(p-1) + 1 =2p-1 if there is an i for which a, is zero,
and a j for which bj is zero.

This completes the proof of the lemma.

Lemmata 4.4 and 4.5 show that the number, N‘, of solutions to the
simultaneous congruences (4.1) which are non-singular (mod p),

satisfies IN.P - p3| =< E, where E satisfies:
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(i) if no aiis zero and no blis zero, then

Bp 2+ (2(33)'7%-23)p°"?
E= o+ (17-2(33)%)p'"®+ 9p - 8 for p = 1 (mod 3)
BpS/z— 11p3/2+ 5p1/2+ Sp - 8 for p = 2 (mod 3)

(ii) if there is an i for which a‘ is zero, but no bJ is zero, then

1 (mod 3)

2 2 (mod 3)

3F§/2_ 11p3/2+ 8p1/2+ sz_ p-4 for p
E =
3F§/ 3 sp:;/z+ 2p1/2+ 5p - 4 for p

(iii) if there is an i for which bl is zero, but no aj is zero, then

6p 2+ (2(33)1/2-24)p%2
E = + (18-2(33)1/2)p1/2+ p2+ 4p - 4 for p =1 (mod 3)
6p>’2-12p°" %+ 6p'”%+ p%+ 4p - 4 for p = 2 (mod 3)

(iv) if there is an i for which a, is zero, and a j for which bJ is

zero, then

(12p°>- 96p*+ 264p>- 288p%+ 108p)'”?

+ 7p2— 5p- 1 for p=1 (mod 3)
E =
(12p°- 48p'+ 72p°- a8p®+ 12p)'7/?
+ p2+ p-1 for p = 2 (mod 3)

It is now easily verified that these inequalities (i) - (iv)

ensure that IN’ - p3| < p3 for all primes p satisfying:

p>31 for p=1 (mod 3)
when no alis zero

p>29 for p=2 (mod 3)

p> 13 for p=1 (mod 3)
when an aiis zero

p>5 for p=2 (mod 3)

Thus, for all rational primes, except possibly
when no aiis zero, 2,3,5,7,11,13,17,19,23,29,31,
when an aiis zero, 2,3,5,7,13

the simultaneous congruences (4.1) have a solution non-singular
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(mod p). In §85 and 6 we shall be concerned with the treatment of
these remaining primes, and the particular cases for which they

cause difficulties.

5. THE PRIMES P CONGRUENT TO 5 (MOD 12), AND THE PRIMES 2 AND 3.

In this section we start by giving a rather simple proof that
I";(3,2) =< 11 for all primes p =5 (mod 12). We then consider the
primes 2 and 3. Since both primes divide the Jacobian A*(F,G) of the
system (1.2), we are unable simply to apply Hensel’s Lemma to
solutions of the p-normalised equations (mod p). We show that if we
can find x € Z: non-singular (mod 9) satisfying the cubic equation
(mod 32), and the quadratic equation (mod 3), then a version of
Hensel’s Lemma can be used to infer the existence of a non-trivial
3-adic solution. Thus, by checking a finite number of cases using a
computer, we may verify that all 3-normalised equations of the form
(1.2) possess a non-trivial 3-adic solution. Although a similar
procedure might also be applied to the prime 2, we choose to apply a
modification of the argument applied to the primes p = 5 (mod 12),

which involves checking a few cases directly.

Lemma 5.1. We have 1";(3.2) = 11 for all primes p = 5 (mod 12).

Proof: If p=5 (mod 12), then -1 is a quadratic residue (mod p),
and every non-zero a € Z/pZ is a cubic residue (mod p). Consider a
system of the form (1.2) in s = 11 variables. Suppose that ¢ is a
quadratic non-residue (mod p), and let K = {0,1,c,p,pc}. Then if

b e Zp\{O}, we have b = ga® for some a € Zp\{O} and g € K\{0} (this
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is a simple exercise in the use of Hensel's Lemma; see, for example,
Cassels [1986], Chapter 4, Lemma 3.2 and its corollary).
We partition {1,...,s} into the five sets
lIg = {i: c, = ga2 for some a € Zp\{O} } (g € K),

so that

4] = s.
g € K 9

Let M denote the number of g € K\{0} for which U # 2. Then M =4,

and writing [x] for the integer part of x, we have

EXIES I U] R TN I N (LA

g € K\{0} g € K\{0}
1 =9
g
1 1
=z = ] -=M
agZKg 2
2-;—(5—4).

Thus we may rearrange the variables so that for i=1,2,3,4,
either 2i-1 € Mq and 2i € ‘Hq for some q € K\{0}, or else 2i-1 € !Jo.

In the latter case dzx- x2+ d21y2 = 0 has the non-trivial solution

1

(x,y) = (1,0). In the former case d21_1x2+ d21y2 = q((ax)2+(by)2)

for some a,b e Zp\{o}, and we have the non-trivial solution

(x,y) = (wb,a), where o satisfies W = -1 (such an w exists by
Hensel’s Lemma, for we can find w’ with w'3% -1 (mod p)). Then
G= (dx+d x°) + ... + (dx2+dx2) +dx+d x4+ ... +dx°
171 272 777 88 88 10710 s's

where each expression in parentheses may be made zero by setting

(x21-1’x21) = (a21-1’a21)’ say. Put a =...=a =0 and for
i = = 3 3 {
i 1,2,3,4 put C1 c21-1azi—1 + cmam. For each i, there 1is a

gel= {0.1,p,p2} and an a € Zp\{O} such that C1 = ga3 , since

2 (mod 3) (this is also a simple exercise in the use of Hensel’s

p

Lemma; see, for example, Cassels [1986], Chapter 4, Lemma 3.4).

74



Consider the equation
CX+ CX+ CX+CX =0overZ . (5.1)
171 2’2 3’3 44 p
If any C1 is zero, we have the non-trivial solution Xi =1, X =0
(j # 1). So we may assume that no C1 is zero, and hence that there
is a rearrangement of variables such that 01 = ga3 and C2 = gb3 for
some a,b € Zp and g € L\{0}. Then (5.1) has the non-trivial solution
(X1”"’4) (b, a00)
In either case the equation (5 1) has some non-trivial solution
(b1""'b4) over Zp, and hence the system (1.2) has the non-trivial
solution
(xl,..., s;) (a b ra, b a b2 a4ba asb3 asb3 at,,b4 a b ,0, ,0).

This completes the proof of the lemma.

Lemma 5.2. We have T.(3,2) = 11.

Proof: Consider the equations (1.2) with s =2 11. We may assume
that for every i, at most one of ci and di is zero (for otherwise we
plainly have a non-trivial solution). Let K = {0,1,2,4}. Then by
Hensel’s Lemma wé may partition the indices 1,...,s into the four
sets
v = {i: c, = ga3 for some a € 22\{0} }, (g € K),
so that

v | =
g € K

Let M denote the number of g € K\{0O} for which !lg # g, and let

= Iilol . Then M = 3 and

= Illol + z [5 Iugl] zZr + Z 5 [lugl 1]
g € K\{0} g € K\{0}
U =g
g
2 % (s+r-3) .
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There are two cases.
(i) Suppose that r > 0.

Then S =z 5, so we may rearrange varlables so that for

i=1,...,5, either 2i-1 € uq and 2i € !Iq for some q € K\{0}, or
else 2i-1 € 'llo. In each case c21_1x3+ cmy3 = 0 has a non-trivial

_ 2 2
solution over 22 , say (321-1’a21)' Define Di = d21_1a21_1+ dma21
for i=1,...,5. Then since r'(2) =5, we can find a non-trivial

solution to the equation

2 2
Du  + ... + Du

=O’
11 § 6

and hence a non-trivial solution to the system (1.2) over Za'
(ii) Suppose that r = 0.

Then S = 4. If S = 5, the same argument as in (i) applies, so we
may assume that § = 4. By a rearrangement and multiplicative change
of variables we may suppose that Coq™ Gy € K\{0} for i=1,2,3,4.
Further, we may assume that one at least of the remaining 3 indices,
without loss of generality i =9, is such that €= Cg= ¢, . Let
fB1 = {2i, 2i-1} for i = 1,2,3, and 34 = {7,8,9}.

Consider the cubic equations corresponding to each set .‘81. The
equation X+ y:3 = 0 has tﬁe non-trivial solution (u,-u) for any

3 = 0 has the non-trivial

ue 22\{0}. Also, the equation X+ y3+ z
solution (au,bu,cu) for any u € 22\{0}, with ¢ = 2" for any r = 1
and some (a,b) = (1,-1) (mod 8) (by an application of Hensel’s
lemma).

Write D =d, +d, (i=1,23), D, =da™dp°+dc’, and
consider the equation

Q(D1’D2'Ds"’4) = D1u1+ el + D&u4 =0 . (5.2)

If we can find a non-trivial solution (ul,...,u4) to the equation
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(5.2) over 22, then in view of our change of variables, the
equations (1.2) have the non-trivial solution
(ui,-ui,ua,-uz,ua,-us,aui,bu4,cu4,0,...,0).

We now consider for which quadratics Q(D) a non-trivial solution
exists. We plainly have a non-trivial solution to the quadratic Q(_Q_)
if any Dlis zero, So we may suppose that no D1is zero. By making a
multiplicative change of variables, we may suppose that (D1,8) =2
for each i, that (LHDE,Z) = 1, and that D1 = 1 (mod 8). Further, if
for any i and j we have Dis DJ (mod 8) and (DIDJ.Z) = 1, then we may
suppose that D1='- D2 (mod 8). If we can now find a solution to the
quadratic equation (mod 8) for which Dl and u are both coprime with
2 for some i (a solution we shall call "non-singular (mod 8)"), then
by Hensel’s Lemma there is a non-trivial solution to the quadratic
over Za'

By rearranging the DF it is readily verified that Table 5.1
lists all the distinct possible cases, and hence that we may

restrict attention to five quadratics for which we can find no

solution non-singular (mod 8).

Table 5.1.(Here ¥ and 8 denote arbitrary integers.)

Quadratic, Q Non~singular Quadratic, Q Non-singular
solution (mod 8) solution (mod 8)

D1 Da Ds D4 Yy Y ua Yy D1 Dz Da D4 U, Uy Uy,
1 7 o & 1 1 0 O 1 1 8 5 none

3 5 y & 1 1 0O 1 1 1 2 1 1 2 1

1 1 6 ¥ 1 1 1 0 1 1 3 2 1 1 2 1
1 5§ 2 v 1 1 1 O 1 1 2 2 none

1 1 1 1 none 1 3 2 2 1 1 1 1

1 1 1 3 1 0 2 1 1 3 2 6 none

1 1 1 5 1 1 1 1 1 3 8 6 1 1 1 1
1 1 3 3 1 1 1 1 1 5 6 6 none
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We now aim to show that by using an alternative permissable

choice of (a,b,c), we may change the value of D4 so as to avoid the

five problematic quadratics. Consider the coefficient
D4 = d7a2+ d8b2+ decz. By rearranging variables we may write
D4 = dR(a,b,c), with R(a,b,c) = a’+ ab’+ Bc:2 for some d,«,B € 22 .

By rearranging variables, we may suppose that if « = 8 (mod 8), and
(aB,2) = 1, then a =1 (mod 8). It may be verified that Table 5.2

lists the only distinct possibilities for («,B) when one of o and B

Table 5.2.

« B|a b c | Ra,b,c) |a b c ﬂ(az,bz,cz)
mod 8 mod 8 mod 8
1 1 1-1 0 2 1 -1 2 6
1 3 1-1 0 2 1 0-1 4
1 5 1-1 0 2 1 0-1 6
1 7 1-1 0 2 1 -1 2 6
3 5 1-1 0 4 1 0-1 B
3 7 1-1 0 4 c 1-1 2
5 7 1-1 0 6 0O 1-1 4
1 2 1-1 0 2 1 0-1 3
1 4 1-1 0 2 1 0-1 5
1 6 1-1 0 2 1 0-1 7
1 0 1-1 0 2 1 0 -1 1
3 2 1 -1 3 O 1-1 5
3 4 1 -1 5 0O 1-1 7
3 6 1 0 -1 7 0O 1-1 1
3 0 1 0 -1 1 o 1-1 3
5 2 1 -1 6 1 0-1 3
5 4 1 -1 6 1 0-1 5
5 6 1 -1 6 1 0 -1 7
5 O 1-1 0 6 1 0 -1 1
7 2 0 1-1 1 1 0 -1 3
7 4 0 1-1 3 1 0 -1 5
7 6 o 1-1 5 1 0-1 7
7 0]0 1-1 7 1 0 -1 1

78



is not divisible by 2. Thus we can find (a1’b1’c1) and (aa’bz’ cz) s0
that, by making the change of variables which allows us to assume
that (D4,8) = 2, we have two values distinct (mod 8) for this
reduced coefficient.

Also, using y and 8 to denote arbitrary integers coprime with 2,
we have the cases with («,B) = (72’,628) for some s =2 r =2 1. Here we
obtain

R(1,-1,0) = 1 + 92" and R(0,1,-1) = y2" + 32°
write 2" + 82° = 2% with n not divisible by 2 (if m = 0 then we
can easily solve the quadratic non-trivially). Then unless t is
even, by taking account of changes of variable which allow us to
assume that (D4,8) s 2, the coefficients represented by R(1,-1,0)
and R(0,1,~-1) are distinct (mod 8). But if t = 2v is even, then

27'R(0,1,-1) = 7 (mod 8), and 27°R(2"*},1,-1) = 7 + 4 (mod 8),
and these residues are distinct (mod 8). Further m is not divisible
by 2, so taking account of changes of variable which allow us to
assume that (D4,8) < 2, the coefficients D4 given by these solutions
are distinct.

In all of these cases we obtain a choice of values for D4. Making
the change of variable which allows us to assume that (D4,8) = 2, we
see that there are two values distinct (mod 8) for this "reduced"
coefficient. But by examining Table 5.1, it is readily seen that one
choice, at least, of coefficient available to us gives a quadratic
which we can solve, no matter where the coefficient D4 has been
rearranged to.

Then we can find a solution non-singular (mod 8) to the "reduced"
quadratic equation, and hence there is a non-trivial solution to the
equations (1.2) over 22.

This completes the proof of the lemma.
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We now attend to the prime 3. We first prove a version of
Hensel's Lemma not dissimilar to one used in Davenport and

Lewis [1966], §5 for the prime 3.

Lemma 5.3. Suppose that we have a solution x to the congruences

F(x)=cx3+... +cx =0 (mod 9)
= 11 8 8
Gx) =d x>+ ... +dx=0 (mod 3)
= 11 8 S

for which there are indices 1 and j with
x‘xj(cldjxi- cjd!xj) 2 0 (mod 3).
Then there is a non~-itrivial 3-adic solution to the equations (1.2).

Proof: By Induction. Suppose that for some p = 2, we have a

solution to the simultaneous congruences

F(x) =0 (mod 3" )
G(x) =0 (mod 3"
satisfying, for some i and j,
xixj(cidjx!— cjd!xj). 2 0 (mod 3) . (5.3)

Write yl= x1+ ki3"-1, for some k1 to be determined. Then

F(y) = F(x) + 3"(ckx+ ... + c k x°)  (mod 3"*1)
= = 111 8 8 S
Gly) = 6(x) + 3" (2d kx+ ... +2d k x ) (mod 3")
= = 111 8 8 S
If we can solve the simultaneous congruences
37'F(x) + ciklx? ... +ckzx> =0
— =8" (mod 3) (5.4)
37%6(x) + 2d k. x+ ... +2d kx =0
= 111 8 8 8

then we have a solution y to the simultaneous congruences

F(g) 0 (mod 3'”1) }

0 (mod 3" )

1]

G(y)
satisfying
ylyj(cid I cjdlyj) = xixj(cldjxi- cjdlxj) 2 0 (mod 3) .

But the linear forms in I=< in the simultaneous congruences (5.4) are

non-proportional (mod 3), by (5.3). Then we may solve for the ki,
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and hence the inductive hypothesis holds with pu replaced by u+i. But
by hypothesis the result holds for pu = 2, so the result holds for
all p = 2. So we have a non-trivial solution X to the congruences
F(g) = G(ﬁ) = 0 (mod 3") for all p, and hence a non-trivial 3-adic
solution to the system (1.2).

This completes the proof of the lemma.

By §2, we may write the equations (1.2) in 3-normalised form

F =G =0, with

Fl= ax’+...+a x3+by3+...+b y3 = 0 (mod 9)
11 uu 171 viv
- > 2 o - (5.5)
G = cy+...4cy +dz'+...+4d 2" = 0 (mod 3)
171 viv 11 W oW

where c, and d1 are coprime with 3, each a, and b1 are divisible by
at most 3, and where F“ denotes the varlables explicit in
F (mod 9), ahd G denotes those explicit in G (mod 3).
Let u1 denote the number of a.i not divisible by 3, and V1 the
number of bi not divisible by 3. Then by (2.3), we have
mo+ qF . = u+viw = 7, qc’0= viw = 3, RF 1= u+v = 4,

’ 13

m=u+v+w =2 5, and = u+v = 2.
o 1 ’ qr.o 1 1

Lemma 5.4. Suppose that w = 3. Then there is a solution to the
congruences (5.5) satisfying condition (5.3) of Lemma 5.3.

Proof: First solve the cubic equation

alx::-* el * auxi+ blyf+ el * bvyz = 0 (mod 9).

This is possible non-trivially, since u+v 2 4, and u1+V1 z 2
together imply that by a change of variable, one of the following
congruences subsists in the above congruence:
X+ y3 = 0 (mod 9) or X+ 2y3 +322=0 (mod 9).

Both congruences are soluble non-trivially, and further, soluble

with a variable non-zero (mod 3) having a cubic coefficient non-zero

81



(mod 3). Fixing the solution to the cubic, we can then independently
solve the congruence

2
dz +

2 _ _ 2 2
21 .+ d"z" = (°1y1 + ... 0+ vav) (mod 3).

Since w =z 3, this may always be solved non-trivially, by
Corollary 3.2.2. But now, as the cubic coefficients of the z are
congruent to zero (mod 3), «condition (5.3) of Lemma 5.3 is
satisfied.

This completes the proof of the lemma.

Lemma 5.5. Subject to the truth of the hypothesis (H3) :
(H3) for all congruences of the form (5.5) with u+tv+w = 7,
utv = 4, v+w z 3, u1+v+w z 5, u1+v1 =22, and w < 3, we have a
solution satisfying (5.3),
every 3-normalised system of the form (1.2) with s =z 11 has a
non-trivial 3-adic ‘solution.
Proof: This follows directly by an application of our version of
Hensel’s Lemma (Lemma 5.3) combined with (H3) and Lemma 5.4.

This completes the proof of the lemmé..

6. THE COMPUTATIONAL METHOD FOR THE PRIMES 3,7,11,13,18,23 AND 31.

(a) Primes other than 3.

Consider the simultaneous congruences

aixf+ +a5x:'£0

2 2 (mod p) (6.1)
bx+ ... +bx =0

171 55

where 0 = ai,bi = p-1, at most one each of the a and b1 is zero,
and a, and bi are not simultaneously zero. To establish the validity

of hypothesis (H), following the conclusions of the previous two
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sections, we have only to check that the congruences (6.1) have a
solution non-singular (mod p) for every permissible choice of the a,
and bx’ Further, if p=1 (mod 3) and p > 13, or if p = 2 (mod 3),
then we may also assume that no a is zero.

By the change of variables xi — wxi, for a suitable w, we may
assume that each bt is 0, 1, or ¢, where c¢ is any quadratic
non-residue (mod p). Also, by independently making the change of
variables X — X, We may assume that 0 = ais (p-1)/2. Further, by
multiplying through by a suitable non-zero factor and rearranging
variables, we may assume that b1s bzs ... = b, b1= 0 or 1, and

S

b = b3= 1. Finally, if for any j we have bf bj+ then we may

1’

assume that a=< a .
J J+1

Suppose that ¥ 1is the set of all (al, ey as,bi, v ’bs) ,

satisfying the above criteria. If for some o,B,7,K,A, 4 Wwe can find a

non-singular solution to the congruences

¢]
(mod p),
0

then any simultaneous congruences of the form (6.1) with

Q.XS + ByS + 723

kP Ay iz

(ai,aj.ak.bi.bj.bk) (x,B,7,K,A, ) (mod p),

for some distinct i,j,k e {1,...,5}, will admit a solution
non-singular (mod p). We used this idea to economise further on the
number of cases to be checked, starting by testing all forms in
three variables satisfying the above criteria, and storing those for
which we could find no solution non-singular (mod p). We then took
each of these forms, and tested all forms in four variables
satisfying the above criteria obtained by considering any
permissable coefficients for a fourth variable, again storing all

forms possessing no non-singular solution. If necessary, we then

proceeded in like manner to a fifth variable. ‘
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Using this pseudo-sieve method, we used a computer to check that
all simultaneous congruences of the form (6.1) possessed solutions

non-singular (mod p).

(b) The prime 3.

Consider the simultaneous congruences

alx?+ N a_’xj = 0 (mod 9)

. . (6.2)
bx“+ ... + bx. =0 (mod 3)
1" 77

where O = als 8, 0= bls 2, and the coefficients satisfy the
conditions of hypothesis (H3). To establish hypothesis (H3),
following the conclusions of the previous section, we have only to
check that the congruences (6.2) have a solution satisfying
condition (5.3), for every permissable choice of the a, and bi. By
the change of variables X — -X, we may assume that 0 = a, =< 4. By
multiplying the quadratic congruence through by a suitable non-zero
factor and rearranging variables, we may then assume that the number
of b1 equal to 1 is at least as great as the number equal to 2.
Also, by a rearrangement of variables we may assume that
bls bas .. S b,,. Finally, if for any j we have bj= bj+1' then we
may assume that ajs ajﬂ.

As the system of congruences (6.2) 1is more complicated than
(6.1), the pseudo-sieve approach is less successful. However, by
noting that O, 13 and 23 represent all the cubic residues (mod 9),
we are able to economise by testing for solutions of (6.2) using
only X, € {0,1,2}. We were thus able to use a computer to check that

all simultaneous congruences of the form (6.2) possessed solutions

satisfying condition (5.3).
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7. FINDING A P-ADIC SOLUTION.

The computational checks outlined in the previous section
complete the proof that hypotheses (H) and (H3) hold, and hence we
have shown, subject to the assumptions that s = 11 and 8(F,G) = O,
that one of the following hold:

(i) the system F = G = 0 has a non-trivial solution over Zp,

(ii) the system F=G=0 (mod p) has a non-singular solution
(mod p).

In the latter case, a Hensel’s Lemma argument will also give us a
non-trivial p-adic solution. We now remove the assumption
8(F,G) # 0. For this purpose we use the argument of §5 of Davenport
and Lewis [1967]. Although our argument will differ only in the

details, it is included for the sake of completeness.

Lemma 7.1. For any system of the form (1.2) in at least 11
variables (irrespective of the value of 8(F,G)), F=G =0 has a
non-trivial p-adic solution.

Proof: We have proved that F =G =0 has a non-trivial p-adic
solution provided 3(F,G) # 0. Suppose now that 8(F,G) = 0. For every

integer p there exist forms

F(u) = c(u)XS ...+ c(ll)xs
1 1 s 8
™ = g2 4 g2
1 1 s s

(#) (&)

with rational integer coefficients such that 8(F"',G ") = 0 and

such that

c:")— c, = d:")— di £ 0 (mod p") for i=1,...,s.

But then the equations F(")= G(")= 0 have a non-trivial p-adic

solution g"" = (Ei“),...,ﬁ(")). By homogeneity, we can suppose that

the gi"’ are p-adic integers, and that one at least is not divisible

(n)

by p. By the compactness of the p-adic integers, the set {g } has
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an accumulation point § # 0. Then if p goes to Infinity through a
suitable sequence, we have that

Lim g(u) = §
. = 2
exists in the p-adic sense, and
(u) (n) (u), ()
= |F - F
IF(g™) 1 = IF(g") €1

() (#)3
|§; (e~ c g "%

P
= p "~

By continuity, we therefore have F(g) = 0, and similarly G(§) = 0.
Hence the system (1.2) hasv a non-trivial p-adic solutlon.

This completes the proof of the lemma.

Thus any system in at least 11 variables has, for every rational
prime p, a non-trivial solution in p-adic integers, i.e.
I"(3,2) = 11. We now demonstrate that l"*(3,2) 2 11, which will

complete the proof of Theorem 1.1.

LEMMA 7.2. We have 1‘;(3,2) = 11 for all primes p = 1 (mod 3).
Proof: Let p =1 (mod 3) be a rational prime, c be a cubic

non-residue (mod p), and ® be a quadratic non-residue (mod p).

0
(7.1)
0

The cubic equation has no non—t_rivial solution over Zp, since ¢ is a

Consider the simultaneous equations in 10 variables:

3 3 3 3 2, 3 3
X +cx + X +cx + X +cx
( 1 2) p( 3 4) p ( S 6)

2 2 2 2
X_-WX + X —WwX
( 7 8) p( 8 10)

cubic non-residue (mod p). In addition, the quadratic equation has
no non-trivial solution in Zp, since w is a quadratic non-residue
(mod p). Hence the system (7.1) has no non-trivial solution over Zp.

This completes the proof of the lemma.
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CHAPTER 2.
A RESULT ON THE P-ADIC SOLUBILITY OF PAIRS OF EQUATIONS.

1. INTRODUCTION.
Let c, and c:i1 (1 = iss) be rational integers, and k and n be
natural numbers. We shall consider the solubility over the p-adic

integers Zp of the pair of additive equations

f(x) =cx':+ ... +cxX=0
= 1n “: (1.1)
g(x) =d1x1 + ...+ dsxs=0

let kzn>1, and let p=1 (mod k) and p = 1 (mod n). Suppose
that ¢ is a kth power non-residue (mod p), and g’ is a nth power

non-residue (mod p). Then the equations

k
ZpH(x‘: - qyl:) =0
t=1 (1.2)
& -1, ,n n
Zp (x}"-q'y;") =0
1=1
have no simultaneous non-trivial solution over Zp . Thus for

infinitely many primes p, we have I";(k,n) > 2(k+n). When k = n,
Atkinson and Cook [1983] have made progress in the opposite

direction:
Theorem 1.1. Suppose that k =2 2 and p is a rational prime with
p > k°. Then r;(k, k) = 4k+1. This result is essentially best

possible in that it fails when 4k+1 is replaced by 4k.

This result may be compared with the result for a single equation:
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Theorem 1.2 (see Dodson [1966], Lemma 2.4.1). Suppose that k = 2,
and p 1is a rational prime with p > k*. Then I‘;(k) =< 2k+1. This
result is essentially best possible in that it fails when 2k+1 is

replaced by 2k.

The last lines of both theorems follow by considering examples of
the form (1.2).

Thus the situation in which the exponents in equation (1.1) are
equal has been resolved rather satisfactorily for all but a small
set of primes. However, when k # n, 1little is known. In Chapter 1,
we gave methods which are of wuse 1in considering the p-adic
solubility of general systems of homogeneous additive equations, and
we demonstrated that I‘.(3,2) = 11. Here we shall refine the methods

given in that chapter to establish the following result.

Theorem 1.3. Suppose that k2 nz 1, and that p is a rational

prime with p > k4n2. Then
2(k+n)+1 kzn> 1

I‘;(k,n) = { 2k+2 k>n=1

3 k

]
"
[N

This result is essentially best possible in that it fails to hold

when the right hand side is reduced.

Thus the conclusion of Theorem 1.3 rather neatly bridges the gap

between Theorems 1.1 and 1.2. It would seem 1likely that the

following generalisation holds:
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Conjecture. Let k’i = kl when kl > 1 and k’i = % when ki = 1. Then
for all rational primes p satisfying
p > (Maxik k..., k}3k...Kk)?
we have
.
l‘p(kl,...,kt) = 2(k;+ K+ ...+ ki) + 1. (1.3)
If true, this result would be best possible, in that the bound (1.3)
could not be reduced, by virtue of examples analogous to (1.2).

In principle, one could use a computer to establish the p-adic
solubility of the equations (1.1) for the small primes excluded by
the conditions of Theorem 1.3, although it should be emphasised that
much preparation may be necessary (see, for example, Chapter 1, §3,
where the prime 7 causes problems). Since knowledge of the p-adic
solubility of the equations (1.1) is an essential prerequisite to an
application of the Hardy-Littlewood method (the standard method for
establishing the non-trivial rational solubility of the equations
(1.1)), such questions are not without importance.

Finally, we note that there would appear to be no fundamental
difficulty in extending the methods contained herein to systems of

more than two simultaneous equations.

2. A REFINED P-ADIC NORMALISATION PROCEDURE.

First note that Theorem 1.3 follows at once when k = n =1, and
by Theorem 1.1, it also follows when k = n. We may therefore suppose
that k > n= 1. The case with n =1 follows by a slight alteration
of the proof for the case n > 1, so we shall not give the details

here.
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Suppose then that k > n > 1, and consider the equations (1.1). We
now refine the p-normalisation procedure adopted in Chapter 1 so as
to more readily extract inforr;nation about the coefficients of f. For
1=rs=s, write R={1,2,...,r}, T ={r+1,...,s}, and t = |[T|, so
that r+t = s. Now write M = r(r-1), and N = 2(r-1)n. Define

alf,g) = (c"d* - "d"). N (2.1)
IEJ 1 It h ET h

1,) € R
Write f for (f,g2).

Lemma 2.1. Given a system of the form (1.1), 8(f) satisfies the
following:

(i) if v,...,v_ are integers, and
v v
P 1 s
£ =10 px,...,p x_),
then

2knMv/r
p

alf’) = alr)

"

where v v + ... + v

1 -]

(ii) if A and p are rational numbers, and the system £” is defined
by
£7(x) = Af(x), g"(x) = pglx) ,
then we have
atr) = A" a(n) .
Proof: (i) Writing c’1 and d’1 respectively for the coefficients of

xl: in £’ (x) and x’: in g’(x), we have

n,, Kk n,, Kk kn(v+v) o x k
’ Ko X _ - B
cy dJ ) d p (Cldj dex) ,
and

c:“ _ 2knMv /rcN

h p h '
Then by (2.1), we have

aknn(v1+...+v )/r 2knM(» ﬂ+...+v Y/r
8(f') = p Y B ® e,

and the result follows.
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(ii) follows simply from the definition of 3(f,g).

This completes the proof of the lemma.

As in Chapter 1, 87 (following from Davenport and Lewis [19671),
we are able to use a p-adic compactness argument to permit us to
assume that a(g ) # 0. This property is plainly preserved under
equivalence. Before proceeding to the next lemma, recall the

notation of §2 of Chapter 1.

Lemma 2.2. A p—normalised system £ can be written in the form

f

k-1
f +pf +...+p fk-l}

k-1
B, +Pg t ... +P g

g

where the 1’J and gj are forms in mJ variables, and these sels are
disjoint for j=0,...,k-1. Moreover, each of the mj variables
occurs In one at least of fj and gJ with a coefficient not divisible
by p.
The following inequalities hold for all 1 = r,t < s with r+t = s:
(i) we have

m + ...+ mj_1 z jr/k + jt/k for j=1,...,n,
where k = 2kn/(k+n) is the harmonic mean of k and n.
(1i) with h=f or g, denote by q the number of variables

h,J
occurring explicitly in the form h; . We have

m+ m+ ...+ mj_1+ qr’J z jr/k + jt/k + r/(2k) + t/k
for j=0,...,n,
and
m+ m+ ...+ mj_1+ qg,j z jr/k + jt/k + r/(2n)
for j=20,...,n-1.

Proof: All the results except for (i) and (ii) follow as in

Lemma 2.2 of Chapter 1.
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(1) 1let Xiveoon X, where m = m + ... +m . denote the variables

in f=0,...,£j_1 (1 = j s n). Then the system

’ P ’j
f (i) =p £(px1,...,pxm,xIM ,...,xs) .

1

has Integral coefficients and 1is equivalent to the systenm _{_ By

Lemma 2.1 we have

p—jl(.(lu-n) - JNt + 2knMm/r

a(f’) = alf) .

Then by the definition of a p-normalised systen,
m z jr(k+n)/(2kn) + jrNt/(2knM)
= jr/k + jt/k .
(ii) Suppose that the number of variables occurring in f; is g. Let

these variables be x .9X , where m=m + ... +m , and let
m+ 0 -1

1" Tmeq

X ,...,xln be the variables occurring in ‘£0’“"£j-1 . Then for

0= j=n, the system

” -j-1
£“(x) = p f(pxl,...,pxmq,xmqﬂ,...,xs) }

.,xs)

” ‘J
g (g) P g(pxi,...,pxmq,x

meqs1’ "
has integral coefficients, and is equivalent to £ . But by Lemma 2.1,
we have

3(£”) = pzknu(mq)/r = (J(k+n)+n)M - (J+1)Nt

a(f) ,
and hence, by the definition of a p-normalised system,
2knM(m+q)/r = M(j(k+n) + n + 2tn(j+1)/r)
Then
m+ qzrj/k+ r/(2k) + (j+l1)t/k .
The result follows similarly for qg’j .

This completes the proof of the lemma.
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Lemma 2.3. Suppose that s = 2(k+n)+1, and that the system (1.1)

is p-normalised. Then we may rearrange variables and change notation

to write
f‘=axk+...+ axk+byk+...+b *
11 uu 171 . vv
* n n n n (2.2)
g= c1y1+. ..t cvyv+ d121+. .ot d“z“

where none of the atl,bi,cl,dl are divisible by p, and
u+tvtw =2 5, viwz 3, utv = 3 .
Proof: We put r = 4n+1, t = s-r = 2(k-n), and apply Lemma 2.2. We
obtain by part (i) of that lemma,
m, z (4n+1).(k+n)/(2kn) + 2 - 2n/k
>2 + 2/k + 2 - 2n/k
and so m = 5. Also, by Lemma 2.2(ii), we have
qt,o z (4n+1)/(2k) + 2 - 2n/k > 2,
and
qg,o = (4n+1)/(2n) > 2 ,

andsoqfOZSandqQOZB.

This completes the proof of the lemma.

We now state two lemmata which will permit us to eliminate

certain cases of (2.2).

Lemma 2.4. Suppose that p}labc and p > K. Then the congruence
ax® + byk + cz* = d (mod p) (2.3)
has a non—tfivial solution (x,y,z).
Proof: For d = 0 (mod p), the result follows from Dodson [1966],
Lemma 2.4.1. Meanwhile, for d # O (mod p) the result follows easily
from the proof of that lemma.

This completes the proof of the lemma.
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Given f and g of the form (1.1), and X e Zs , we shall define

k-n
x1 "medx ")

. _ . = n-1 n -1
AL, §) = A(f, g1, J) = knx (c,d, 1%y

, and
i J

A.(f, g)

Max {|A(4, j)| }

1=i< j=<s

Thus if x is a solution to the congruences f = g = 0 (mod p), it is

non-singular (mod p) when A’(f.g) =

Lemma 2.5. All p-normalised systems of the form (1.1) satisfying
z 2(k+n)+1, p > k", and either u > 2 or w > 2, have a non-trivial
solution over Zp.
Proof: By setting certain of the variables to zero, we may assume
from Lemma 2.3 that u+v+w = 6, u+v =2 3, v+w = 3, and either u = 3 or
= 3. We shall assume that u = 3, the case with w = 3 following in
a similar manner.
Since v+w = 3, by Lemma 2.4 we can solve the congruence
cly: + ...+ va: + dlz: + ... + d"z: = 0 (mod p) (2.4)
with one at 1least of the varlables non-zero, without 1loss of
generality either y, or z. Also by Lemma 2.4, fixing the ¥, and z,
so as to solve the congruence (2.4), we have a non-trivial solution
to the congruence
aixl; + ... 0+ aux:‘x = —(bly‘lt + ... 0+ bvy:) (mod p) ,
since u = 3. Without 1loss of generality, X, is non-zero. Then the
system is soluble (mod p) with

n-1 n 1

k-n n-1_n-1

INICS = Max{|knx, (aldix1 )Ip, lknx "y, (a1<=1y1 )Ip}
= 1.

An application of Hensel’s Lemma (Lemma 3.1 of Chapter 1)

completes the proof of the lemma.
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3. USE OF EXPONENTIAL SUMS.

After Lemmata 2.3 and 2.5, we may assume, by setting certain of
the variables to zero, that the equations (1.1) are of the form
(2.2), with

utviw = 5, utv 2 3, v#w = 3, u = 2 and w = 2. (3.1)

Let us write the equations in the form

Alx‘; + ...+ Asx:
N L= 0 (mod p) (3.2)
131x1 + ... 4+ Bsxs

where the Al and B1 are not simultaneously zero, and these
coefficients satisfy condition (3.1). The number, N, of solutions

(mod p) to the congruences (3.2) is given by the exponential sum

N=p" T T(a...T (&), (3.3)
a,8(mod p) - -
where
T(x) =T(a,B) = ) e((Aax*+ BRx")/p) , for j=1,...,5.
)= 3 cubap 3

Lemma 3.1. Suppose that p > k, and Ain 2 0 (mod p). Then we have

pe ) T @1* = knp®.

_a;modp

Proof: We have that

-2 4

P ) T (@)
mod p

e

is the number of solutions over I]-‘p to the simultaneous equations

xR =YY,
n n n n (3.4)
xl + x2 = yl + y2

Suppose that (x,y) is any solution of (3.4). Write d = (k,n). Then

by eliminating y, from the equations (3.4) we obtain

k k k,n/d = n n_ .n k/d
(x1 + X, yi) (:f:1 + X, yi) . (3.5)

On noting that k/d and n/d cannot both be even, there are two

possibilities:
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(i) k/d and n/d are not both odd.

Then for each of the p2 possible choices for x, and X, there are
at most kn/d solutions in ¥, to the equation (3.5). This is because
Y, satisfies some non-trivial polynomial of degree kn/d, and hence
there are at most kn/d solutions in y, to (3.5). Y, is then

determined from the equations

S S

y2 1 2 1}
n n n n :
= + X -

y2 xl 2 1

Thus, for some z, we have that ¥, satisfies

d

to which there are at most d solutions. So in this case the total
number of solutions to (3.4) is
= (kn/d)p.d = knp°.

(ii) k/d and n/d are both odd.

+x =0
. (3.86)
+x =0 :

There are at most dp solutions to the equations (3.6), since for each

Suppose first that

Hk:’ wa
NS ND®

of the p possible choices for X,, Wwe can eliminate to obtain an
equation of the form x(: = z for X, Repeating the same argument for
y, and ¥, we deduce that the total number of solutions of this type
is at most (dp)z.

Suppose now that (3.6) does not hold. Then picking any of the
remaining = p2 possible choices for X, and X, the non-trivial
polynomial in ¥, in (3.5) is of degree at most n(k/d - 1). So in
this case there are at most n(k/d - 1)p2.d solutions to (3.4).

Then the total number of solutions in the second case is

= knp2 - m:lp2 + dzp2 s knpz.

This completes the proof of the lemma.
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Lemma 3.2. Write
fi(g) = Ti(t_x__)_. gj(a) = Tj(oc,o) , and hm(B) = Tn(O,B).

Suppose also that A‘; Bl, AJ and Bm are each non-zero. Then we have

(i) p2 I1£,(@)1%1g,(a) 1? = knp®,
e mod p - i

(i) p® 1£,(a)1%In_(8)1% = knp?,
a mod p "

(iif) p2 Igj(oc)lalhm(B)la = knp°.

a mod p

Proof: The method of proof is typified by the proof of (i).
P £, () 1% g () 1

a mod p

is the number of solutions over tFp to the simultaneous equations

.k

Axk + Ayk Ax
1 3 1

(3.7)

Bx"
1

The number of solutions to

k
+ Ay’
g (3.8)
le’n

the nth power equation in (3.8) is at

most n(p-1)+1. Given any such solution, the number of solutions to

~the kth power equation
Aj(yk - y’k) = -Ai(xk - x'%)
is at most kp,
there are at most k possible solutions in y.
Then the total number of solutions to the equations (3.8) is
= (n(p-1)+1).kp = knp2 .

This completes the proof of the lemma.

Lemma 3.3. If p > k, then we have

5/2

IN - p°| = (kn-1)(k-1)p

Proof: Write

for

el
»
e
B
[

e
H
o a

a7

since for each of the p possible choices for y’,



Then defining f, g and h as in (3.7), we have by (2.2) that

. 5 " u u+v 5
Z nT,(e) =Z [ mele) 1 fj(a,B) n hm(B)] .
a i=1 2 i=1 J=u+1 m=u+v+l

Then by Holder's inequality,

5
Z ' nr, ()
a i=1 -

u u+v 5

=T n [Z lg, (@) 1°1£ (o, 81711 (8)

i=1 j=u+l m=u+ved

1/(uvw)
]

a

=¥ " g, (1"f (81 In (8)]"

for some indices I, J and M corresponding to the maximum of the sums
in the second expression. For the moment, write f,g,h respectively
for fJ(a,B), gI(a), and hu(B)’ Then by (3.1), we can find positive
real numbers A,p,v,p, such that A + p + v + p = 1, and

g " = (28 (&nD)" (PR (eh°,
by repeated subdivision. So by H&lder's inequality,

* u v-1 LI
L lg@ e ™ i@ s s s,

where

A
_ . 2 2
s,= (L7 15t @mi?),

and S” , Sp , Sp are sums over gzhz, fzhz and f4, in obvious
notation (here we adopt the natural convention of taking Sx to be 1
when A = 0, and similarly for u,v,p). But

PPYL " g Pif () 1® + p* = p72 ¥ g (a)1®If (a,8) 1

e
e

=< knp2

by Lemma 3.2, so that

SJL =< ((kn—l)p‘)l .
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Similarly for S#, Sp and Sp . Hence

5
’ Z * nT‘(g)
; i=1

< [ Sup |fJ(g)l](kn—1)p‘.
a mod p -
20

But by the Riemann Hypothesis for finite fields (see for example,

Schmidt [19761), we have If (@)l = (k-1)p'

for all g:g_ . The
result now follows from (3.3).

This completes the proof of the lemma.

In the next lemma we use a result contained in Appendix A to
estimate the number of singular solutions to the congruences (3.2).
(The reader may wish to compare this lemma with Lemma 4.5 of

Chapter 1, where a stronger result is given for a simpler problem).

Lemma‘ 3.4. Suppose that plkn. Then the number of distinct
solutions to the congruences (3.2) which are singular (mod p) is at
most

(9(k-n)* + 2K)p .

Proof: Suppose that O yeee, 0 is any solution of the congruences
(3.2) singular (mod p). Suppose that precisely g of the « are
non-zero, and rearrange variables so that o # 0 (mod p) for
i=1,...,q. Plainly, as Al and Bl are not simultaneously zero, we
have ¢q = 0 or g = 2. Since ] is a singular solution and plkn, we
must have
k-

ABa
151

for all i and j in {1,...,q}.

n _ k-n
= AJB‘mj (mod p) (3.9)

Suppose that q 2 2. There are three cases:
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(i) There is an i € {1,...,q} with A =0 (mod p).
Then for all j # i with j € {1,...,q} we have from (3.9) that
- AjBlal;_n =0 (mod p) ,
2 0 (mod p), we obtain ‘4_, 2 0 (mod p) for

and hence, as Bla:'n

J=1,...,q. But then by (3.1) we have q = 2, and hence q = 2. So «

is a non-trivial solution to the congruence Bloc:

+ Bol =0 (mod p),
to which there are at most n(p-1) non-trivial solutions.

So there are at most n(p-1) solutions in this case.
(i1) There is an i € {1,...,q} with B1 2 0 (mod p).

A similar argument reveals that there are at most k(p-1)
solutions possible in this case.
(1ii) There is no ie {1,...,q} for which either Al =0 or
B1 = 0 (mod p).

Then from (3.8),

(a/e)*™ = (4B)/(BA ) (mod p)
for all i # j in {1,...,q}. (3.10)
The congruences (3.10) must be soluble (mod p) for all i # j with
i,j e {1,...,q}, for otherwise there could be no singular solutions
of this type. But the congruence
k-n

x = (A1B_1)/(B1AJ) (mod p) (3.11)
(@)

1 9--°»€

(k-n)¥!  possible choices for (&‘2). vy E(q)) satisfying the

(G )

has at most k-n solutions £ fon

, sSo there are at most

congruences

A+ AP 4 AT =0

B +B (gta))n . . Bq(g(q))n =0 (mod p) .

1 2 q
Hence

Bl+... +Bq50 (mod p) ,
where
" 1/(k-n)
B, = [wBl/A’;] (mod p) for i=1,...,q, (3.12)
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and w may be taken to be any (fixed) factor required to guarantee
the existence of the (k-n)th root. Note that our choice of the E(”
effectively forces a particular choice of roots in (3.12).

Rearrange variables so that Al #0 and B1 # 0 (mod p) for
i=1,...,g, and either Ai =0 or Bl = 0 (mod p) for g < i=5.
Using the notation of Theorem 1.1 of Appendix A, for each set of
choices of the root in (3.11), there are at most N(p;g) distinct
congruences of the form

B +... +B =0 (mod p)

i 1

1 t
with 1 = 1'1 < 1‘2 < ... < it =g and 0 =t = g, including the empty
congruence. For each such non-empty congruence, we have at most
(k—n)4(p-1) non~trivial solutions to the congruences (3.2) (given by
the p~1 non-zero values of o, and the (k-n)* possible choices of
the roots in (3.11)). Thus, by Theorem 1.1 of Appendix A, we find
that the number of singular solutions of type (iii) to the
congruences (3.2) is at most

(10-1) (k-n)*(p-1) .

Then taking all possible singular solutions into account, the

total number of singular solutions to the equations (3.2) is at most
(k+n)(p-1) + 8(k-m)*(p-1) + 1 < (9(k-n)* + 2K)p .

This completes the proof of the lemma.

Lemma 3.5. Suppose that p > K*n? is a rational prime, and the
congruences (3.2) satisfy the conditions implicit in (3.1). Then the
congruences admit a non-singular solution (mod p).

Proof: By Lemmata 3.3 and 3.4, the number, N‘, of non-singular
solutions to the congruences (3.2) satisfies

IN" - %l = (kn-1)(k-1)p™% + (3(k-n)* + 2K)p .
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Since p > kéna, we have

(kn-1) (k-1) + p/2

(3(k-n)*+ 2k) - Kk®n
< ~(n+1)k+1+(K%n%) "H(9(k-m)*+2k)  (3.13)
Recall that we are assuming that k > n> 1. Then n2 2, and k 2 3,
so that the right hand side of (3.13) is
= -3k+1+11/k° < 0 . (3.14)

» 3 2_5/2
Then by (3.13) and (3.14), we have |[N - p| < k"'np—“, and hence

N. > p3 - kanps/2 > 0.
Thus there is at least one non-singular solution (mod p) to the

congruences (3.2), as required.

This completes the proof of the lemma.

We may now use Hensel’s Lemma (Lemma 3.1 of Chapter 1) to deduce
that the equations (1.1) have a non-trivial p-adic solution whenever
P> k4n2.

This completes the proof of Theorem 1.3.
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PART L.

SIMULTANEOUS ADDITIVE EQUATIONS: THE RATIONAL PROBLEM.

A modified version of Part II has been submitted for publication
to the Journal fir die reine und angewandte Mathematik as the second

part of the series "On simultaneous additive equations”.
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CHAPTER 3.
THE NEW ITERATIVE METHOD FOR SIMULTANEOUS EQUATIONS.

1. INTRODUCTION TO CHAPTERS 3 AND 4.
Let cij (l=i=<t 1= j=<s) be rational integers, and ki
(1=is=t) be natural numbers. Consider the simultaneous

diophantine equations

Kk k
_ 1 1 _ .
Fi(g) =c. X *...*tcx = 0 (1 =ji=t). (1.1)
Define G‘(l_c_) = G’(ki, ce ’kt) to be the least integer r such that

for all sz r, and all cij (1=i=t 1=j=gs) satisfying all
conditions imposed by local solubility considerations (in
particular, satisfying the congruence condition as defined in §1 of
Chapter 1), the simultaneous equations (1.1) have a non-trivial
rational solution.

There has been much interest in the problem of establishing
bounds for F*(ﬁ) and G‘(Ié) over the last quarter of a century,
mostly stemming from the pioneering investigations of Davenport and
Lewis [1963, 1966, 1967, 1968]. However, until Chapter 1, it seems
that only equations with the kl all equal had been considered. In
that chapter we gave methods of use in considering the p-adic

solubility of the equations (1.1). In particular, we considered the

p-adic solubility of the equations

3

F(x) =cx + ... +tcx =0
= 11 s 8 (1 2)
Gx) =d x>+ ... +dx> =0
= 11 8 B
where ci,di €eZ for i=1,...,5, and we were able to show that

I‘*(3,2) = 11. In this section we go on to Iinvestigate the rational

solubility of the equations (1.2). We shall prove:
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Theorem 1.1 ( "G‘(3,2) =< 14" ). The simultaneous equations (1.2)
have a non-trivial solution in rational integers if the following
conditions hold:

(a) the quadratic equation in (1.2) is indefinite, and has at least

5 variables explicit, and
(b) the cubic equation in (1.2) has at least 7 variables explicit,

and
(c) the simultaneous equations (1.2) have a non-trivial real

solution, and
(d) (i) s = 14, or
(ii) at least 6 of the d are zero, or

(iii) at least 4 of the c, are zero.

Theorem 1.1 may be compared with results obtained by previous

workers for small values of t and k1:
G’ (2) = 5 (classical), G (3) = 7 (R.Baker [1990]),
G (2,2) =8 (Cook [19711),
G (3,3) s 15 (R.Baker and Bridern [1988]) .

The result of Cook for G.(2,2) involves the condition that any
linear form in the equations must be indefinite with at least five
variables explicit. The result for G‘(3,3) is the latest in a long
series: Davenport and Lewis [1966] obtained G‘(3,3) =< 18, "18" being
reduced to "17" by Cook [1972] and to "16" by Vaughan [1977]. In
view of the recent paper Vé.ughan [1988], it seems 1likely that "15"
could be reduced to "14" using current technology (and in fact, in a
recent conversation, Dr. J.Brlidern indicated that he had proved
G (3,3) = 14 by using ideas from Vaughan [1986al).

It is to be hoped that our consideration of this particular

example may stimulate interest in the more general problem, and to
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this end some of our methods are set out in a quite general fornm.
The proof of Theorem 1.1 is an application of the Hardy-Littlewood
method, based on a “generalisation of the methods of Vaughan [1989a]
to simultaneous equations of differing degree. These methods permit

us to prove:

Theorem 1.2. Let A(P,R) = { ne [(1,P] : p prime and p|n implies
P =<R}. Suppose that ¢ > 0, 0 < 7 < no(e) and P > 1. Then
3 2. |1° 35/8 + ¢
.” l z e(ax™+ Bx)| da dB « P .
2 x e AP,P")

[0,1]
This may be compared with a result which may be obtained by

classical methods:

JI

[o,112

In proving Theorem 1.2, we use an estimate which may be of

10
‘elax’+ Bx°)| da dB « P°*.

independent interest:

Theorem 1.3. Suppose that n and m are integers with m > n = 1.

Then the number of solutions, S, of the simultaneous diophantine

equations
m m m = m m m
x1+x2+x3 y1+y2+y3}
n n n_ _n n n
XX YTy Y, Y,
with 0 < x,y = P (i = 1,2,3), satisfies S « P

This estimate, which is equivalent to the estimate

]

(0,112

generalises the result

6
z e(ax™ Bx")| da dB « P°*°,
O<x=P
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6
da dg « P>,

I

[0,11°
derived in Hua [1965], and recently used by Heath-Brown [1988] in

Z elax + Bx)
O<x<P

work on Weyl sums. Both results, save for the presence of the P’
are essehtially best possible, by considering diagonal solutions to
the corresponding diophantine equations.

We note that the methods of this section could be applied to the
corresponding generalised Waring problen, of simultaneously
representing integers N and M in the form

xf+...+x=N, xf+...+x2=M.

We shall not pursue this application here.

In the application of the Hardy-Littlewood method to additive
problems of the type described above, a fundamental réle is played

by estimates for the number of solutions of auxiliary equations of

the form
k, k, k, k,
X'+ . A X =y o+t y (1=i=<t), (1.3)

in which 1 = xj, yj =< P. One idea for improving classical estimates,
in which the xj and yj range over the entire interval, 1is to
restrict the variables to lying in intervals of the form
Pj < xj,yJ < 2PJ for j=1,...,s,

where }’1 = P2 Z ... . The use of diminishing ranges does not,
however, seem well suited to cases where the ki are not all equal.
The problem is that the method makes savings by exploiting features
of the real character of solutions, which become less pronounced
when the kl are not all equal. Vaughan [19839a,b,c] has shown that
when t =1 a more efficient approach is to impose restrictions on

the arithmetic character of the solutions. As we shall demonstrate

in this paper, this approach remains effective when t > 1, although
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there are then a number of algebraic, as well as analytic, questions
to be answered if we are to take full advantage of the method.
We consider the equations (1.3) with XY, € 4(P,R), for a
suitable R, where
4(P,R) ={ n: n=< P, p prime, pln implies p s R} . (1.4)
We then relate the number of solutions of (1.3) to the number of

solutions of the simultaneous equations

k, Kk Kook, k,
X +...+x +m (u +...+u’ )
1 r 1 s-r
Kk Kk kK k Kk

hvvl)y 1=si=1t (1.5)

i 1 i
= +...+ + m v
yl yr ( 1 s-r

with xj,yJ =P, M< m= MR, and uJ,VJ € A(P/M,R). By making use of
vhomogeneity and Holder’s inequality, we are then able to relate the
number of solutions of the equations (1.5) to the number of
solutions of (1.3) with s replaced by a range of values not too far
from s. Although we shall not describe all possible variations of
the method in this thesis, since we are primarily interested in the
equations (1.2), we hope in a subsequent paper to describe some of
"the further consequences of the method.

We use the methods alluded to above on the minor arcs in our
application of the Hardy-Littlewood method. The treatment of the
major arcs 1is complicated in two respects. Firstly, we are dealing
with an inherently’ non-linear problem, which causes difficulties
even in a classical approach to the problem. Secondly, we have
restricted the variables to lie in the set 4(P,R), and this causes
complications.

We follow Vaughan [1988a] as far as possible when dealing with
the auxiliary equations. However, we aim to give a reasonably self
contained exposition, so that although some of our proofs may be
obtained with 1little difficulty from results of Vaughan [198%9a] for

single equations, we nonetheless include most of the details.
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In §2 we establish the reduction formula relating the number of
solutions of the systems of equations (1.3) and (1.5). In order to
make use of arithmetic properties of the equations, we provide an
estimate for the number of solutions of a certain system of
-congruence equations in §3. In §4 we give estimates for the number
of solutions of certain diophantine equations, deriving Theorem 1.3,
and then we go on to use the conclusions of §§2 and 3 to deduce
Theorem 1.2. In the second chapter of this section we consider the
additive equations (1.2). In §1 we show that the conditions of
Theorem 1.1 cannot be substantially relaxed. In §2 we make some
simplifying observations, and describe the major and minor arcs
required for our application of the Hardy-Littlewood method. In §3
we consider the minor arcs, where we must take care in dealing with
any zero coeff‘iciénts that are present in the equations (1.2). As we
know rather 1little about exponential sums over the set 4(P,R), we
are forced to hard-prune the major arcs iIn §5. In &§6 we then
consider the prunéd major arcs, finally establishing Theorem 1.1.

Throughout, € will denote a sufficiently small positive number.

2. THE FUNDAMENTAL LEMMA.

We first derive a fundamental lemma which relates the number of
solutions of the equations (1.3) to that of the equations (1.5).
This is merely an extension of Lemma 2.1 of Vaughan [1983a], and
although our proof differs only in the details, we nonetheless give
it in full, for the sake of completeness. We then go on to show how
algebraic features of the equations can be used to simplify these

auxiliary equations.
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With A(P,R) defined by (1.4), Ilet SS(P,R) denote the number of

solutions of the simultaneous diophantine equations

ks * ky ky
X'+ .. bX =y ob. by (1=ist), (2.1)
in which
< . = , ,R). .
0O0<t<s, 0K kt< ve. < k2< k1 k, and xJ yJ € A(P,R) (2.2)

(If t=s, we can solve the system of diophantine equations by
elimination to obtain SB(P, R) « F°, so we lose nothing by
disregarding this case.)

Suppose that r is an integer satisfying 1 s r<s, and 6 is a
real number with 0 < 8 < 1. Let Ts(P, R,0;r) denote the number of

solutions of the simultaneous diophantine equations

k k, koo ok, k,
x,+ ... +x +m (u + ... +u )
1 r 1 s-r
K, N K,k K, (1=i=<1t) (2.3)
= y1 + +y +m (v '+ + Vs-r)
with
1= XY, <P, (xjyj,m) =1 (1=j=r), (2.4)

(]

P°P<m=Min{ P, PR}, u,v e 4P R), (1=js=s-r). (2.5)
The following lemma relates Ss to TB. (The author is indebted to

Professor Vaughan for the case r > s/2 of the lemma).

Lemma 2.1. Let 06 = G(S,kl,kz,...,kt;r) satisfy 0 < @8 < 1 and
suppose that 1 = D = P. Then, for any 1 s r < s,

s
S_(P,R) « [ Z (ss(P/d,R))“s] + ss(D""P",R)

d>D

+ P [ Z ((P/d)"R)°""”(TB(P/d,R,e;r))“s] ,
d=D

where
2 - (2r+1)/s for 1 s r = s/2
c(r,s) =
1 -1/s for s/2 < r < s.
Proof: We shall use vector notation to avoid repeated suffices
where possible. Thus, for example, we shall write

k k
t

k 1
o for (al,...,at) , and g_jg for (dj oci,...,dJ at)'
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with obvious modifications where appropriate. We shall also write ‘H:
for the t-dimensional unit cube.
For a given solution of (2.1) satisfying (2.2), let

d = , for 1 = j =< s.
,("jy,) or J=s

Now let S’ denote the number of those solutions for which d] > D for
at least one j, let S” denote the number for which

dj =D (2.6)

for every j, and
Max{x ,y} = d'°F° (2.7)
B NS | J
for at least one j, and let S* denote the number for which dj =D
for every j, and (2.7) holds for no j. Then
SS(P,R) =< 3.Max{s’,S”,S"}.
We consider three cases:

(i) Suppose that S’ = Max{S”,S*}.

Then
SS(P,R) = 3S’.
Let
K k,
f(%;Q,R) = z e(aix *.otax ) . (2.8)
x € 4(Q,R)
Then

) I I£(d“e ;P/d,R)Z. £(a;P,R)Z?| da
asp Y, T - n

U

t

Hence, by H&lder’s inequality,

1/s 1-1/s

S_(P,R) « Z(SB(P/d,R)) (S_(P,R)) ,

d>D

and the lemma follows in case (i).
(ii) Suppose that S” =z Max{S*,S’}.
Then
SS(P,R) = 38" .
For a solution counted by S” we have (2.6) for all j and (2.7) for

some j, say j = i. Thus
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6.6

d, = D and Max{xi',yi} = d:' P°,

so that
Max{x,y} = D'"°F°.
Hence
5"« [ 1600 P, RZ £ (@ P R®P da
.

U
t

Then by H6lder’s inequality,
S_(P,R) « (S_(D'°F°, RNV, (s_(P,R)'TV%,
and so the result follows in case (ii).
(iii1) Suppose that S* = Max{S’,S”}.
Then
SS(P,R) = 3S”. (2.9)

Given a solution of (2.1) counted by S*, we have for every j,

d, € 4(D,R) and Max{x,y} > d;"’P".
Let

uJ = xj/dj . vJ = yJ/dJ ,

so that

(u,v) =1 and Max{u,v} > (P/d)’,
and let mJ denote the smallest divisor of Max{uj,vj} exceeding

(P/dj)e. Since none of the prime divisors of Max{uj,vj} exceed R, we

have
m € 4(P,R) and (P/dj)e <m s Min{P/dJ,(P/dJ)GR} . (2.10)
Thus
S “‘Z“'ZS(’H"“’"S) (2.11)
nl ns
where the summation is over 7'1’ .o ,ns with "3 = +1 and where

S"(nl, e .'ns) is the number of solutions of the system of equations
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S ki kl ki k1
andj (xj - mjyj) =0 (i=1,...,1),
J=1
with
= /(d ,
cij € 4(D,R), xj € J(P/dJ,R), (xj,mj) 1, Y, € A(P/( ij) R)

and mj satisfying (2.10).

Let
1 ke
f (a;Q,R) = Z eflax” + ... +ax ), (2.12)
n = 1 t
x € 4(Q,R)
(x,m) =1
k k_k
F(a) = da ;P/d ,R) f(-ndmoa ;P/(dm),R) .
-3 mj("5=;§ yRB flongdme sP/(am), R)
Then
s 7
"
supenre] BT Lrele
Ut dj e A(D,R) mJ
4
where z denotes summation over m, satisfying (2.10).
m
J

We now divide into cases.

(a) If 1 < r s s/2, then we let

X (a) = |f (d« ;Prd ,R)ZFF(dn“« ;P/(dm),R)Z=%| , (2.13)
3= m == 3 2= 'E
and
8 k
Y(a) = | £ (d ;P/d,R)|. (2.14)
== j=1 mj =j= J

Then, by (2.11),
s-2r 1

s*«V ...V V... ¥ f Y(a)®™" ﬁ[xj(g)z""z“ ] de . (2.15)
d, d m . !

m U =
-] t

dje A(D, R)

By H6lder’s inequality we have
s-2r s 1
j Y7 [x (a)?®72" ] do
» - J=1 = =
t
s-2r 1

]2s-2r

= [J- Y(g)2 da

J
‘Ut ‘llt
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and by (2.8), (2.12) and (2.14), and by considering the underlying
diophantine equations, we have
I Y(2)? da = J‘ Z(a)? da ,
» - - - - -
U U

t t
where
s k
Z(a) = | 7 f(gjg ;P/dJ,R)I . (2.186)
J=1

Therefore, by Holder’'s inequality and (2.13), we have

s-2r s 1
Z ) z I Y()®" [X (a)2572" ] da
. J=1 1= =
m m U
1 s t
s-2r
: 2s-2r
= ([ zw’a]  wvero,
-
U
t
where
28-2r-1 1

28-2r

’ ’ ’ ;s S 2s-2r
U(P,R,6) = [zz 1] [ZZ ﬂ[f X, (@) dg]] :
moom mm = ‘ll:

But by using (2.3), (2.4) and (2.5), and considering the underlying

diophantine equations, we have
1

8
U(P,R,0) « [ M ((P/d)°R)
=1 .

2s-2r-1 2s-2r
s~2r- Ts(P/dJ,R,G;r)] .

Therefore, by (2.15) and HSlder’s inequality,

s-2r s
28-2r s 2s-2r
o 2 1/s
S «[Ez J“Z(g) dg] {zz ]JiV(dj) ]
d d U d a ¥
1 s t 1 s
dje A(D,R) dJe 4(D,R)
where
V(d) = ((Prd)°R)2s 21 T_(P/d,R,6;1). (2.17)
By (2.18),

ZZ I Z(g)adg
d

d
1 s t
dje 4(D,R)

is the number of solutions of the system of equations
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kK kK kK kK
. = + ...+ =jist),
dix  + ...+ d x_ d 'y, d 'y, (1 =i=st)

with dJ € 4(D,R), xj,yj € ad(P/dJ,R). Hence, by using the well-known

estimate for the divisor function, it is

« P'S_(P,R).
Therefore, by (2.9),
S_(P,R) « P‘[ Z V(d)“s] (2.18)
d € 4(D,R)

This, in view of (2.17), completes the proof of case (iii)(a).

(b) If s/2 < r < s, then we let

25—2rl

’

k or_., k k :
= d H d ’ d ’
Xj(g) Ifmj(=1g ,P/dj,R) f(=jﬂjt__x__ P/( _,”’j) R)

and
8 .
Y(e) = | |y f(dn‘e ;P/(dm),R)|.
= g s 3
Then, by (2.11),
2r-s s 1_
- / ! r 2r
S «z...z z Z I‘Y(g) j1;11[)()(2) ]d_o_ﬁ.
d m m U
1 s 1 s t
dje A(D,R)

The argument now proceeds in a manner similar to case (a). By

repeated use of Holder’s inequality, we obtain

2r-s s l_
V.U [ v ° o [x (g)z’] d
» - j=1 J=

m m U

1 s t
2r-s 1

’ ’ 2 2r ] 6. . g1 -2_!‘

DI IR [11;[1((P/dj) R* T (Pra R |

m
1

Therefore, by using Holder’s inequality once again, as in case (a)

we obtain
2r-s 5
2r s 2r
S* « [Z Z Z Z J Y(a) doc] [z z nV(dj)Us]
d d m m U d a It
1 s 1 t 1 s
dje 4(D,R) dje 4(D,R)
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where
v(d) = ((P/d)°R)5™! T (P/d,R,6;r). (2.19)
But now
z z Z Z f Y(e)? do
d d m n U
1 s 1 8 t
dje 4(D, R)

is the number of solutions of the system of equations

k k Kk Kk
1 1 _ i 1
(m1d1X1) + ... 0+ (msdsxs) = (m1d1y1) + ... + (msdsys)

(1=i=t),

with dJ € A(D,R), the mJ satisfying (2.10), and

,y € d4(P/(d ,R).

Xp¥, (P/( jmj) )
Hence, by using the well-known estimate for the divisor function,
this is
« P’S (P,R).

) 8
(In fact a more precise analysis at this point would do rather
better). Therefore, by (2.9),

s
S_(P,R) « P‘[ Z V(d)“s] i

d € A4(D,R)
This, in view of (2.18), completes the proof of case (iii)(b).

This completes the proof of the lemma.

Henceforward we shall suppose that 8 satisfies
0<0=1/k, (2.20)
and put
M=PF, H=pPH* Q=pPN? (2.21)
We shall suppose that P is large in terms of €, and that R is at
most a fairly small power of P. We shall elaborate on fhis latter

condition in due course.
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k k
For we (Z/m 7y x ... x (Z/m tZ) , define 3r(g,m;lé) to be the
set of solutions distinct (mod mk) of the simultaneous congruences

*y ky ¥
z 4+ ...tz =W (mod m ) (1 =i=<t), (2.22)

with the z, satisfying (zi,m) = 1.
Also, define T;(P,R,e;r) to be the number of solutions to the

simultaneous equations (2.3) satisfying (2.4), (2.5), and in

addition

x =y, (mod &) (1= j=n), (2.23)
with each solution (g, y.u, g) weighted by counting it with
multiplicity ca.r-d(ﬂ?r(:, m;k)),  where LA xl:l + ... 0+ x:i (mod mki)

for 1 =i = ¢.

Lemma 2.2. We have
T (P,R,0;r) « T_(P,R,6;r).
Proof: For a given m, r and k, write 3(w) for fBr(Lm;}:c). From

(2.3),

¥ *y % k %
L AL PR A (mod m ) for all 1 = i =< t,

so that each solution of (2.3) can be classified according to the

k k k
common residue class (mod m 1) of xli + ... + xr1 and
k k
yl1 + ... 4+ yri, for each i. Let
gm(g, g) = gm(g,zi, cee ,Zr)
= }: o Z e(alsl(g) + ... + atst(g))
x <P x <P
1 K T x
x =z (mdm) x =2z (mod m)
1 1 r r
ka kl
where we write si(g) for (x1 + ... 0+ X ).

- Then we have

TS(P,R,G;r) = [ Z Um] (2.24)

P° < m = Min{P, P°R}
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where

U =I G (). |f(n'a ;P R)| da (2.25)
ﬂ"
t
and
k kt
m 1 m 2
Gm(g) = ): Z Z gm(g,g) .
: w1=1 ut=1 e B(Z)

Hence, by Cauchy’s inequality,
1 t

m
G = V... Y caradw) ¥ g (a2 (2.26)
=1 w =1
t

This, in view of (2.24) and (2.25), completes the proof of the

lemma.
Now let
8" = B (k) = Max card(8 (w,mKk)) , (2.27)
r r = w,m r = =
- ky ky
where the maximum is taken over all v e (Z/m'Z) x ... x (Z/m 'Z) ,

and all M < m = MR.

Also, let T (P,R,8;r) be the number of solutions to the
simultaneous equations (2.3) satisfying (2.4), (2.5), and (2.23).

The following corollary to Lemma 2.2 is often a useful

simplification.
Corollary 2.2.1. We have
T (P,R,0;r) « B..T (P,R,6;r) .
8 r s

Proof: Immediate from the lemma.

fBr(z, m;k) will be unusually large only when w admits singular

solutions to the congruences (2.22). But for such solutions to
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exist, the variables z, must lie in rather restricted sets, and this
can sometimes be exploited when it comes to estimating exponential
sums.
We now consider TS(P,R,e;r), the number of solutions of the
equations (2.3) satisfying (2.4), (2.5) and (2.23). Put
z =x+y, h = (xj- y'j)m-k (1=j=r).

J S S |
k

Then for each j we have 2xJ = zJ + hjmk and 2yj = zJ - th .

But
plainly
F(P,RB;r) « T + T + ... + 7T , (2.28)
s ] 1 r
where ‘rn = Tn(P, R,0;r,s) is the number of solutions of (2.3) subject

to (2.4), (2.5), (2.23), and in addition

X

. yiforn+lsisr.

Then
T = P"“.r:(P,R,e;r,s) , (2.29)
where

* L ]

Tn(P,R,e;r,s) = Z TZ'Tn(P,R,e;r,s;nl,...,n ),

n
n

1 n

and the summation 1is over 'nl,...,nn with nj = %1, and where

T:(P,R,e;r,s;nl,...,nn) is the number of solutions of the system of

equations
n k rk k k k
_ s i[ 1 S _o i
Lopgzpnm =2 AR ARIIC ]

(1=4i=1t), (2.30)

with uj,vJ € 4(Q,R) (1 =j=s-r), 1= zj = 2P, 1 = hj = H,
M < m = MR, and where
X, K 5 x5
<I>1(z,h,m) =m ((z+hm) -(z-hm) ) (1 =i=1t). (2.31)
We now introduce the exponential sum
n
Fle)= )y @ [ Z ) e(nig)] . (2.32)
N<m<MR 1=1 h2H 0<z=<2P
where we have written op for (aléi(z,h,m) + ... 0+ octét(z,h,m)), and
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where o denotes ('ni,....nn). Thus, by (2.8), (2.30) and (2.32), we

have

TRerns) = [ ] F@ 1120 R1* a ,
n P n = = = =

t

where the summation over o denotes that we are to sum over all

possible choices of o = (%1,...,%1). In particular, if we define
n

F (o) = , (2.33)
n =

M<m=MR

e(ad)

hZH 0<z=2P
then we have

2s-2r da

T (P,R,6;r,s) « f F (a). |£(2*;Q,R) | (2.34)
n n = = =

*

u
t

3. ESTIMATING B..

In this section we estimate 12; for the equations (1.2) by wusing
elementary properties of congruences.

Consider the simultaneous congruences

f=z‘:+z:Eu1

o - (mod p°) . (3.1)
g=2z +2zZ =u

1 2 2

If (21,22) is any solution of the congruences (3.1), we define

3z2 322
A(f,g) = 1 2 | = 82122(21 - 22) . (3.2)
221 222

We call a solution 2z of (3.1) (mod p°) singular (mod p') if
IA(f,g)]p=p—r. if lA(f,g)Ip=1, then we call the solution

non-singular (mod p).
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Lemma 3.1. Suppose that p is a rational prime  and
(ui,uz) € (Z/psz)z. Let ©(p,r) denote the number of distinct
solutions (21’22) of the simultaneous congruences (3.1) with
(z,p) =1 for i=1,2, and singular (mod p) (r = s). Then we have

€(p,r) « Min{p®",p'},
where the implicit constant is independent of p.

Proof: Consider primes p # 2,3. Suppose that the congruences
(3.1) have a solution (21’22) singular (mod p’) for some 0 < r = s,
and with (zl,p) =1 for 1i=1,2. Then by (3.2) we have
(z, - zz,ps) =p.

If r =0, then by eliminating z, and considering the single
polynomial equation (mod p), we see that there are at most 0(1)
non-singular solutions to the congruences (3.1) distinct (mod p). We
shall consider all solutions (z;,z;) of (3.1) non-singular (mod p),

with z; =z, (mod p) (i = 1,2) for some fixed solution (21.22) of

(3.1) non-singular (mod p), and with (zl,p) 1 for 1i=1,2.

Plainly, we can write z/ =z + kp with 0 <t =s, (k,k,p) =1
and 0 < k = P (i=1,2). |

If r > 0, then z =z, (mod p"). Considering (3.1) (mod p"), we
obtain

2z

N = W

U
(mod p"),

221 =u,
and hence, as (z,p) =1 for i=1,2, we have z = u;,lu1 (mod p"),
whenever 2uf = uz (mod p") and (uz, p) =1 (if the latter conditions
do not hold, then the congruences are insoluble). Then all solutions
of (3.1) singular (mod p’) are mutually congruent (mod p’). We shall
consider all distinct solutions (z; , z;) of (3.1), with

z'l =z (mod p°) (i = 1,2) for some fixed solution (21’22) of (3.1)

singular (mod p’), and with (zl,p) =1 for i=1,2. Plainly, we can
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s8=7

write 2z’ = z, + k‘p' with T s s, (k1’k2’p) =1, 0 < ki =p

-~

(i =1,2). We may also assume that T = r, for the uniqueness of
z (mod p’) implies that 2z’ =z (mod r).
In either case, we have

7,3
(z+kp7)3+(z+kp) =u
1 1 2 2 1 | (mod p%),

. 2 T, 2
(Z1+ klp )T+ (22+ kap)

u
2

so on substituting from (3.1),

2 2 r 2 2, 2r 3 .3, 3r
3(zlk1+ zaka)’” 3(z1k1+ szz)p + (k1+ kz)p

0
(mod p°) (3.3)
0

2(zlk1+ zzkz)pf-* (kf+ kz)paT
We now divide into cases:
(i) Suppose that r + T = s.
As [zl,p) = 1, from (3.3) we have k1+ k2 =0 (mod p° ). So we have
at most ¢(p° ") distinct choices for (k1’k2) (mod p°77).
(ii) Suppose that r + T < s and T > r.

From (3.3) we have

3z°%k + 3z°k_= 0
11 22

(mod p™*")
0

2z k + 2z k
11 22
and by elimination,
- r+l

622k2(z1 zz) =0 (mod p 7).
But (zl- zz,ps) = p' and (zz,p) =1, so plkz, and hence also plkl,.
This contradicts the assumption (kz’kz’p) = 1, so that this case can
never occur.
(1ii) Suppose that r + T < sand T = r.
Then since T > 0, we have r > 0. Also, 215 z2 (mod pr), and from
(3.3) we obtain k1+ kZE O (mod p'). So we can write z = z,
z=2z + Zp', k= k1 and k2= -k + kp. for some integers k and . So

from (3.3) we have
3(-2Czk + z°k)p>T+ 6zk°p

o]
(mod p=*1)
2(zx - kZ)p>T+ 2k°p2" =0 }

and hence, by elimination, k = 0 (mod p), and k(k - &) = 0 (mod p).
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But we cannot have k = 0 (mod p), for this would contradict

(k1'kz’p) = 1. Then k = £ (mod p), which implies that

= z, (mod P!

) and 2z’
2

z z, (mod prﬂ). But in this case we may

’
1

relabel variables so that 2z’ = z, (mod p”l), and apply the same

’
1
arguments as above, but with T = r+l.
Thus, for some constant C independent of p, we obtain at most
5
¢ ) ¢(p"") = ¢ Min{p"", p}

T=r

s-TSpr

distinct solutions of the congruences (3.1) (mod ps) which are
singular (mod p").

It is not difficult to check that the result for p=2 and 3
differs only in the constant, and this completes the proof of the
lemma.

Lemma 3.2. We have 3;(3,2) « (MR)®*.

Proof: We wish to estimate the max'imum number of solutions, distict

(mod ma) , to the simultaneous congruences
3 3 3
z+z, =u (mod m) }

(3.4)
2, 2 _ 2
Z+z =u {mod ")
with
(Zl,m) =1 fori=1,2, (3.5)

as we allow u, and u, to vary over Z/m°Z and 2/0°Z respectively, and
as we allow m to vary over M < m < MR.

Suppose that: (21’22) is any solution of the simultaneous
congruences

=u

3 _
z+z, =u .
}(modm) (3.8)
2

satisfying (3.5). There are O(m'*")

solutions (z;,z;), distinct
(mod m3), of the congruences (3.4) satisfying (3.5) corresponding to

(21‘22)' These are given by taking any of the m possible choices of
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z' = z1 (mod ma), and then solving for z; from the congruence

,
1
3 3 3
z'"=u -z mod m) .
2 1 1 ( )

The latter congruence has O(m°’) solutions distinct (mod n).

Thus
3;(3,2) « (MR,

where %’. is the maximum number of solutions satisfying (3.5),
distinct (mod m®), to the simultaneous congruences (3.6) as we allow
u to vary over (2/m22)2, and as we allow m to vary over M < m = MR.
Suppose that ps||m2, and (21'22) is any solution of (3.6) with
(z - zz,ps) = p and (z,,p) = 1 for i =1,2. (3.7)

Then by Lemma 3.1, the number of solutions to the simultaneous

congruences

Z+235u
1 2 1 s
> }(modp)

22"' Z =E U
1 2 2
satisfying (3.7) is « Min{p"™,p'} = p*=.

Applying the Chinese Remainder Theorem, we deduce that there is
an absolute constant C such that for each divisor d of mz, there are

at most

std) = g c.p?
p prime

pln
solutions to the congruences (3.6) satisfying the condition that for
éach prime plm, with pr"d, the solution satisfies the condition
(3.7). Denoting the number of prime divisors of n by w(n), we have
w(m®) « logm/loglogm (see, for example, Hardy and Wright [1978],
§22.10), and hence
S(d) « ¢lolesle o ¢ o'*.

Since the number of divisors of an integer n is O(nt), we obtain

E" « (MR)“ZC, and hence, in view of the above comments,

2;; « (MR)%**,

This completes the proof of the lemma.
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4. BOUNDING THE NUMBER OF SOLUTIONS OF THE AUXILIARY EQUATIONS.

For the example in which we are interested, there would appear to
be no satisfactory method of providing "minor arc" estimates for the
exponential sum Fn(g) , and so we are forced to estimate the
integral (2.34) in terms of the number of solutions of various
diophantine equations. We begin with a number of preliminary
lemmata.

Henceforward all definitions from §2 will assume the obvious
restricted meanings appropriate for the case t =2, k =3 and

1
k = 2.

2
Lemma 4.1. Suppose that m and n are integers with m > n = 1. Then
the number of solutions, S, of the simultaneous diophantine

equations

m m
X +Xx +x = +

3 Y1 T
n

I
5N

m m
+
2 ya}
n n n
X +X +x = + +
Yy P ¥t Y,

—~
N

with 0 < A = P, (i=1,2,3), satisfies
s « P**.
Proof: S is plainly the number of solutions of the simultaneous

diophantine equations

1 2 "3 1 2 73 (2.1)
e - =y -y
2 %3 1 2~ Y3

1
with 0 < XY, =P, (i=1,2,3).

Consider any solution (x,y) of (4.1). We obtain

(x':+ x:' x® - (x'1'+ x"- x;)“ = (y':+ y:- y';)n - (y'+ y- yO"

3 A R A A (4.2)

and on factorising each side, for some polynomial Q(tftz’ ta)
homogeneous in tx’ ta’ ta' of degree nm-2, and with iInteger

coefficients, we have

(xi-xs)(xz-xs)Q(xl.xz,xa) = (yl-ys)(yz-ya)Q(yl,yz,ys) .
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(1) Suppose first that the right hand side of (4.2) is zero.

The number of solutions of the equation

G+ v - -+, - =0 (4.3)

with 0 < y, = P, is at most O(P?). This is because m > n, so that by
picking any one of the possible P2 choices for y, and yz, the left
hand side of (4.3) is a non-trivial polynomial in Y, {(note, for
example, that the binomial expansion of (A—y';)n has fewer terms than
that of (B—y:)m ). Hence (4.3) ;ietermines Yy, up to a multiplicity of
at most 0(1).

Consider any one of these solutions (yl,yz,ys), and take any of
the P possible choices for x, in (4.1). Write

Mo e e N e

Then from (4.1), we have

X + Xx

M)

M
} (4.4)
n

X +x =N
2

g e

Then (M - x’:)n = (N - x:)m, and as m > n, this again determines a
non-trivial polynomial in X . Thus we have determined X, up to a
multiplicity of at most 0O(1), and hence also x,, from (4.4), up to a
multiplicity of at most 0(1).

Then the number of solutions of (4.1) with the right hand side of
(4.2) equal to zero is at most O(P°.P) « P°.
(ii) Suppose now that the right hand side of (4.2) is non-zero.
Then by picking any one of the o(P%) possible choices for
( Yo Y ys), we have for some non-zero integer K,

(xl—xs)(xz—xs)Q(xl,xz,xs) =K.

Using the divisor function, we have at most (d(K) )2 « P° possible

solutions of this last equation for X =X, and X,~x., say

X =x_ +d and x =x_ +d_.
1 3 1 2 3 2
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Substituting into (4.1), as Y Yy ¥y have been fixed, we obtain for
some non-trivial polynomial f in X f(xs) = 0. Hence there are at
most O(1) possible solutions for X,

Then the total number of possible solutions to (4.1) in this case
is O(F°. PY).

This completes the proof of the lemma.

Theorem 1.3 is plainly equivalent to Lemma 4.1. We have the

following corollary.

Corollary 4.1.1. For any R = P, we have SG(P, R) « P3+€.
Proof: Plainly S (P,R) =S (P,P) , and the latter is « P> by

the lemma.

Lemma 4.2 (see Hua [1865], Theorem 4). Let y(x) denote a
polynomial of degree k with integer coefficients, and let
P
T(a) = } e(y(x)a) .
x=1

Then when 1 = j = k, we have

1 2'1 £ 2J-j+c
IIT(a)I do « A% P2
0

where A is the greatest common divisor of the coefficients of Y(x),

and the implicit constant depends only on k and j.

For integers m and y satisfying M<m=MR and 1 =y = 4P
respectively, define
viz;m,y) = anz® - 3yzz,
and let Nt(Q; m,y) denote the number of solutions of the diophantine

eqﬁat ion
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Ylusmy) + ...+ Ylusmy) = ¢(vimy) + ... + ¢(v;my)
with 1 = ui,v1 =< Q . Also, define

Nt.(Q) = Max Nt(Q;m,y)

m,y

Lemma 4.3. We have
(1) Y,(P,R,6:2,5) « PMRH®.S__(Q,R) + P'"MRH.N__(Q) ,
(if) Y (P,R,8;2,5) « P/°MRH.S___(Q,R)

+ PT(PO)Y/2MR(N (Q).S _(Q,R)Y?Z,
s-2 s-2

(iii) T.(P,R,8;2,5) « MR.S__(Q,R)
o} s~2
Proof: First note that by (2.8), and considering the underlying

diophantine equations, we have

[ 1w R ™ az « s, (@R (4.5)

U
2

for each integer t.
(i) By Cauchy’s inequality, we have from (2.33) that

F(0) = H e(ad)|®,

l
M<mSHR hZH 0<z=<2P

and hence, from (2.34) and by considering the underlying diophantine

equations, we deduce that
T;(P,R,e;z,s) < H.V , (4.6)

where V is the number of solutions to the simultaneous diophantine

equations
4((11:13 - Vf) + ...+ (u:_2 - V:-z)) = 3h(zf - z:) } .
(uf - v?) + ..+ (u:_2 - V:_a) = hm(z1 - 22)
with
1521,2252P, 1sh=H, M<ms MR,
and u,v € 4(Q,R) for i =1,...,s-2.
The number of solutions of the equations (4.7) with z =z is
« PMRH.SS_Z(Q,R) . (4.8)
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Suppose then that z1 # 22 , and write

x=zl-22andy=zi+zz.
By elimination, we deduce from (4.7) that the u, and v, satisfy the
equation

Ylusmy) + ...+ ylu _;my) = Wlvimy) + ...+ y(v__imy)

2
Then given m and y, there are at most Ns_z(Q; m,y) solutions in the
u, and v, to the equations (4.7). But given u, v, y and m, and by
using estimates for the divisor function, there are 0(P°) solutions
in h and x to the equations (4.7). We may then determine z, and z,
directly from x and y. Thus the total number of solutions to the
equations (4.7) with x # 0 is

« PY N _(gmy) « PPYMRN__(Q) . (4.9)
m,y

On collecting together (4.6), (4.7), (4.8) and (4.8), we reach the
desired conclusion.

(ii) By the Cauchy-Schwarz inequalities, we deduce from (2.34) that

* 12 2 Kk 2s-4 12

e Re2s) « [s@B] ([ 1F@1® InZue 1™ al
*

2

1/2 x 2 172
« [s (Q,R)] [mzj F («). | £(2%; 0, R) |2 da]
s-2 - 2 = = = =

U

2
by (2.33). Thus, by (2.34) and part (i) of this lemma, we have
T (P,R,8;2,5) « (S _(Q,R)Y2 (PHPR®H2.S _(Q,R) + P M°RPu.N _(Q)'?3,
1 s-2 s8-2 s-2
and the result follows.
(1ii) Here we obtain directly from (2.33) and (2.34) the bound
T (P,R,8;2,5) « MR.S_ _(Q,R) .
0 . s-2

This completes the proof of the lemma.

We now draw together the conclusions of our analysis thus far to

prove Theorem 1.2.
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First note that by Lemma 4.2 and Schwarz’s inequality, we have

N3(Q) « Q7/2+£ )

Thus, by (2.21), Corollary 4.1.1 and Lemma 4.3, we have

»

Y (PR 1/6;2,5) « PI¥3 * R4 po/12 + ¢

T (P,R,1/6;2,5) « Pll/s + ‘R + P29/8 + cR .

R,

- N

® =

8/3 + ¢

TO(P,R, 1/6;2,5) « P R .

Then by (2.28), (2.28), Corollary 2.2.1 and Lemma 3.2, we obtain

T_(P,R,1/6;2) « (MR)**.P'% * ‘R « PP**R° . (4.10)
Notice that by using trivial estimates we have

P° « SS(P,R) « P'°. Then there is some real number pu = u(R), with
5 < u = 10, such that for 2 = R = P we have
S(P,R) « P .
We now apply Lemma 2.1 with D = P°. Ve obtain
/5 1° 10(29-92)
S(P,R) « [ Z (Prd)" ] + P
d> F°

S
[(P/d)"R].TS(P/d,R,e;z)"s] .

]

With 6 = 1/6, the second term on the right hand side of the above

expression is o(P°). The first term on the right hand side is

O(P°"®). This leaves the last term on the right hand side, which by
(4.10) is |

P R8P35/6 + 3¢ .
Then

S(P,R) « RBpSS/6 *+ 3¢

for each 2 = R=< P, and for any € > 0. Then by taking R = P’ with
n =< /8 , we have
35/6 + 4c¢

U]
SS(P,P ) « P

This completes the proof of Theorem 1.2.
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CHAPTER 4.
PAIRS OF ADDITIVE EQUATIONS, ONE QUADRATIC AND ONE CUBIC.

1. A DISCUSSION OF THE CONDITIONS OF THEOREM 1.1 OF CHAPTER 3.

In this section we shall show that conditions (a), (b) and (c) of
Theorem 3.1.1 are in some sense best possible, in that if any one of
them is removed, then the equations (3.1.2) may fail to. have a

non-trivial rational solution.

(a) (1) the quadratic equation in (3.1.2) is indefinite.

Consider the equations

3

3 3 3 3,3 2.3 3, _
c,X*+...+c x4 (y1+cy2) + p(y3+cy4) +p (ys-l-cye) (0] } (1.1)
2 2 ' _ :

d1x1+. ot ds—sxs-s =0

where the ¢, are non-zero, p is a rational prime with p = 1 (mod 3),
¢ is a cubic non-residue (mod p), and the di are either all strictly
positive, or all strictly negative. Notice that although the
quadratic here is definite, it does have a "sign change". On taking
s = 14, it is easily verified that conditions (b), (c) and (d) of
Theorem 3.1.1 are satisfied.

Suppose that (g, ;) is any rational solution of the equations

(1.1). Since the quadratic equation is definite, we must have

x1 = ... = x!;_‘5 = 0. But since ¢ is a cubic non-residue (mod p), on
substituting x1 = ... = Xs-S = 0 into the cubic equation, we find

that the cubic equation has no non-trivial solution over Zp, and
hence we must have Yy = oo =Y = 0. Then the system (1.1) has only

the trivial solution.
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(ii) the quadratic equation in (3.1.2) must have at 1least 5
variables explicit.

This is a local solubility consideration. Consider, for example,
equations in 10 variables of the form considered in the proof of
Lemma 7.2 of Chapter 1. Such equations have no non-trivial

solutions.

(b) the cubic equation in (3.1.2) must have at least 7 variables
explicit.

Consider the system of equations

(x> + 2x3) + T(x° + 2x3) + 72(x° + 2x°) =0
1 2 3 4 5 6 (1.2)
2 2 2 2 2 2 2 2 _
14x1+x2+x3+x4+xs+xe+x7+... +xs-0

This system satisfies condition (c¢) of Theorem 3.1.1, for we may put
X = ... =X = 1, and then solve the cubic equation for X, over R.
The cubic equation will give a solution with 0 < Ixsl <1, and we
may then put X, =...= xs = o, and solve the quadratic equation for
a. This will give a non-trivial real solution for the system of
equations over R. Notice that conditions (a) and (d) of
Theorem 3.1.1 are satisfied on taking s = 14.

We now attempt to solve the system over Z. Since 2 is a cubic
non-residue (mod 7), the cubic equation has no non-trivial solution
over Z, as in the discussion of condition (a). Then we are forced to
put x1 = ... = xe = 0, and since thé remainder of the quadratic is

positive definite, the remaining variables must also be zero. Thus

the system of equations (1.2) has no non-trivial rational solution.
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(c) the simultaneous equations (3.1.2) have a non-trivial real
solution.

This is plainly a necessary condition for a non-trivial rational
solution to exist. However, it is perhaps worth noting that the
quadratic equation may be indefinite, and yet a non-trivial real
solution to the system still fails to exist. To see this, consider

the system of equations

-M3x3+ x3+ x3+...+ x3=0
1 2 3 s
-x2+M2x2+M2x2+... +M2x2=0
1 2 3 s

174

where M > s is a positive integer. On eliminating X, . we obtain

the equation

4, 2 2 3 3,2/3
M(xZ+ ... +x)-(x_+... +x) =0
2 s 2 s

14

which has no real solution, since

3

3,273
(x"+ ... + x7)
2 s

s 5. (Max |x 1)°
< M*(Max |x,|)2
2y .

4, 2
s M(xZ + ... +x
2 s

2. PRELIMINARIES TO AN APPLICATION OF THE HARDY-LITTLEWOOD METHOD.

We start by showing that the conditions of Theorem 3.1.1 allow us
to assume that the equations (3.1.2) have a non-singular real
solution (nl,...,ns) for which no LA js zero, and also a
non-singular p-adic solution for every rational prime p. We then
dispose of the cases (d)(ii) and (d)(iii) of Theorem 3.1.1. Finally,
having made these simplifications, we set up the apparatus required

for our application of the Hardy-Littlewood method.
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Lemma 2.1. Suppose that conditions (a), (b) and (c) of
Theorem 3.1.1 hold for the equations (3.1.2). Then one of the
following holds:

(i) the equations (3.1.2) have a non-trivial rational solution, or
(ii) the equations (3.1.2) have a real solution ('ni, ces ,'ns) for
which there is an i such that cl, da and n‘ are all non-zero.

Proof: By a rearrangement of variables and change in notation, we
may write the equations (3.1.2) in the form

3

3
ax+ ... +ax+b
11 uu

3 3
1y1+ ve. + bvyv

0
- 2 2 o (2.1)
cy+ ... +cy+dz+ ... +dz =0
1 v'v 11

1 W W

where none of £he al, bi, c1 or di are zero, and by conditions (a)
and (b) of Theorem 3.1.1, we have u + v 2 7 and v + w =2 5. There are
four cases:

(a) Suppose that v = 0.

Since Max{G (2),T (2)} =5 (classical) and Max{G (3),I (3)} =7
(respectively R.Baker [1980] and Lewis [1957]1), both the quadratic
and cubic equations in (2.1) are independently soluble non-trivially
in rational integers, and so the equations (2.1) certainly have a
non-trivial rational solution.

(b) Suppose that v > 0 and u > O.

By condition (a) of Theorem 3.1.1, the quadratic in (2.1) is
indefinite in at least five variables, and so we may solve the
quadratic equation over R with at least one of the y, non-zero, say
y,- Substituting these values of yl and z‘ into the cubic equation,
we may then solve the cubic equation for the x over R. This gives
us a non-trivial real solution to the system (2.1) with b1’ e, and

y, each non-zero.
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(c) Suppose that v > 0, u =0 and w > O.

By condition (c) of Theorem 3.1.1, there is a non-trivial real
solution to the equations (2.1). Either a ¥y, is non-zero, In which
case we are done, or else there is a change of sign amongst the di,
say d1 < 0 and d2 > 0. But then we may solve the cubic equation over
R with at least one of the Y, non-zer'o,‘ say y,. Substitute these Y,
into the quadratic, and solve m{er R for the zi, using the fact that
this quadratic is indefinite. Thus we have a non-trivial real
solution to the equations (2.1) with b1’ c1 and y1 each non-zero.

(d) Suppose that v > 0 and u = w = O.

By condition (c) of Theorem 3.1.1, ther-é is a non-trivial real
solution to the equations (2.1). Then the equations are soluble with
at least one of the y, non-zero, and we are done.

This completes the proof of the lemma.

Lemma 2.2. Suppose that there is a real solution x = (nl,...,'n)
to the equations (3.1.2) for which there is an i1 such that cp dl
and 'n1 are all non-zero. Then one of the following holds:

(i) the equations (3.1.2) have a non-trivial rational solution, or
(ii) locally, there is an (s-2)-dimensional subspace ¥ of positive

(s-2)-volume in the neighbourhood of n on which F =G =0. In

4 ’

particular, there is a real solution 1’ = ('nl....,n;) to the
equations (3.1.2) for which no 'lr;’1 is zero.

Proof: If for some i both c, and d1 are zero, then the equations
(3.1.2) plainly have a non-trivial rational solution. Therefore we
may assume that for ea_ch i at least one of c, and cll is non-zero. By

a rearrangement of varlables, we may assume that there is a real

solution (171, e ,ns) for which c, d1 and n, are all non-zero.
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Suppose that we have a non-trivial real solution (nl,...,ns) for
which precisely v of the m, are non-zero (with s 2 v > 0 ). Notice
that as 01’ d:l and 'n1 are all non-zero, we may assume that v =z 2,
and by a rearrangement of the variables xa,... ,xs, that nl =0 for
i=v+l,...,s.

Consider the expression

2 2
301"1 SCJT:j

2d1'n1 2dj'nj

A= A(i,j) = = Snlnj(c‘djni—cd‘n ) . (2.2)

J1)

There are two cases:
(a) there exist i,j € {1,...,v} with A(i,j) # O.

By rearranging variables, we may suppose that i =1 and j = 2.
Then by the Implicit Function Theorem (see, for example,
Apostol [1957], Theorem 7-8), there is an (s-2)-dimensional
neighbourhood, To' of ('ns, - ,'ns) and a function

PSRN 2
(nl,nz) : To — R,

such that
4 7 ’ ’ ’ ’ ’ ! -
F(ni(ng,...on2),m (ng, ..o uml)ymg,...,m’) =0 }
’ ’ 7 4 ’ , ’ ’ —
G("1(’73""’"s)’"z("a""’"s)’"s""'"s) =0
for all (n;, e ,'n;) € T0 . Then locally, there is an

(s-2)-dimensional subspace ¥ of positive (s-2)-volume. in the
neighbourhood of 1 on which F = G = 0. Further, by choosing 'n’i with
In’i-nll sufficiently small for i=3,...,s, we can find ‘n; and 'n;
with F(g’) = G(Q') = 0. Since n, and m, are non-zero, by using
continuity we can also ensure that 'n; and n; are non-zero, and hence
that 'n’l is non-zero for i=1,...,s. So we conclude that case (ii)
of the lemma applies.
(b) A(i,j) = 0 for éll i,je{1,...,v}.
Then by (2.2),

cid

J':r;l-cjdi'nJ =0 for all i,je {1,...,v} . (2.3)
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There are two cases:
(1) both e, and di are non-zero for every i € {1,...,v}.

Then by (2.3), we have
c.d

n for j=2,...,v,

0 for j=v+l1,...,s.

Hence we may put "1 = 1, and we have a non-trivial rational solution

('nl,...,nv,o,..,o) to (3.1.2). Then we are in part (i) of the lemma.
(2) there is an i € {1,...',V} for which either c = 0 or di = 0.
As cldinl'n! #0, and by (2.3), clcll'qi = C1d1n1 , we obtain

c, = d1 = 0, which contradicts the supposition made at the beginning
of the proof of the lemma.

This completes the proof of the lemma.

Lemma 2.3. Suppose that s =z 11, and the simultaneous equations
(3.1.2) satisfy conditions (a), (b) and (c¢) of Theorem 3.1.1. Then
the equations (3.1.2) have a non-trivial solution in rational
integers if either of the following conditions hold:

(a) at least 6 of the d are zero,
(b) there is a rearrangement of variables such that Cp»er»C, are
zero, and di, ces ,d‘1 are not all of the same sign.

Proof: (a) If 6 or more of the d1 are zero, by a rearrangement of
variables we may suppose that d1 = ... = ds = 0. By condition (a) of

Theorem 3.1.1, d7,...,ds cannot all be of the same sign. But s = 11

and Max{l"(z),G‘(z)} = 5, so there is a non-trivial integer solution

(a7. cens as) to the equation
2 2 _
d7x7+ +dsxs—0
Let Cl =c (i =1,...6), and
C =ca3+ + ca
7 7 7 s S
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Then since Max{l".(3),G.(3)} = 7, there is a non-trivial integer

solution (ul,. ..,u_,) to the equation
Cu3+... +Cu3=0.
11 77

This gives a non-trivial integer solution
(u,...,u,ua,ua,...,ua)
1 6" 77 78 7's
to the system (3.1.2).
(b) If cl,...,c'4 are zero, and d1"“’d4 are not all of the same
sign, a similar argument to that in (a) demonstrates that there is a

non-trivial solution to the system (3.1.2).

This completes the proof of the lemma.

Lemma 2.4. Let CireeerC, (t =2 7) be rational integers, and

_ 3 3
f(x) = cX *+ ... +CX . (2.4)
Suppose that ('nl,...,nt) is a real solution of the equation f(é) =0
with 0 < "1 <1 for i=1,...,t. Then given any 0 < a <1 and P

sufficiently large, there 1is a non-trivial solution in integers
(yl, cen ,yt) to the equation f(g) = 0, and satisfying
(1—oc)’an < y, = (1+a)n1P (i=1,...,t).
Proof: We modify the argument of Vaughan [1989b] so as to deal
with additive cubic equations.
Suppose that € 1is a sufficiently small positive number, that

n = n(e) is a small positive number depending at most on e, and that

P is sufficiently large in terms of € 7%, a and C1"" 1C,- Let
©=1/8, T=10° R=PF), and let B (s=1,...,5) be real numbers
satisfying
PO < M < P9+'r
8
We consider the number R(M1’ ce ’Ms) of solutions of the equation
33 3 3 3 3 3 _
c1p1y1+ R csp5y5+ csxs-l- c7x_,+ ea. c X = o,

with the p_ prime, and
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(1-oc/3)an <x = (1+a/3)an (r=6,...,t),
p =2 (mod3), M <p = (1+a/3)M, y € A(P/M ,R), (2.5)
=] 8 s -] 8 8
(1-/3)n P/M <y = (1+a/3)n P/M (s =1,...,5).
s 8 s 8 8
Then, with modifications involving only adjustments of implicit

constants, and by making the trivial bound

| Yews®) « P,
x-ZP

the argument of Vaughan [19839b] yields
RM,...,H) » P"°(1ogP)° — w as P — .
Now P > R, so each solution obtained in this way is unique. Then
by (2.5) we have a non-trivial integral solution of (2.4) satisfying
(1-0/3)n P < x_= (1+a/3)n P for r = 6,...,t, and
(1-2/3)n P < py_s (1+2/3)%p P for s = 1,...,5 .

This completes the proof of the lemma.

Lemma 2.5. Suppose that the simultaneous equations (3.1.2)
satisfy conditions (a), (b) and (c¢) of Theorem 3.1.1. Then the
equations (3.1.2) have a non-trivial solution in rational integers
if at least four of the c, are zero.

Proof: Suppose that the equations (3.1.2) satisfy conditions (a),
(b) and (c) of Theorem 3.1.1. Then by Lemmata 2.1 and 2.2, we may
assume that the equations have a non-singular real solution
('nl,...,ns) for which no 'nl is zero. Further, we may assume that
0 < "1 <1 for i=1,...,s, since whenever necessary the cl can be
replaced by -c, and n:: by —'n::, and by homogeneity m, can be replaced
by ‘ni/ (Max 7 J). |

We may plainly assume that for each i at least one of cl and dl

is non-zero. Suppose that at least 4 of the c, are zero. Rearrange
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variables in (3.1.2) so that cl,...,ct are non-zero, and so that

c yes+,C QAre zero.
t+1 s

By Lemma 2.3(b), we may assume that dt+ ""’ds are all positive.

1
Then

2

2 2, _ _
(d1"1 et dtnt) - (dt+1nt+1

.+dn’) <0. (2.8)
8 B
But by condition (b) of Theorem 3.1.1 and Lemma 2.4, given any

O0<a< 1, and P sufficiently large, there is an integral solution

(yl, “e ,ys) to the cubic equation in (3.1.2) satisfying
(1-a)n1P <y = (1+a)an (i=1,...,1),
and with y ,...,y free variables, since ¢ _,...,c are zero.
t+1 s t+1 s

Then by (2.6), on taking « sufficiently small, we deduce that there
is an integral solution y to the cubic equation in (3.1.2)
satisfying
- 2 2
D d1y1 + ... 4 dtyt< 0.

Then by the classical result Max{G‘(Z).F‘(Z)} = 5, there exists a

non-trivial integral solution (Vt, e ,Vs) to the equation
Dw®+d u® +...+du’=0.
t t+1 t+1 s 8

But then (ylvt, ARSI AL AN ARy Vs) is a non-trivial
integral solution to the system (3.1.2).

This completes the proof of the lemma.

We now show that we may assume that there is a non-singular
p-adic solution to the equations (3.1.2). Let Mn(q) denote the

number of solutions to the simultaneous congruences

cim?’t- +cm:‘-‘-0

. - (mod q) . 2.7
dm + +dm =0

11 8 8
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Lemma 2.6. Suppose that the equations (3.1.2) satisfy conditions
(a), (b) and (c) of Theorem 3.1.1, and s = 11. Then one of the
following holds:

(i) there is a non-trivial rational solution to the equations
(3.1.2), or
(ii) for each rational prime p there is a number u = u(p) < w such
that for all t =2 u,

Mn(pt) > p(t—u)(s-Z).

Proof: As in previous lemmata, we may assume that for each i, at
least one of ¢, and cl1 is non-zero.

By Theorem 1.1 of Chapter 1 we have I“(3,2) = 11, and hence there
is a non-trivial p-adic solution to the system F = G = 0. For any
p-adic solution, a= (ai,...,as), denote the number of non-zero a1
by v = v(a). Then we may clearly choose a so that v(a) is maximal
amongst all the p-adic solutions to the system F =G =0. We
rearrange variables so that ai =0 for 1= v+l,...,s, and consider
the expression

A= A(1,]j) = Salaj(cidjai—cjdiaj).
There are 2 cases:
(a) there exist i,j € {1,2,...,v} with A(i, j) = O.

Rearrange variables so that i = 1, j = 2, and write

_ 3 3 - 2 2
A(y1’yz) =<y * €5 0 and B(y1’y2) d1y1 * daya i
and for fixed ya,. .o .ys, put
_ 3 3
C(ys,...,.ys) =yt .t ey »
and
_ 2 2
D(ys,...,ys) = day3 + ...+ dsys .
Suppose that IA(1,2)I§ = p™ > 0. Choose y, (i=3,...,5) with
y, = 2 (mod pt) (t = u). (2.8)
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Then we have

3 3 3 3 3 _
c,a + c2a2+ c3y3+ c4y4+ oo csys-o (mod p")
da2+da2+dy2+dy2+...+dy250

11 2 2 3°3 474 s° s

But then
-u
Max{IA(al,az)-*C(ys,...,ys)lp , IB(al,az)-l-D(ya,...,ys)lp} =p
< 1A(1,2)]3
P
so by Lemma 1.3.1 there is a (bi’bz) € Zp X Zp with

A(b1’b2) + C(ys,...,ys) = 0 and B(b:l’bz) + D(ys,...,ys) = 0. But by

(2.8) there are pt-" choices for each ¥, (i=3,...,s), and hence at
least p(t_u”s—m possible solutions to the simultaneous congruences
(2.7) with g = p°. Then Mn(pt) z p(t_‘ms’m for all t = u.
(b) for all i,j € {1,2,...,v} we have A(i,j) = O.
Then

c:ldjai - c:jdlaJ =0 for all i,j € {1,2,...,V}. (2.9)

There are 3 cases:
(1) there is no i € {1,2,...,v} for which either e = Oord = 0.

Then by (2.9) we have

cldj .a for j=1,...,v
1
a = dc
J 1)
0 for j=v+l1,...,s

and we plainly have a non-trivial rational solution to the equations
(3.1.2).

(2) there is an i € {1,...,v} for which c, = 0.

By a rearrangement of variables we have i = 1. Then by (2.9),
de1aj

cj=0 for every je {1,2,...,v}. Then by condition (b) of

Theorem 3.1.1, the equation

= 0 for every j e {2,3,...,v}, and as diaJ # 0, we must have

x ... +cxX =0 (2.10)
v+l vl s 8
must have at least 7 variables explicit, and so in particular we

have v = s-7. Also, TI' (3) =7, and so the equation (2.10) has a
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non-trivial p-adic solution (b ,...,b), say. Let

v+l -]
2

D=d b + ... + dba. Then we shall have found a non-trivial
v+l v+l s s

p-adic solution to (3.1.2) with v+1 variables non-zero provided that

we can find a non-trivial (ul, cen ,uwl), with no u zero, such that

2

du®+ ... +du®+ D =o. (2.11)
11 vyv v+l

Now, we know that this equation has the non-trivial solution

=

= (al,...,av,O). with none of the a1 zero. Then as d1 # 0, we have

for some w = 0,

2 -W
= > . .
I2d1al|p p 0 (2.12)
Put
u = wt+l
v+l p
Then,
da’+ da+ da+ ... +da+ D> =0 (mod p**). (2.13)
11 2 2 33 vV v+l

Fixing uWI , a standard application of Hensel’s Lemma for a single
equation in the variable u, gives us a p-adic integer u, satisfying
the equation

dul+ dac+ dac+ ... +da’+ D =0, (2.14)

and further, u1 is non-zero, since we have

2 2 2 2 2
du -(da’™+da+ ... +da +
11 (22 3 3 v Vv Duv+1)

2 w+l
(11.=11 (mod p )

20 {mod p“i)
respectively by (2.14), (2.13), and (2.12). Then we have a solution
(ui,....uwl) to (2.11) with no u  zero, and hence a p-adic solution
to (3.1.2) with v+1 variables non-zero. But this contradicts the
maximality of v, and so this case can never occur.
(3) there is an i for which dl = 0 for some i € {1,...,v}.
A similar argument to that in (2) applies.

This completes the proof of the lemma.
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Notice that Lemmata 2.3 and 2.5 provide a proof of cases (d)(ii)
and (1ii) of Theorem 3.1.1. Henceforth we may therefore assume that
sz 14, and

the number of zero dl is =5
(2.15)
the number of zero cl is = 3
and hence that there are at least 6 values of i for which both c,

and di are non-zero. Suppose that for 1 = i s s precisely m of the

di are zero, precisely n of the c, are zero, and let h = s-mn. Then

we may rearrange the variables with indices 1,...,s so that d1 =0
for i=1,...,m, c, # 0 and di #0 for i = m+l,...,mh , and ¢ = 0
for i = m+h+l,...,s.
By Lemmata 2.1 and 2.2, we may assume that
the equations (3.1.2) have a non-singular real solution (2. 18)
.16

(nl,...,ns) such that 0 < n, < ¥Xfori=1,...,8,

since whenever necessary the ¢, can be replaced by -r:1 and n? by

-n::', and by homogeneity m, can be replaced by nl/(Z.Max nj). Also,

by Lemma 2.6, we may assume that

for every rational prime p there is a u = u(p) < »

t (t-u) (s-2) (2.17)
such that for all t =2 u, M (p) = p Boel,
Let P be large (in terms of e, ci,...,cs, dl,...,ds, nl,...,ns)
and let o (i = 2,3) be real variables. Also, let
ta = 1§a{§sldil ’ ts = %slcil ’ (2.18)
and
§=1072 0<q< n,() and R = P'. (2.19)

Here M, Is sufficiently small so that it satisfies the conditions
necessary for both Theorem 3.1.2, and also Theorem 4.4 of

Vaughan [198%a] to hold.
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Write

-1 =
El = 21)!, cl 2'01. (2.20)
= _ 3 2
Fl(g) = Fl(az,aa) = elc @ X +dl<x2x ), (2.21)
£ P<x={ P
1 i
- _ 3 2
fl(g) = fi(oca,oca) = e(ciocax +d1°‘2x ), (2.22)
t P<x=¢ P
x € 4(P,R)
_ 3 2
F(g) = Z e(asx +o X ), (2.23)
0<xSP
_ 3 2
fla) = ) elax’+ax’). (2.24)
x € 4(P,R)

When we wish to stress the presence of zero coefficients, we shall
write
gi(a) = fl(O,oc), Hl(B) = FI(B,O) ) (2.25)
gle) = f(0,a), H(B) = F(B,0) . (2.26)
Our obJjective is to estimate the number R(P) of solutions of
(3.1.2) in rational integers X, which satisfy
§1P <x = CIP and x, € 4(P,R) (i=1,...,mh-4), and (2.27)
E!P <x = clP (i = mh-3,...,s). (2.28)
We shall show that R(P) — «© as P — o, using a variant of the
Hardy-Littlewood method, thereby completing the proof of

Theorem 3.1.1. Let

_ i-1 - * _ a1 -1 -1 -1
Q =18tp -, (1=2,3), L = (Q,,1+Q,) x (Q, 1+Q, ). (2.29)
Then,
RP) = [[ s(ws@ne de (2.30)
u!
2
where
m+h-4 ‘ m+h
Fla) = q £ (a),H() = [ Fla),
i=1 s i=m+h-3 (2.31)
and §(e) = 1 F(a) .
- 1=m+h+1
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The open square ‘ll: is dissected in the following way. When
(az,aa,q) =1 and 1 = a sq= P (i=2,3), we denote a typical
major arc by

M(q,a) = Mq,a,,a) ={ «: lge-al < Q:I for i = 2,3 }. (2.32)
The m(q,g) are disjoint, since whenever (a2,a3,q) # (a;,a;,q’) (as
ordered triples), gq,q’ s P and (az,as,q) = (aé,aé,q') =1 (as
highest common factors), we have
a a’

1 i

- T T

q q

z—l—,> }-+l,] Q' , for one of i = 2,3.
qq qQ q i

Let M denote the union of the major arcs, and define the minor arcs,

m, by
*
m=1U \m;. (2.33)
Now let 2 = W = P'“2, and define the pruned major arcs,
M(q,a) = { &: lqu - al < WPQ]" for 1 =2,3}, (2.34)

and let f denote the union of the #(g,a) with 1 = a =q= W,
t ]
(az,aa,q) = 1. Plainly, fi(q,a) < M(q,a) and N c M. Let n = ‘112\51. S0
that
n=(M\N)um, (2.35)
Throughout, € 1is a sufficiently small positive number and the
implied constants in the O, «, and » notations depend on at most e,

C1"""Cs’ dl,...,ds, 'ni,....'ns.
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3. THE MINOR ARCS.

As usual, our minor arc estimate depends on bounds for the number
of solutions of certain systems of diophantine equations. By use of
the trivial inequality

lzz,...z | s 1z I+ ... + 1z |" (3.1)
and Holder’s inequality, we are able to put these equations into
standard forms, the number of solutions of which may be easily
estimated.

From Theorem 3.1.2, we have

” |F() | ax « PP® %, (3.2)

»

U
2

Also, by considering the underlying diophantine equations we deduce

from Theorem 3.1.3 that

[] 1£@)|® do « P> (3.3)
»*
U
2
By considering the underlying diophantine equations, from

Theorem 4.4 of Vaughan [1983a] we have

1
[ let@|® aa « P2 (3.4)
o
Also, using classical estimates we have
1
[ 18 [* au « PP (3.5)
]

We shall obtain a suitable minor arc estimate for f(a) using the

following lemma:
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Lemma 3.1 (R.Baker [1986), Theorem S5.1). Write

k
vix) = aX + ... +oox,

e(m(n))o
1

I~z

Sm(lll) =

n

and K = 2!, Let N> C(k,e), and let M be a natural number and T a

positive number such that

(vt H* = v . (3.6)
Suppose that
o4
yIs il =T
m=1
Then there exists a natural number q and integers LATERI A such
that
-1,k ¢ _
qg < (MNT ") ".N, (q,vl,...,vk) =1, (q,vz,...,vk) = MN,

leg - vl < Mo H . NI for j=1,2,...,k.

IA
.
IA

Lemma 3.2. Suppose that ml = i = m+h, 1 m, and

m+h+l = k = s. Then we have

. 4 5] 21/4+¢
(0 [ @1 1g (@ )1® ax « P,
X,
. 6 4 21/4+¢
(1 [ 11, 1%18 (@)1* aa « P,
X
6 4 21/4+¢
(1in) [[ 1g,6a) 1% (@) 1* du « P4,
X
(1) [ 1£(@1* e « P70 "~
-
(u2

Proof: The first three results follow in a manner typified by

case (1i).
(1) By considering the underlying diophantine equation, we have that

[] e 1*ie(a)1® da

»

U
2
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is bounded above by the number of solutions to the simultaneous

diophantine equations

3 .3 3.3 3, _ ,3..,3 ,3. ,3. ,8
c,(x+x)) + cJ(yl+y2+y3) = ¢ (x;+x77) + cj(y1 +y, +yy) } 5.7
2 2 = 12, ,2 )
dl(x1+x2) dl(x1 +x] )
with
X,x € 4(P,R) , EiP < X, X = ciP , (r=1,2), and
=1,2,3).

' ,
Y.y, € 4(P,R) , EJP <YLyl = CJP (r
By (3.5), and considering the underlying diophantine equation, the
number of solutions of the quadratic equation in (3.7) is at most

1
J |H(a)|4 da « Pa“:.
)

Given any such solution, let

3 3 3 3
X=c(x +x -x'"~-x"") .
171 2 1 2

Then the number of solutions of the equation

3 3 3_ _,3_ _,8
IS AR A A A

3
-— ’ = -
s y'7) X ,

2 3
with y ,y’ e 4(P,P") and §P < y,y. sCP(r=1,23), is at most

1 1
I lglc «) 1%e(aX) da = J- lgle ) 1% da
o ! | o

1374 +¢
« P ,

by considering the underlying diophantine equation, and using (3.4).

Thus the number of solutions of (3.7) is

2+c _13/4+¢ 21/4+2¢
« PP .P = .

(iv) By (2.22), (2.24), and considering the underlying diophantine

equations, we have by using (3.2) that

J‘J‘ Ifi(g)lm dg_ < J‘J‘ lf(g)lw dg < PSS/S ‘e

*

uz u2

This completes the proof of the lemma.
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Lemma 3.3. We have

[[ 1981 ax « P2

L

U
2

Proof: By (2.31), we have

i=m+1 =1 k=m+h+1

m+h-4 m s
[F()F(a)] = [ n Ifi(g)l] [_1 Igj(ocs)l] [ n IHk(az)l] .

By (3.1), we obtain

m+h-4 ‘ h-4 m o -] n
19(2)8(a) | = [ Yy oIf ()] ][ Y lg (e ][ ) '”k‘“z“]
i=m+1 Jj=1 k=m+h+1
m+h-4 m hea o n
= £ (1™ g ()1 15 ()"
i=m+1 j=1 k=m+h+l ]
Hence,

[[ 13@sw@] a « Mo [[ 15, @1 g ) P18 () 1™ de
* i ]

U U
2 2

where the maximum is taken over the ranges of i, j, k in the

previous equation. Then there are integers I, J, K such that

[[ 13tws@1 ax « [ 11" 1g (@) 118 (21" da . (3.8)
U T
2 2

By (2.15), we may assume that m =5, and n = 3. For the moment

write, for convenience’s sake, fh _4gmHn for
£ (@) 1" g (e ) 1™ H (o)) 1™,
Then using (3.1) we can simplify the expression in (3.8) to a form
in which we can use Lemma 3.2. First note that by bounding f, g and
H trivially, we can always write
fh-4gmHn « P~ 14 gHHN ,
where L = h-4, M= m, N = n, and L+M+N = 10. Then by repeated use of

(3.1), we obtain
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fh-4gmHn « Ps-14(f10-NHN + fS-HgSHN)
<« Ps-14(f10 + f8H4 + fg5H4 + fsgs)
« Ps-14(f10 + f6H4 + f4gB + gSH4) .

Then from Lemma 3.2, we have

J‘J‘ l??(g)‘&’(g)l d,o=t « Ps-u(le/; +e, PSS/B + )
L ]
U
2
« FP'B'ZB
This completes the proof of the lemma.
Lemma 3.4. We have
[[ 1s@s@n@! ax « P
m
Proof: Using inequality (3.1), we have
Sup [#(a)| « Max  Sup IF’i(g)l4.

aem m+h-3<iSm+h @ € W
Suppose that the maximum in the above expression occurs at i =1,
and let t’ = ¢c_and t’ = d..
3 1 2 I

3/4+¢

Suppose that F (t;az, t;a3) z P Then by Lemma 3.1, for P

sufficiently large, there exist integers a, a, and g with
1-¢ -
1sqg< P, (az,as,q) =1,
and such that
Iqt'loc1 - ail < PP, for 1= 2,3.
Put
o 7 7 ’ - -1 7 I =
q’ = I[tz,tallq » and aj = t] alI[tzl,tS]I , for i = 2,3,
Then since a € 'u; , we have from (2.29) that 1sa/sgq’ for
i =2,3. Thus for P sufficiently large, we have
’ 4 4 ’ ’ ’ -
1= a;,al s q' < P, (az,as,q ) 1,
and

lg'e - &)l < Q' (1=2,3),

151



Consequently, if F(t;az, t;as) = PP*** then by (2.32) we have

a € M, and hence If a € m, then we must have

3/44c
F(dxaa’cxas) « P . (3.9)

Then for a € m, we have
3 2 3 2
+ doax’) « ca x+ doax
e(claax c112 ) | Ze( %5 %o )
£ P<xS¢ P 0<x3¢_P
1 1 1
3 2
+ + doax
| Z e(clasx %2 )
0<x—(IP

3/4+¢

so from (3.9), Fl(g_) « P , and hence by Lemma 3.3,

4
[[ 15ws@n@ a « [ Sup |F (a)] ] [[ 1#s@] aa
*

m a €m
U
2

3+4c _5-8-25
« P .P®

g8=-5-5

« P

This completes the proof of the lemma.

4. GENERATING FUNCTIONS.

Here we give estimates for the various generating functions that
arise in our treatment of the major arcs. For the Fl, we are able to
use classical estimates, similar to those found in Vaughan [1981b],
§7. However, the 1"l are more difficult, requiring a treatment based
on Vaughan [1989a], Lemmata 5.3 and 5.4.

Let
q

5,(a,2) = S(q,a,,a) = ) el(dax +cax)/q) . (4.1)

x=1
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Lemma 4.1. Suppose that (q, az,aa) = 1. Then

1/3 _2/3+¢

(as,q) .q for i=1,...,m
s(q.a) « { ¢ for i = mtl,...,m+h
(az,q)uz.quz“ for i = m*h+1,...,s .

Proof: There are three cases.
(i) i=1,...,n

Then di = 0 and c, # 0, so by R.Baker [1986], Lemma 4.2, we have

Si(q,g) « (cias,q)i’sqzm" « (as,q)usqa/a“.

(ii) i = m+1,...,m+h.
Then c, # 0 and d1 # 0, so by R.Baker [1986], Lemma 4.2, we have
1/3 2/3+¢ 2/3+¢
«q

Sl(q,g) « (clas.dlaz,q) q

(iii) 1

mh+l,...,s.

Then c, 0 but d1 # 0. The proof proceeds as in (i).

This completes the proof of the lemma.

When « € M(qg,a) , let
B =a -asq, (j=2,3), 4.2
J J J ( ) ( )

and
P
1

v,(8) = I e(cpy” + dB ") dr . (4.3)
- tP

Lemma 4.2. Suppose that 1 = i < s, and that gq, a,, and a, are
integers with (q,diaz,clas) = d. Suppose also that « € M(q,a) . Then
with B, defined by (4.2), and writing

V(z,q,a) = q_IS!(q,g)vi(g) , (4.2)
we have
Fi(ﬁ) _ Vi(g,mg) < d1/3q2/3+c.

Proof: This follows from Lemma 4.4 of R.Baker [1986].
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Let p(x) denote Dickman’s function, defined for real x by
p(x) = O when x = O, )

p(x) = 1when 0 < x =1,
p is continuous for x > O, >
p is differentiable for x > 1,

xp’ (x) = -p(x-1) for x > 1.

We further define

TP
= [1 logy 3 2
wi(g) = Izp p[ logR] e(c1837 + dezV ) dy .
1

With Bj defined by (4.2), write
W(e.q,2) = q S (q,2)w(8) .

We have the estimate:

(4.5)

(4.8)

(4.7)

Lemma 4.3 (Vaughan [1989a], Lemma 5.3). Let T be a fixed positive

number, and suppose that R = X = R'. Then

card(4(X,R)) = X.p[ i—gg—g] + 0(X/1logX) .

We also have a result analogous to Lemma 2.6 of Vaughan [1981b].

Lemma 4.4. Let CsCprvve be any sequence of complex numbers, and

suppose that F has a continuous derivative on [0,X]. Then

Z e F(m) = [ Z c. ]F(X) - J: [ Z c. }F'(z')da' .

m € 4(X,R) m e 4(X,R) m € A(y,R)
Proof: We have

F(m) = F(X) - J)(F’(v)dar .

Therefore

Z cmF(m) = [ Z c_ ]F(X) - Z rcmF'(v)dy ,

m e 4(X,R) m € 4(X,R) me A(X,R) ™
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and the result follows on interchanging the order of summation and

integration.

We prove the next lemma in rather greater generality than is

strictly necessary for our purposes.

Lemma 4.5. Let R = P" for some 0 < 7 < 'no(e,k) < 1, and let

k
h(a) = z e(akx + ... 0+ czix) , (4.8)
x € 4(P,R)
S(q,a) = ie((akxk + ... + alx)/q) . (4.9)
- x=1
= logy k
wig) = J: o[ 1222 ] ey + ... + 8 ar . (4.10)
Let Bl = oci - ai/q for i =1,...,k, and write
Wlx,q,2) = g 'S(q,a)w(g) . (4.11)
Suppose that q < R, and (al,...,ak.q) « 1. Then

h(a) = Wa,q,2) + 0[10

L
5 (1 + PIB+ ...+ PkIBkI)] : (4.12)
Proof: As in the proof of Vaughan [1989a] Lemma 5.4, we have

Z 1 = q¢ Z 1 + O(P/logP) (R< m= P).

x € 4(m, R) x € 4(m, R)
x = r (mod q)

Therefore

Z e((akxk+. ..+a,x)/q) q'is(q,g) Z 1 + O(gP/logP)
x € d4(m,R) x € 4(m,R)

-1 logm
q S(q.g).mp[logR] + O(gP/logP) (4.13)

by Lemma 4.3 and (4.9). Then by using Lemma 4.4, we have

Z e((akxk+...+a1x)/q) e(kak+...+Bix) = S0 - S1 . (4.14)

x € 4(P,R)

where
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S, = e(BkPk + ... 0+ B1P) Z e((akxk + ...+ a1X)/q)

x € A(P,R)
=e(BF + ... + BiP).q-ls(q,g).Pp[ i—gg—g} N o[ lg;,] ., (4.15)
by (4.13),
J'P Z e((a 5+...+a x)/q)] d—[e(B y +...+8 7)]

x € 4(¥,R)

But we have

r Z e((a ¢, .. +a x)/q)] [e(B 7 +...4B 7)]

x € A(y,R)

R
s J 7181 + ... + leklwk-i) dy
(o]

Kk
R[ |31|P+ ee. + IBklP ] .
Then by (4.13) we have

s | logy d k _
= q s(q,i)J':yp[ logR] EE[eusky +...+317)] dr - A,  (4.18)

where

A « R[IBilP o+ IBkIPk] + logPJP |d7[€(37+ e+ Blw)]ld'y

« [ns |P+...+|Bk|Pk].

logP

Then by (4.8), (4.14), (4.15) and (4.16), we have

h(a) = g 's(q, a) [ e(BkPk+, .-+B,P).Pp [:11252]

- J)yp(}z—g?;] g;[e(ﬁk'a'k'h..-FBl‘y)] da'}
R

+ A + O(qP/logP) ,

and integrating by parts, we obtain

h(a) = q7's(q, a) J‘P e(Ba*+.. .48 7). [p[}f;gﬁ] * TogR P’ [{gg;]] dy
R

+ A + O(gP/logP) .
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By using (4.5), and observing that for ¥ € [R,P], p[izg{] is a

monotonic decreasing function of 7, and 'fur'ther that

logy
1 « p[logR] « 1 , we deduce that

P

k 1_ . [logy J 1 _flogy _
J:e(sk7 +"'+B17)'logR P [logR] dy « R logy P logR 1) dy

P

« J 137
R gy
« P/logP .
Then by (4.10) and (4.11), we have
- qP k
h(g) W(ﬁ'q'i) <« TogP (1 + |31|p + ... + |3k|P ) .

This completes the proof of the lemma.

Lemma 4.6. We have

v (B) « P(1 + PPIg,| + P°Ig 1777,
and
w(B) « P(1 + P°Ig_| + P°lg_1)""°.
1= 2 3
Proof: The first bound follows from Vaughan [1981b] Theorem 7.3

on making a change of variable. The second bound follows on noting

that p logy is a monotonic decreasing function of %, and futher
logR

logR
of Vaughan [1981b] Theorem 7.3 may be applied with only trivial

that 1 « p[logzr] « 1 for ¥ € [R,P]. Hence the argument of the proof

modifications.

This completes the proof of the lemma.
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5. PRUNING THE MAJOR ARCS.

Since our knowledge of the behaviour of the generating functions
assoclated with the set #(P,R) is rather imprecise, we are forced to
hard prune the major arcs. Here then, we show that the contribution

from M\N to the integral R(P) is comparatively small.

Lemma 5.1. Suppose that m+l s | = m+h, 1sj=mnm, and
mth+l = k = s, Then we have
. [ 8 5 8
W [ 100,00 1% 18 (0 )1® dx « P,

.
2

U
(if) ’J’| (@) 1818 () 1% do « PP
gj 3 kK 2 = ’

*

U

[\

d 6 8 (]
(iii) lf!(az,ocs)l Igj(as)l da « P,

o

U

N o»

Proof: (i) First note that as a simple application of the
Hardy-Littlewood method, we have

1
[ 15 da < 7, (5.1)
0

for each I for which .'.iI is non-zero.

Let S1 be the number of solutions of the equation

3 3_ .3 3
X v ot X =Y Lty
with X,y € A4(P,R) and €1P < X,y = clP (r=1,...,4). Then we can

plainly extend the range of the variables, and apply
Vaughan [1986a), Theorem 2 to obtain

s, « P°. (5.2)
Also, we have

1 1
8 —
folfi(g)l da, = J'o J els,(x,pa, + s,(x,pe) do_,

=L

where the summation over x, y denotes summation over the variables
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X,y € A(P,R) with giP <x,y = clP (r=1,...,4), and where

_ m_ m m _.m
sm(g,z)-(x1 y1)+... +(x4 y4).

Write c(g.;) for e(sz(g, ¥)°‘2)‘ Then

1 1
8
Jolf!(g)l da3 }:c(g,z)Ioe(sa(g,l)a) do ,

fi*

) elx,pslx,y) .

LD A
where
3 3_ .3 3
5(§vl)={1 1fx1+ +x&-y1+ +y‘l
- 0 otherwise.
Hence

I
2]

1
8 —
.Uqgn de = ¥ 8x,p) (5.3)

3%

kg

Thus by (5.2) and (5.3), we have

1
IIW@PWWwS%<§LﬂW”F“

*

U
2

8
« P,

by using (5.1).
Case (ii) follows in a like, though simpler manner.

(iii) II If‘(ocz,oc?‘)Islg'j(oca)l8 doe is the number of solutions of the

*

U
2

simultaneous equations

3.3 .3 3 3, _ ,3..,3. ,3 ,3 ,3
ci(x1+x2+x3)+cj(yl+...+y4) c, (x; "+x] "+x! )+cj(y1 oty )} 5.4)
2 2 2 _ /2..,2,,2 )
d‘(x1+x2+x3) di(x1 +x2 +x, )
with

x,x € A(P,R), EP< x ,x' s P forr=1,2,3, and
r r i r r i
’ 4 -
Y.y, € 4(P,R), €JP < Yoy, = ch forr=1,...,4.
The proof now follows the pattern of Lemma 3.2(i), wusing the

estimates
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1 1
I 1H()|® da « P*, and I lg (a)1® da « F°,
0 o J

obtained respectively from (5.1) and (5.2).

This completes the proof of the lemma.

Lemma 5.2. Suppose that both e, and di are non-zero, and t > 9.
Then we have
.” IFi(g)It do « S,
m

and for some o > O,

[] 1F@1® da « WP,
mn

Proof: Define Vi(g) for a € M by putting Vi(g) =V (a,q,a) when

i
o € M(q,a), 1= a =g=P (j=12,3) and (az,aS,q) =1. We éhall
write M for either M or M\W, and M(g,a) for either M(g,a) n M or
(!m(q,g) o) m)\(ﬂl(q,g) n N). In addition, we let Y=1 if M =M, and
Y=W if M=MN. Also, we write [3i for @ - ai/q (i =2,3)
whenever « € Miq, 2).

Suppose that 1 = a, =g=P (j=2,3) and (az,as,q) = 1. Then by

Lemma 4.2, for a € M(q,2) we have

IF(0) - V(a,q,2)] « ¢ (5.5)
Then for « € M(q,a) , we have
IA‘](g)It - lVl(g)lt «J +7,, ' (5.8)
where
7 = (@)t and 7, = (q2/3+£)|Vi(g)|t-1-
Now

[rec ] L L™ [ a
q3P 1Sa=q 15b=q
H (a,b,q)=1 #(q,a,b)

< Z (q2/3+c)tp—3’
q=P
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by (2.29), (2.32) and (2.34). Hence, provided 2t/3 - 2 < t - 5 (that
is t > 9), we have

” g, da « P57, (5.7)
M

for some o > O.

Also, by (4.4) and Lemma 4.1,
[IEAX: Z P oY a@® [ w@ie (5.8

qSP 1SasSq 1Sbsq
H (a,b,q)=1 M(q'a'b)

But by Lemma 4.6, we have

[[ weTae«r” [[ a+rigl+ Pign™ ax .
M(q,a,b) M(q,a,b)

Then if T > 6, the right hand side of the last expression is, by

(2.29), (2.32) and (2.34),

« PP%Min{ 1, (/)% , (5.9)
Now, for t > 9, recalling that W = PUZ, we have
an-van: Min{ 1 , (q/Y)(t-n/a-z } o« y2-(t-1)/3 Z q2/3+tc
q=Y q=Y
« PY°,
for some o > 0, and
qs-t/sn».c Min{ 1, (q D2y b zqz—t/a:'t.e
Y<q=P q>Y
« PY™°,
for some o > 0. Then by (5.8) and (5.9) (with T = t-1), we have
” g da « P77 (5.10)

M
Finally, we have

[] wi@itax « @ [ vt . b
M q

Zp 1=a=<q 1Sb=q Mg, a,b)

(a,b,q)=1
But for t > 8, we have

Zq2-t/3#tc Min{ 1 , (q/Y)t/s-z } < Y2~t./3 Z qtc
q=Y q=Y

-0

«Y ,
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for some o > 0, and

2-t/3+te t/3-2 2-t/3+te
q q

Min{ 1 , (q/Y) } «
q>Y q>Y
«Y°,
for some o > 0. Then by (5.9) and (5.11), we have
H lVi(g)lt de « Py, (5.12)
M
The results follow on collecting together (5.6), (5.7), (5.10) and

(5.12).

This completes the proof of the lemma.

Lemma 5.3. Suppose that cl, dl and d‘1 are non-zero, and t > 6.
Then we have

[ 17 @118 ) 1° du « P,
m

and for some o > 0,

[ 1Fg@n* 18 () 1® az « WP
mn
Proof: Adopt the same notation (as regards Vi(g), M, Y and B) as

in the previous lemma. Now by Lemma 4.2, we have

t t 5
{IFi(g)l - IVi(g)I ] lHJ(aa)l « 31 +7,, (5.13)
where
_ 2/3+¢c,t ]
7, = (@) 14 (a)]
and
_ 2/3+¢ t-1 5
572 = (q )IVi(g)l |Hj(a2)l .
Then

IEAX: D A [] 18a 1% (5.14)

qSP 1SasSq 1SbSq
# (a,b,q)=1 #(q,a,b)

But by (2.29), (2.32) and (2.34), we have
-1
a/q+(q02) . . ]
) J' |H (a)]° do sJ'IH(a)I da « P°,
J 2 2 J
1<a=<q -1 0
a/q-(qu)
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by (5.1), and hence from (5.14), (2.29), (2.32) and (2.34), we have

-1
q 3

J' 7, da < Z Y (@t I da,
T q2P 13b=q

Z P(q2/3+c)t

-1
b/Q'(qoa)
So provided 2t/3 + 2 < t (that is t > 6), we have
J' g, da « P'Y”, (5.15)

for some o > 0.

Also, by (4.4) and Lemma 4.1,

I da « Z (G739t 3(t-1) (5.18)
’[ 2 = q=P lsz;ql ;s
(a,b,q)=1
where
_ T 5
s = [ v @1TIH )1 e
M(q,a,b)
But by Lemma 4.6, we have
-T/3 s
#(T) « PT ” (1 + PPIg,NT°IH (0 )1° da .

M(q,a,b)
Then if T > 3, by separating variables and making use of (5.1), we

obtain

[[ v @118 @)1® da
12254 4(q, a, b)

1
T=-3.,. T/73-1 S
« PT"3Min{1, (q/Y) } [ IolHj(oca) l docz]

« P™Min{1, (g/v)T7%" 1y | (5.17)

172

Now, for t > 6, recalling that W = P°", we have

ZqZ-t/B«rtc Min{1 , (q/y)(t-l)/&-l} <« YI-(t-I)/S Z q2/3+t8

q=Y q=Y
« PY°,
for some o > 0, and
q2-t./3+tc Min{ 1, (q /Y)(t-1)/3-1 } <« P qu-t/3+te
Y<q=P q>Y
« PY™°,
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for some o > 0. Then from (5.16) and (5.17), we have

” 7, da « PV, (5.18)
Y

for some o > 0.
Finally, we have
t 5
[T w,@1*18 @)1° de

-1/3+¢,t t 5
@9 [ v tiEe)® de

“ &
q3P 1Sa<q 1=b=q M(q, a,b)

(a,b,q)=1

As in lLemma 5.2, but using the results above, we again deduce in
this case that for t > B,

[] w18 (e)1® az « Py, (5.19)
M
for some o > 0.

Collecting together (5.13), (5.15), (5.18) and (5.19), this

completes the proof of the lemma.

Lemma 5.4. Suppose that both c, and di are non-zero. Then we have

[[ 1£,1™ ax « £°.

L ]

U
2

Proof: The integral is the number of solutions, S, of the

simultaneous diophantine equations

3 3, _ 3 3
ci(x1 tootx) = ci(y1 oot y) }
2 2, _ 2 2
di(x1 + ... 0+ x_,) di(y1 + ... 0+ y,,)
with x,y € 4(P,P") and EP<x,y =CP (r=1,...,7). But by
allowing X5 X, y6 and y7 to range throughout the interval

(§lP, ClP], and considering the underlying diophantine equations, we
plainly have

10 4
s= [[ 11,1 °1F@1* da .

*

U
2

We can estimate this integral by using the Hardy-Littlewood method.
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Thus, by Lemma 3.2(iv) and (3.8), we have

4
” 1£.() 1°1F (@) |* da « [ Sup |F (a)] ] J'J' I£ ()1 da
m a € m -

U
2

3/4+c)4 35/6 + ¢

« (P
« P°°°,

for a o > 0, and hence by Hélder’s inequality and Lemma 5.2, we have

S« P70+ [J‘J‘ |f1(g)|u dg]sﬂ[ J.J- IF‘(gHu dg]zn

u* o
2

« P9-0+ 55/7(P9)2/7,

P

giving us S « Pg, as required.

This completes the proof of the lemma.

Lemma 5.5. For B € [0,1]%, let

18 = [[ 13@s@rw] da .
3
Suppose that s = 14. Then

1(10,11%) « P*%,
and there is a positive number o such that
I(n) « P°5W°,
Proof: By Lemma 3.4, we have

1m) = [[ 1F@F@#@ | ax « P
m

Adopt the same notation (as regards M and Y) as in Lemma 5.2. Then
by wusing 1inequality (3.1) in the same way as in the proof of

Lemma 3.3, we have

[[ 135 g« [[ P ag
H '

for some indices I, J, K, L and integers h, m, n, where we have

abbreviated IfII to f, IgJI to g, IHKI to H, and IFLI to F, and

where h z s-8, m =5, and n = 3. By using the inequality (3.1) once
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again, and by making the trivial bound f « P, we have
fh-4gmHn « Ps-u( f10-an + fS-ngSHn) ,

and

fIO-an < fIO + szs,

fS—ngSHn <« gSHS + ngS.
Then
[] 1#s@n@I ax « PP*‘[ [[ £°F* ag + [[ £°6°F* aa
H Yl Yl

+ [[ &8 ag + [[ £°°F dg] (5.20)
Yl !

But by Holder’s inequality,

,J;{[ £1°F* do « [ J'I £ dg]sn[ :!;J' Fi* dg]m

2

9,5/7

« (P?)5/7(pP8y%)2/7

« P°Y™", for some T > O, (5.21)
by Lemmata 5.2 and 5.4. Also, by Holder’s inequality,

Jf 5t g o (] @ o) [ ] o7 ae)”

o M
2

« (PS)S/B(PQY-

oy4/8

« PPY"", for some T > O, (5.22)
by Lemmata 5.1(i) and 5.3, on making the trivial bound for f.
Further, by Hdlder’'s inequality |

_[:L £ da « [ J‘. geysdg]s/g[ _q; Hsf'gdg]

2

<« (PQ)S/Q(PQY-

4/9

0.4/9
)

« P°Y™", for some T > 0, (5.23)

by Lemmata 5.1 and 5.3, on making the trivial bound for g. Finally,
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by Holder’s inequality

J' g Fde « [ If f“dg]S/ss[ ” fagsdg_]m[ I I F“‘dg] 7
H o o A
2 2

« (PS)S/SB(PS)SIB(PSY—U)Z/'I

« PPy, for some T > 0, (5.24)
by Lemmata 5.1(iii), 5.2 and 5.4.

Then by (5.20)-(5.24), we have I(M) « P*5Y™" for some T > 0, and

hence
1(10,11%) = I(m) + I(M) ¢ P*°,
and
I(n) = I(M\R) + I(m) « P°oW " + p5°°
« PP,

This completes the proof of the lemma.

6. DEALING WITH THE PRUNED MAJOR ARCS.

When s = 14, from (2.33), (2.35) and Lemma 5.5, we have for some

o>0,
[[ s@s@n@ dx = [[ #@s@n@ da+ 0% . (6.1)
U i

-
We now obtain an asymptotic formula for the term

[[ #t@s@ne) da
R
in (6.1), and this will permit us to complete the proof of

Theorem 3.1.1. The treatment we give mostly follows familiar lines,
although the details are complicated by the nature and treatment of

the problem.

187



Lemma 6.1. Suppose that W < R. Then

[] stws@n@ ax = ) S(q)J"(q,P,W) + O(P"W'/10gP) ,  (6.2)
n q=H
where
54
S(q) = [ ma Si(q,a,b)] , (6.3)
a=1 b=1 b i=1
(a,b,q)=1
and
-1 -3 -1_-2
. q WP q WP h-4 s
J (q,P,W) = I ‘[ ' IT"\(E)] n VI(E)]dé- . (6.4)
-1 -3 -1 -2l 1= =m+h-3 -
-q WP -q WP

Proof: Recall the definitions (4.2), (4.6) and (4.7). Suppose

that 1 = a, =qgq=W (j=2,3), (aa,as,q) =1, and « € N(q,a). Then

by (2.34) and Lemma 4.5, for i = 1,...,m+h-4 we have
fla) - W(a,q,a) « L [1 + q'iw] « WP/logP , (6.5)
= 1= "= logP
and by Lemma 4.2, for i = m+h-3,...,s we have
Fl(g) - Vi(g,q,_g_) « W. (6.8)

Therefore, by (2.31), (2.34), (6.5) and (6.6), we have

m+h-4 s

“ l?(g)?(g)mg) - [ n v(xgq,2) ][ n v, (xgq.2) ]I da
i=1

n

{=m+h-3
s-1 WP s-1
< WP J‘J' da + paT5. P ” de:
n n
WZPs -2 -3
« ngﬁ (WP ).(WP )
= P°"% Wt/ 10gP .
Then,
m+h-4 s
J‘f F)F(0)H(a) da = ” [ n Wl(g.q.g)][ M Vltg.q.a)] dot
= = = 1=1 = f=m+h-3 = =
n n
s-5 4

+ O(P™ W /logP)
The result now follows by factorising out in the usual way, using

definitions (4.4) and (4.7).

This completes the proof of the lemma.
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Lemma 6.2. Let

© [ m+h-4 s
J =J J‘ [ m wl(g)] [ m vi(g)] dg (6.7)
-0 ¥ -0 i=1 n -

i=m+h-3

Then for s > 8, J converges absolutely, J « P*°, and

I/SPS-B.

J (g, P,W) - J « (g/W) (6.8)

Proof: By Lemma 4.6,
* 2, -n/3 3, -m/3 2 3,-h/3
T« B[ [ (1g 1P o181 PP ™R 1+ 18,1 PP+ 18,1 PP ™ Pag
-0 Y -0

By (2.15), n=3 and m = 5, so for s > 8 we have

-n/3 -n/3 -h/3

(1+18,1P%) (1+18,1P%) (1+lBalP2+IBSIP3)

-4/3 -4/3

= (1+I82IP2) (1+|33|P3)

We therefore obtain

J« PP.P 2. p3 = pos

, for any s > 8.
So the integral converges absolutely and J « Ps-s. Also, by (6.4),
and using the same argument as above, for s > 8 we have

J (g, P,W) - J « PP+ 1),

where
@ ® 2.-4/3 3,-4/3
I = J' J' (1+1B, 1P (1+18,1P) " Pag
ched o
and
® o ® 2. -4/3 3,-4/3
I = J J' (1+18,1P) ™ (14181 P) " "dB .
07 -1_-2 -
q WP
But
I« Pgn P
and

1/3P-2)

?

I, « P3((q/wW)

and this completes the proof of the lemma.
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Lemma 6.3. We have

g8-5

J = €P°° + 0(P*°/logP) ,

where € is a positive constant.

Proof: Making a change of variable in (4.3), we have
Y
v(B) = PI e(d (B.P)7° + c (B.P")) d
= ‘ 1 P 7 AL LA
1
and by making a change of variable in (4.6), we have

L
= p[t logP _ logy 2, 2 3, 3
w(B) = PL p( Togk * logR] e(d (B,P)y" + c (B.P)7y") dy .

1 .
By making a change of variable iIn (6.7), we deduce that

J = €(P).P*°, where €(P) is given by

[+ 4] -]
er = [ [ [ #q.eFe, + 6p8,) dy o
-0 V-0

B
where
m+h-4
P = 11 ol log(Pafl)/logR ),
f=1
and g = (71,...,78) , B is the box defined by §1<71<§1
(i=1,...,s), and where F and G are as defined by (3.1.2).

By (2.18) (see Lemma 2.2(ii)) the equations F(y) = G(y) =0
define an (s-2)-dimensional subspace ¥ of 3 which passes through the
point ('nl,...,'ns) in the interior of B. Further, the (s-2)-volume of
¥ is positive. Then applying Fourier’s integral formula twice to the

integral €(P), in the form

A
Lim I V(t).e(tw) do = V(0),
AL —> 0 Y-

we obtain €(P) = I P(y) d¥ = 0. But since R = P", we have
g =

p( log(Py)/logR ) = p(n" + m" ' logy /1logP)

p(n™h) + 0(1/10gP) .
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Thus, on noting that J' d¥ = u(#) > 0, we deduce that
L4 .

€(P)

(p(n~1y)m+h-t _[ d$ + 0(1/1ogP)
)

€ + 0(1/1logP) ,
with € a positive constant.

This completes the proof of the lemma.

Lemma 6.4. Suppose that (aa,as,q) = (bz,bs,r) = (q,r) = 1. Then,
Si( qr, ar + baq, ar + bsq ) = Si(q, a,, as) Sl(r’ba’bs) .
Proof: This is essentially Vaughan [1981b] Lemma 2.10, the presence

of the c, and di making no difference to the proof.

Lemma 6.5. The function S(q) is multiplicative.
Proof: This is essentially Vaughan [1981b] Lemma 2.11, combined

with Lemma 6.4.

Lemma 6.8. Suppose that s =z 12. Then
Zq"3|s(q)| « W
qs=W

Proof: By (6.3) and Lemma 4.1, we have

S(q) « (") %(a, )™ 3(b, )™
a=1 b=1

(a,b,q)=1
and further, by (2.15) we have m =5 and n=< 3. But for t = 1, by

14

using properties of the divisor function, we have

i (c,q)* = ) (qrd)d* « ¢***,
c=1 dlq
and for t < 1, we have

€

i (c,q)" = Z (grd)d* « g**.
c=1
dlg
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Hence

S(q) « (q—1/3+e)s[ i(a,q)s/a].[ i(b'q)]
a=1 b=1

<« q(B—s)/3+2sc.

Then for s = 12, we obtain for any € > O,
s(q) « q—usn’ (6.9)
and by using Lemma 6.5 to factorise into prime powers,

[+ 4]
unsls(q)l = [1 + z(pl)uals(pl)l]
q=W

pSH 1=1
s 1 (1 +cp°/p)
p=<W

for some constant C = C(s). But then

unsls(q)l « V.
q=W

This completes the proof of the lemma.

Lemma 6.7. Suppose that s = 12. Then for some o > 0 we have

Zs(q)J'(q, P,W) = J.6(W) + O(W°P*°) ,
q=W
where
6(W) = Zs(q) .
© a=w
Further, 6 = XS(q) converges absolutely, and 6(W) - 6 « W' for
=1

~some T > 0.
Proof: By Lemmata 6.2 and 6.6, we have

Zs(q)(J'(q,P,W) - J) « PPy Zq1/3|s(q)|
q=W qSW
g-5 -0

« PP W,

for some o > 0. Also, if s 2 12, we have by (6.9),

S(q) « q—4/3+e.
[+
Hence 6 = XS (q) is absolutely convergent, and 6 « 1. Further,
q=1
6eW) -6« Yqg i« W,
q>W

for some T > 0, and this completes the proof of the lemma.
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Combining the conclusions of Lemmata 6.1, 6.2, 6.3 and 6.7 with

(6.1), we deduce that for s = 14, provided that W = R, we have

R(P) = [[ #(@)8(#(@) du =

*

U

6eP°~° + o[Ps'S(w‘/logP + w"’)] ,
2

where o 1is a positive constant depending only on CpreeeaC,
dl,.'..,ds and 'nl,...,'n’s . By taking W to be a suitable power of

logP, we obtain

R(P) = 66P°° + o(P*5)

1

and hence Theorem 3.1.1 will follow provided we can show that 6 > 0.

For then R(P) » Pss —>w as P —> o, and hence there must be a

non-trivial rational solution to the equations (3.1.2)

For each prime p, define formally

e h
T(p) = Z S(p") .

h=0

Lemma 6.8. Suppose that s = 12. Then T(p) converges absolutely,
so does 11 T(p),

and 6 = [} T(p). Further, there is a positive number
P P v
D, depending at most on c¢,...,cC, d,...,d, such that
0 1 s 1 s
1 3
-é- < ET(p) < -2— .
PZp

Proof:

For s 2 12, by (6.9)

[
therefore z S(ph)
h=0

we have S(ph) « (p-yaﬂ)h. and

is absolutely convergent. So T(p) converges

absolutely.

The rest of the lemma is essentially Vaughan [1981b]
Theorem 2. 4.

Lemma 6.8. For each natural number q, we have

ZS(d) =g ® M (q).
dlq
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Proof: Recalling (2.7), this is only a slight modification of

Vaughan [1981b], Lemma 2. 12.

Given a rational prime p, put q = pt in Lemma 6.8. Then

provided that either this 1limit exists, or that in Lemma 6.8 exists.

-u(p).(s-2) >0

Then by (2.17), T(p) =z p and so by Lemma 6.8 we

have 6 > 0. In view of the above remarks, this completes the proof

of Theorem 3.1.1.
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PART Il

ON WARING’S PROBLEM.

Modified versions of Chapters 5 and 6 have been submitted for
publication, respectively to the London Mathematical Society and
Annals of Mathematics. The former is a paper joint with

Professor Vaughan.

175



CHAPTER 5.
ON WARING’S PROBLEM: SOME REFINEMENTS.

1. INTRODUCTION.

Let G(k) denote the least number s such that every sufficiently
large natural number ris the sum of at most s kth powers of natural
numbers. In this chapter we introduce a number of refinements to the
methods described in Vaughan [1988a,c]. In certain circumstances
they permit an wupper bound G(k) = H(k) to be replaced by
G(k) = H(k) - 1, with more substantial savings being possible for

k > 12. Thus we are able to establish:

Theorem 1.1. We have G(5) = 18 and G(86) = 28.

Table 1.1.

k 10 11 12 13 14 15 16 17 18 18 20

F(k)| 82 108 124 133 153 168 183 198 213 228 243

Theorem 1.2. When 10 = k = 20 we have G(k) = F(k), where F(k) is

given by Table 1.1.

These bounds may be compared with the upper bounds G(5) = 19,
G(6) =29, G(10) =93, G(11) = 109, G(12) = 125, G(13) = 141,
G(14) = 156, G(15) = 171, G(18) = 187, G(17) = 202, G(18) = 217,
G(19) = 232, G(20) = 248 of Theorems 1.1 and 1.7 of Vaughan [18989a].
We note that Briidern [1990] has also established G(5) = 18 by a

refinement of the arguments of Vaughan [1889a,c].
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We define

A(P,R) = { x = P : p prime, plx implies p = R} (1.1)
and when k is a positive integer, let Ss(P, R) denote the number of

solutions to the equation
ﬁh“+i=ﬁ+m+ﬁ (1.2)
with Xy, € A(P,R). The proof of Theorem 1.1 is motivated by the
observation that by simpﬂly combining the methods of
Vaughan [1989a,c], one can show that for each £ > 0, there is an

13+

m >0 such that SQ(P,P") « P 22+¢

(k=5) and S, (P,P") « P

14 €
(k = 6). Moreover the dominant contribution in these estimates
arises from the "major arcs". We therefore develop an argument based
on Jjust one more iteration of the method, but relative to minor arcs
only, similar to that contained in Vaughan [1989b]. This is embodied
in the following theorem.

k-2

Theorem 1.3. Let k=5, 8= (2%1)/(x.2¥%+1), and t = 2k-2.

Suppose that A and p are positive real numbers satisfying

p > 2t-2-k, A > 2t-k , (1.3)
p(1-0) + 1 + (2t-2)8 = A , (1.4)
and
A(1-8) + 1 + 2te < 2t+2-k , (1.5)

and that for each € > 0, there is an m > 0 such that

(1.8)

s (p,P") « P"°, s (P,P") « P,
t-1 £ t £
2t +2~-k+e

n
and St.n(P'P ) <, P
Then G(k) = 2t+2, provided only that when k is a power of 2 one has

2t+2 = 4k.

We note that the additional condition on t when k is a power of 2

is required only to guarantee the positivity of the "singular
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series”, and could be relaxed under a suitable local solubility
hypothesis.

With regard to Theorem 1.2, an Iinspection of the proof of
Theorem 1.7 of Vaughan [1983a] reveals that one of the kth powers in
the representation 1s present solely to facilitate the estimation of
the contribution from the "major arcs". To prove Theorem 1.2,
therefore, we develop a new treatment of the major arcs which makes
the extra kth power superfluous.

To describe the main conclusion of this analysis we shall require
some notation. Let

172 = ¢ = k/(k+1) ,
and
m={a: if geNand|qgo = P** thengq> P} ,

where | x| denotes Min |[x-y| . We suppose that the positive number
yelZ

o(k) has the property that for each € > 0, there is a set

q
n

£ = Eck c [1,P] n Z such that
card € >, P/logP
and the exponential sum

h(a) = z e(ax®)
xe®
satisfies

1-0+€

sup |h(a)| « P .
m

Theorem 1.4. Suppose that k = 3, t =z 2k+1,
A+ k<2t + ou,
and that for each € > O there is an n > 0 such that
s (p,P") « P™*.
t £
Then

G(k) = 2t+u .
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In establishing Theorem 1.2 through the use of Theorem 1.4, a
further improvement over the methods described in Vaughan [1989a,c]
is wrought by the use of estimates stemming from Vinogradov’s mean
value theorem. When k > 12, the use of such estimates proves more
effective than Weyl differencing in all but the initial phases of
the iteration process.

We give the proof of Theorem 1.3 in §§2-5, and in §6 the special
cases k = 5, 6 are considered, thereby establishing Theorem 1.1. We
then provide two "major arc" estimates in §§7 and 8, these enabling
us to prove Theorem 1.4 in §9. In §10 we describe the estimates
arising from Vinogradov’'s mean value theorem. Finally, in 8§11 we
combine the approaches of Vaughan [1983a,c] with the conclusions of

89 and §10 to deduce Theorem 1.2.

2. PRELIMINARIES TO THE PROOF OF THEOREM 1.3.

We shall prove Theorem 1.3 by wusing a variant of the
Hardy-Littlewood method. We suppose that £ is a sufficiently small
positive number, that =0 = 9(e,k) is a small positive number
depending at most on £ and k, that T = t(e,n,k) is a small positive
number depending at most on € 7% and k, and that n is sufficiently
large in terms of £, n and T.

Let

P=n'", o¢=2"", 6= (1-20)/(k+20) , and R = P". (2.1)
-Also, let M1’ cee ’Mzt be real numbers satisfying
P° = M s P, (2.2)
and write

0 =P, (2.3)
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For t, A and p satisfying the hypotheses of Theorem 1.3, we

consider the number r(n;ﬁ) = r(n; Mx""’”zt) of solutions to the
equation

k Kk k k k_k kK k _

X, + X, +py +py,t...+py, =n, (2.4)

with the primes P, satisfying

ps = -1 (mod k), Hs < ps = 2”3 . (2.5)
and with
X =P forr=1,2, y, € 4(QS,R) for s =1,...,2t . (2.86)
We shall show that
z X r(n; M) » n'327k - 1 . (2.7)
M N
1 2t

where the multiple sum is over all choices of Ms of the form
Mo=2"", (2.8)
and satisfying (2.2). Since P_ > R, each solution of (2.4) gives
rise to a unique representation of n as the sum of 2t+2 kth powers
of positive integers in the sense that the ordered (2t+2)-tuple
XX 0P YyseeosPy Y, is unique. Hence the verification of (2.7) is

sufficient to establish Theorem 1.3.

We henceforth assume that the Ms are of the form (2.8). Let

e(B) = eanm,. (2.9)
Fla) = Ze(axk) , (2.10)
xX=P
gs(a) = z elax®) R (2.11)
xed(Q ,R)
Hlg L) = Ze(axk) ) (2.12)
xX=L
Then
1
r(n;g) =I F(a)e(~an) de (2.13)
0
where
2 2t k
Fla) = Fla)™ [Zg (ap )] s (2.14)
s=1\ 5 s s

and the p_ satisfy (2.5).
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We shall require the inequalities contained in the following

lemma.

Lemma 2.1. We have
(i) A + 2(1-0)(1-8) + 8 < 2t + 2 - k,
(ii) A+ 1 -0+ ke <2t+2 -k,
(iii) A + 1 + (172 - 1/k)(1-0+k8) < 2t + 2 - Kk,
(iv) A + 4(1-0) < 2t + 4 - k.

Proof: Each inequality is deduced by repeated use of (1.5).
(i) We have

A+ 2(1-0)(1-8) + 8 = A(1-8) + 2t8 + (A-2t)6 + 2(1-0)(1-68) + 6

<2t + 1

k + (1-k)e/(1-0) + 2(1-0)(1-0) + 0

=2t +1

k - (1-20)/(1+40) + 2(1-0)(1-8) + ©
<2t +2 -k + o0 - 2(1-0c)e + @

and o -~ (1-20)6 < o - 1/(2k) < 0.

(ii) Similarly, we have

A+1-0c+ko<2t+2-k+ (1-k0)o/(1-8) - o

<2t +2 -k + 408 - ¢

and 46 < 1 for k = 5.

(iii) In a manner similar to (i), we have

A+ 14+ (172 - 1/k)(1-0+kB) < 2t + 2

k + (1-k)8/(1-0)
(172 - 1/k)(1 - o + kO©)

+

<2t+2 -k-1+ 30
+ (2-0) (172 - 1/k)

<2t + 2

k - 2/k + 30
and 30 < 2/k.
(iv) In a manner similar to (i), we have

A+ 4(1-0) <2t +5 - k - 40 + (1-k)e/(1-8) ,
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and

(-D(1-20) _ . A4o(i-20)
k= 1+ 40 - 2°Yg-i17a0

20 + 0(1 - 20) < 0

1 - 40

A

since k - 1 + 40 > 4.

This completes the proof of the lemma.

3. AUXILIARY INTEGRALS.

The following lemma is particularly wuseful, and may be compared

with the inequality S, (P,P") « P,

Lemma 3.1. Let

1
1, = [ 1] g, )1 ax
o r

where the summation is over all primes p satisfying
p = -1 (mod k), and Ms<p52Ms . (3.1)

Then we have
11 « PETe
Proof: For the sake of convenience, in the proof of this lemma we
write M for M, Q for Q_, and g for g_. Also, let H = PMx,
Let u be any positive integer with 1 = u =< t(2P)k, and consider

the number of solutions, Iz(u), to the equation

k_k Kk k _
PX, * ... +pXx =u, (3.2)
with the p_ satisfying (3.1), and X € 4(Q,R) forr =1,...,t.

Let R1(U) denote the number of solutions of (3.2) for which there
is an i € {1,...,t} such that for each j € {1,...,t} with j = i, we

have P, # pJ .
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Let Rz(u) denote the number of solutions of (3.2) such that for

each ie {1,...,t}, there is a j=#1i in {1,...,t} such that

= pJ .
Then plainly

Iz(u) = R1(U) + Rz(u) ,

and
2 2 2

Ia(U) « Ri(u) + Ra(u)
But then, by considering the underlying diophantine equations, we
deduce that

_ 2
= Z Lw«rI +1, (3.3)
u
where

_ 2 _ 2

= Z R (u)® and I, = Z R, ()",
u . u

We first consider I4. We have I4 « Z Is(s) , where Is(s) is the

2=t

number of solutions to the equation

k,_k k
p1(x1,1 ...+x1,r1) + ... +p (xs 1+...+x’s"_$)
= ptK( 0K 'k ke sk 'k
P; (xi,1 ...+x1,P ) + ...+ P, (Jlrs’1 +...+xs,r
1 s
with Toveeenl, integers satisfying ri 22 for each |, and
ro+...+r_ = t, and with the P and p; satisfying (3.1), and
xij,xijeA(Q,R) for i=1,...,s and j=1,...,rl. Then by
using the trivial inequality
lz,...z | = 1z "+ ... + |z ", (3.4)
1 m 1 m

we deduce, by considering the corresponding integral representation

of the number of solutions to this last equation, that

I(s) «z Z Z z j [ [Ig(ap)l + |g(ap"‘)|2‘]] do

« M5 J' lg(e) 12da .
(o]
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Thus, by considering the underlying diophantine equation, and

recalling (1.2) and (1.6), we have
I(s) « MtSt(Q, R) ¢ M'Q™° « P*, (3.5)
285t

since by (1.3) we have A > t.
We now consider 13 . We have I3 « Is , Wwhere I6 is the number of

solutions to the equation

k k_k kK .k _ _,k sk, k kK
X +PYy* e ¥R Y X YR Y e YR Ve
with the P, satisfying (3.1) and
= ’ I’ 7 -
(x,p,...p,_ ) = (x',p}...p, ) =1,
and x,x’ =< 2P ,
ys.y; € 4(Q,R) for s = 1,...,t-1.
Let
Fla;mL) = Z elax®) . (3.8)
xX=L
(x,m)=1
Then
1 t-1 X 2
I‘5 = J- [Z Z IF(a;pi...pt_l;ZP)l. m Ig(aps)|] do .
o*p p s=1

1 t-1

By Cauchy’s inequality and inequality (3.4), the integrand is

t-1
« Y. ¥ IFep...p_ 2P 1% 1 lglapt) 1®

t
Py Pia1 s=1
t-1 2 & Kk, ,2t-2
«M ) ... ) IFap...p,_32P)1% ¥ Iglapt) 172
Py Piaa ' s=1

Then, by considering the underlying diophantine equations, we have
1
I« i J Z | F(a; p; 2P) 121 gap®) 12472 da
orp
« ML, (3.7)

where I7 is the number of solutions to the equation

Jick-yk--’-pk(xl:—yk+...+xk -y

. - ), © (3.8)

with p satisfying (3.1),

1 =x,y=2P, (xy,p) =1,
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xj.yj € 4(Q,R) (j=1,...,t-1) .

By (1.6), the solutions with x = y contribute

pee

« PM.Q .
From (3.8) we have x* = yk (mod pk), so that since p = -1 (mod k)

and (xy,p) = 1, we have
{ x°= y% (mod p*) when k is even
y (mod pk) when k is odd.

When k is even we therefore have x = *y (mod pk). If x =y (mod pk),

X

then we may write h = (x-y)p * and z = x+y. If x = -y (mod p“), then
we may write h = (x+y)p_k and z = x-y. When k is odd only the first
of these cases arises.
In this way we see that the number of solutions with x # y is at
most 418, where I8 is the number of solutions to the equation
k k ko

®(z, h, p) =_2k(x: SVt v X -y

Y, (3.9)

with h = 4PM'k, Zz < 4P and p, xj, yj as before, and where we have
put

®(z,h,p) = p “((z+hp")* - (2-np")*) . (3.10)
Let

Fl(oc) = e(ad(z,h,m)) .

M<m=2M hgﬂi ZZQP

Then by considering the underlying diophantine equations, we have

2t-2

1
I« J Fl(a). lg(Zka)I da
)

Now F‘1 is as in Vaughan [1989a], definition (2.35), but with P

replaced by 2P, H by 4H, and R by 2. Therefore the argument of

Vaughan [1989a], Lemma 3.6 together with (1.6) now gives

pee -k/t

I « (PM + PHM(PM)™*°)Q"" + P*"'mMQ™*/*Q!*"1/¥)™*, (3.11)
But from the definition of O, we have
PHM(PM)™® < PM , (3.12)
and from (1.3) and (1.4), we have
PP %" « PR (3.13)
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Also,

- =1/t)2 t-3 ~k=-2
k/t+(1-1/t) )MZ‘ (2t-k-2)/t

(PHM.Q (1-1/t) (2t-k-1) )

= (P M P

« P (3.14)

since by (1.3), we have 2t-k-A < 0. We conclude from (3.7), and

A+KkTHE

(3.11)-(3.14) that Ie « P , and hence from (3.3) and (3.5) that

A+RT+E

I «P
1

This completes the proof of the lemma.

Lemma 3.2. Let
1 X 2t
J, = f [{ g, (ap )l] da |
o*p

where the summation is over all primes p satisfying

]

p = -1 (mod k) and ¥ < p=s2M .

Then we have
J « M P1+k-r+e.
1 s
Proof: Adopt the same notation as in the proof of Lemma 3.1. By
Cauchy’s inequality, we have

t
J1 « MJ2 , (3.15)

where

1 t
_ Ky, 2
Jz—_[[z Ig(ocp)l]doc.
We now observe that .J2 is the number of solutions of the equation
t
) P -y =0 (3.16)
i=1
with the P, satisfying (3.1), and X,y € A(Q,R).

Let J 3 denote the number of solutions of (3.16) for which there
is an i€ {1,...,t} such that for each j e {1,...,t} with j # I, we
have p # P, - Also, let J, denote the number of solutions of (3.186)
such that for each i € {1,...,t}, there is a j# i in {1,...,t} such

that p, = pJ . Then plainly

J2 = J3 + J4 . (3.17)
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By an argument akin to that used to estimate I4 in the proof of

Lemma 3.1, we have

1
J4 < Mtla'l‘, lg(e) Ietda & MtIZQMc < Pu.enk - 3t/2,
0

since A > 2t-k, and hence, as t = 2k-2, we deduce that
J, « MR (3.18)
Also, we have J3 <« J5 , wWhere J5 is the number of solutions of
the equation
xk-yk + p:(x:—y:) ...+ p:_l(x:_l-y:_l) =0
with the P satisfying (3.1) and
(xy,pl...pt_i) =1, x,y =<2P é.nd X,y € 4(Q,R) for i =1,...,t-1.
Then by an argument similar to that applied to I‘3 in the proof of
Lemma 3.1, we find that
J <« ML,
where I_, is as in the proof of Lemma 3.1. Thus, by (3.11)-(3.14), we
find that
Ml « P (3.19)
Collecting together (3.15), (3.17), (3.18) and (3.18) completes the

proof of the lemma.

4. THE MINOR ARCS.
We now introduce a suitable choice for the minor arcs m and

proceed to estimate

I(m) =J' 1%(a)] de .
m

Our plan is to follow the argument of Vaughan [19839b] §5, and to
attempt to convert the Integral over m to one in which we may apply

arguments similar to those used in the proof of Lemma 3.1. However,
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we have less room to spare than in Vaughan [1989b], and so in
general a more precise argument is required. We shall give most of

the details for the sake of completeness.

2
We write C, = k°3*. For p a rational prime, write d = p*, and
define
Gla; p) = }  e(2¥ad(z,h,p))
h=P/d hd<z=2P-hd
z=h(mod 2)

where ®(z,h,p) is defined as in (3.10). It transpires that G(e;p)
plays a fundamental réle in the treatment of the minor arcs. We
provide estimates for this sum for later use.
Let
M=P"*, Q=ru?, (4.1)
and when Ms satisfies (2.2), write
~k
H = PM "~ . (4.2)
s 8
Our first step is to simplify the ranges of summation In the

expression for G(ua;p). This we achieve by using a variant of the

argument of §5.2 of Vaughan [1981b].

Lemma 4.1. Let a and d be natural numbers satisfying 1 = a = d,
let U and V be real numbers satisfying 1 = Ud+a =V, and suppose

thataveCforISVSV.Then

U v
a « d logV sup a e(av)l .
u; ud+a a«a e [0,1] v; v
Proof: We have
u 1 v i)
Zaud+a = J [ Zave(ocv)] Z e(-alud+a)) dua
u=1 0 v=1 u=1
1 v

<]

(4]

Zave(ocv)l min{ U , ||md||'1 } da ,
v=1

and the lemma now follows.
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By applying Lemma 4.1, we deduce that

Y Glasp) « P F(a) , (4.3)
P
-]
where
F:(oc) = Z sup [T(e«,B,h,m)| , (4.4)
M<ms2M h3H B € [0,1]
8 8 B8
and

T(a, B, h,m) = ZZ e(2 ad(z,h,m) + Bz) .
Tl

Lemma 4.2. Suppose that a« is a real number in (0,1] with the
property that whenever a € Z, q € N, (a,q) =1 and |og-al = C;IPQ:,
then one has q > z-kP. Then we have

1-20+¢
H

*

IZG(a;ps)I « (PM)
P
s

where the summation is over P satisfying (2.5).
Proof: It is seen rather easily that we may treat F:(oc) by using
virtually the same refined differencing argument as is applied in

Vaughan [1989a], §8§2,3 to the exponential sum

Fl(a) = u<nZsm h;{ zZzpe(oab(z,h,m)) .

In order to convince ourselves of this, we shall require some
notation. Let A1 denote the forward difference operator
Al(f(x);h) = f(x+h) - f(x) ,

and define AJ recursively by

Aj+1(f(X);h1’ eee ’h_1+1) = A1(A3(f(X);h1' e ’hj);hj-l»l) .
We define
-k k
‘I’=‘I’ y 9oy H = A H ’ 90y
f J(z h h2 h_, m) m J(f(z) 2hm h2 h_;)

where f(z) = (z-hm")".
Now define the exponential sum F;(oc) by

Z sup IT,| ,

F;(oc) = Z
M<ms2d h3H h =2p B € [0,1]
s s s 2
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where

T =T (aB,hh,m = e(2¥a¥ + gh) ,
2 2 2 0<z$;?-h2 2 2

and define F:(oc) for j = 3 by

F‘(a) = z ‘ ; Z cee Z Tj N
J M <m=2M h3H h_=2P h =2P
-3 -3 s 2 §)

where
_ -x
T =T(a,hh,... h,n Z e(2™ar)
Zze3B
and B = ﬁ(hz, cen ,hj) is the set of z satisfying
0<252P-h2— -hj.

Then by combining HSlder’s Inequality with the standard Weyl
diffeerencing technique (see, for example, Lemma 2.3 of
Vaughan [1881b]), we deduce that for j = 2 we have

Fila) « PPZH M + Pl'w(ﬂsns)"”w:(a)|2’.
where we have written J = 2-". Here, the implicit constant may
depend on j.

Notice, in particular, that the differencing procedure eliminates
all dependency on the auxiliary variable B :E‘br J =2 3. Thus our
functions F;(a) are the same as Vaughan’s functions F j(oc) for j= 3
(see Vaughan [1989a], equation (2.35)), save that we have R = 2.

We therefore deduce that

Fla) « PPN + P02 )yt 18" ()1, (4.5)
1 8 S 8 s k-2

where by Lemmata 3.1 and 3.2 of Vaughan [1989a], we have
L ]
IF,_(a)|® = D(@)E(a) , (4.6)
and D(a) is an exponential sum which, whenever |a-a/qg| = q 2 and

(a,q) = 1, satisfies

k-1

P 'H

Dla) « P° + Pk'ZHs +q+ Q:Iaq-al , (4.7)

q+Q: lag-al

190



and E(a) is an exponential sum which, whenever M: s X = Q:M;k,

(a,q) =1, g = X, and la~a/q] = q X!, satisfies

P* 3y M?
8 8

(q+Q: lag-al)

+ P3| . (4.8)

£
E(e) « P 1/k 8 8

Suppose that a satisfies the conditions of the lemma. By
Dirichlet’s theorem we may choose a and q with (a,q) =1 and
q= CkP'IQ: so that leg-al = c;ipo;" . Then q > 2P, and by (4.5),
(4.6), (4.7) and (4.8), we have

Flla) « PSP B+ P20y g )P 7%y P70 1))

-20+¢

< (PM )} H
8 8

The lemma follows on noting (4.3) and (4.4).

Lemma 4.3. Suppose that (a,q) = 1, B = a-a/q, and

k k-2 k(k-1)

k(k-1)3qP Hs.z IBl =1 .
Then we have
PHsqu‘ ;‘::_':‘ + ¢
IZG(a;ps)I « X vaen T OHHA
P, (q+Q_lag-al)

Proof: We are able to use essentially the same Van der Corput
analysis for the sum in question as was used in Vaughan [198%a] for
the sum F 1(oc) defined in proof of the previous lemma. We write

Gla; ps) in the form

Z S(e,h,p) ,
h2Hsd s

where

S(a,h,m) = e(ad(z,h,m)) .

hd< zZZP-hd
z=h (mod 2)

It is the exponential sum S(«,h,m) to which we apply the Van der
Corput analysis, making a substitution of the form z = 2z’+a to
account for the parity condition in the summation over z. This leads

to a power of 2 appearing in our analysis, relative to that of
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Vaughan, which we have accounted for in the condition on |[B]| . The

summations over h and P, in IZG(a; ps)l cause no further
P
8

difficulties in the end-game analysis. The result now follows from

Lemma 3.5 of Vaughan [1989a].

We let m denote the set of real numbers o in

(c;‘P""Q"‘, 1+ 0;1P“°Q"‘] with the property that whenever a € Z,

qeN, (a,q) =1 and log - a| = c;‘r*"’o’k, then one has q > MP'™°.

Plainly, we have m ¢ (0,1). By (2.14) we have

2t
1F(a) | = 1 ] IF(a)""Ig (ap))]
s=1 p

and by (2.10), (2.12) and (3.6), we have
= . k-
F(a) = Fla;p ) + H(ap;P/p)) ,
where for the sake of brevity we have written F(a;ps) for F(o; pS;P).

Therefore, by Holder’s inequality we have

2t e K 2t 1/2t
Itm) = [f [ZlF(a)l Igs(ocps)l] doc] :

s=1 m »
ps

and
2t

2t
(L 1r1 g ei] e [ T 1F@ip) 1 g (a)1]
P P
) ) k 1/t k 2
+ [ T 1acastiprp ) 1M g et ]
p
8

Thus, by Holder’s inequality,

2t 172t
I(m) « [M”“I + J] (4.9)
s=1 s 8 s
where
1,=Y [ IF@p)Plg (e 1™ da, (4.10)
P, m
and
k 1/t k 2t
J = Im [; IH(aps;P/ps)l Igs(ups)l] do . (4.11)
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First consider the integral JS. Suppose that o« € m and
M <ps=2M, and choose b, r with (b,r) =1, 1srs= Q:°1, and
lap“r - b| = Q:_k. Then by Weyl’'s inequality (see Vaughan [1881b],
Lemma 2.4) and a standard major arc estimate (Vaughan [1981al,
Theorem 2), we have

H(ap*; P/p) « Q1% (4.12)

-k(1-0)

when r > Q:a or Iapkr - bl > Qs Moreover, when r = Q:° and

-k(1-0)

lap“r - bl = Q , we have by (2.1), (2.2) and (4.1),

rp* = sz:o”: < MP,
and

lap"r - bl = C.'P'7°Q7,

since for k = 5 we have k+1 < 2!, and hence Q:° s C;IPI'G . So in

this 1latter case there are a, q with (a,q) =1, q < Mk P1_° and
lag - al = C;lPl'aQ'k. This contradicts the definition of m, so we
may conclude that (4.12) holds wuniformly for all a € m and all

primes p with ¥ < p = 2Ms. Thus by (4.11), and Lemma 3.2, we have

J « QF%¥*2%y p
8 -3 8

A+kTHE

Hence, by Lemma 2.1(1),

2t+2-k-5
J « P

(4.13)
for some & > 0.

Now consider the integral Is. Let n denote the set of real
numbers « in (0,1] with the property that whenever a € Z, q € N,
(a,q) = 1 and |lag-al = C;lPl-aQ-k. then one has g > 27*P'™°, and put

n ={a: acen} .

c

For a given prime number p with Ms <ps= 21‘!B and p = -1 (mod k), we

write
d = p~
d-1
83 = Un ,
c=0
€d={a adede}



We use an argument of Vaughan [1888b] to show that m ¢ €d . Let
oem and choose ¢ so that 0 = c < ad = c+1 = d. Suppose that
ad ¢ 'ac . Since 0 < ad-c =1 there exist b, r with (b, r) =1,

1=<rs z'kPl'o, and

|(ad-c)r - bl = C'P'°Q".
Thus

ladr - (cr+b)| = C'P'°Q7",
and so there exist a, g with (a,q) =1, lag-al| = C:Pbao-k and
q=sdr s (21‘15)1‘1’1_"/2k = P'M*. This contradicts the definition of

m, and hence we conclude that m ¢ €d .

We therefore have

[ 1Faip) P1g () 1™ da = [ IF(a;p) 1Plg () 1Paa
m €d

and by a change of variables,

j IFle; p) 121 g (ad) |2de
g 8

d“f |F(B/d; p)1°1g_(B) 1% aB
B
d
-1
d-1

[ 1Feraip)1®1g (8)1% ap
c=0 U1
—19a! 2 2t
) IIF((a+c)/d;p)l lg_(a+c) |%da .
n

c=0

Thus
d-1
I IF(a;p)Izlgs(adllatda = I d?! Z |F((a+c)/d;p)|2|gs(oc)I2td¢x .
m . c=0

By (3.6) and the orthogonality of the additive characters e(cx/d)

modulo d, we have
_1d
d

]

-1
Y IF(a+c)za;p)1® = T ¥ elals* - yy/a)
=0 X y

where the double sum is over x, y with (xy,p) =1, x,y =P,

X = yk (mod d). Since d = pk and p = -1 (mod k) we  have
x° = y2 (mod d) if k is even, and otherwise x = y (mod d). Thus,
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adopting the notation of writing xr for r if k is odd, and for #r if

k is even, the double sum in question is at most

z Z e(ax*/d) ? = i 22
w=ar X3P r=1 w=xr

(r,p)=1 =w (mod d) x=w (mod d)

2

Z e(ocxk/d)
x=P

r=1

< A[P] + BRe Z elalx*~ y*)/d).
y<x=P
xZy (mod d)

We may make the substitutions h = (x - y)/d and z = x+y, and then

the last double sum becomes

Gla;p) = Z z e(z-koctb(z,h,p)) .
h<P/d hd<z<2P-hd
z=h(mod 2)

Therefore, by (4.10),

I =4 J' J ([P] + 2 Re Gla;p_))Ig_(a)|%* da
np

« M_PQ*C + jn Ig Glaip ). lg_ ()" da . (4.14)

We subdivide n into two sets fs and l's. We let fs denote the set
of real numbers « in n with the property that whenever a € Z, q € N,
(a,q) =1 and |ag - al = C;iPQ;k, then one has q > 2°%P. Plainly
? ¢cmn. We thenput! = n\f .

s 8 8
If x € fs, then by Lemma 4.2 we have

IZG(a;pB)I « (Pns)i‘z"“ns ) (4.15)
P

If ae [B, then o ¢ fs, and so there exist integers a and ¢
satisfying 1 s ¢ = 2P and (a,q) = 1 with |lag - a] = c:PQ;“. Then

since a € 1, either

I“q _ al > C;IPI-OQ-R’

or else

q> Z_kpl_a.
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We may therefore deduce from Lemma 4.3 that

1+¢ 1-0-kt,-1/(k-1)
|);G(a,ps)| « P'Y°H M (P )

s
1-20+¢

« (PM) H
8 -

since for k 2 5 we have (1-0)/(k-1) > 20(1+8) .
Then by (1.6) and (4.15), on recalling that n = fs v rs, we have

Ade

2t 1-20+¢
J'n IZ:G(a;ps)l. lg () 1% do « (PH) H.Q!

Then by (4.14),

1-20+¢ A+E

I « (PM + (PM) H)Q ,
8 8 -3 8 8
and so by (4.13) and the definition of 6, for some § > 0 we have

MZt-lI +J « P2t+2-k-5
8 s s :

We may then conclude from (4.9) that

J' |F(a)| do « PE2K2,
m

5. THE MAJOR ARCS.

Thus far, we have concluded that

2t+2-k-5)

r(n;g) = I(M) + O(P . (5.1)

for some & > 0, where I(M) is the contribution to

1 + C—1P1-O'Q—k

F(a)e(-an) do
C;i Pl-oQ-k
from the major arcs (C;1P1'°Q'k,1 + C;iPl-UQ'k]\m : that 1is, from
the union M of the intervals
M(q,a) = {a : lag-al = C]'P'7Q™}
with 1 = a=<gqgs=s P*°M and (a,q) = 1. We now obtain a suitable

estimate for this contribution, using ideas from Vaughan [1989a,b].
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Define V(a) on M by taking
Via) = q-ls(q,a)v(a—a/q) (¢ € M(q,a))
where

v(B) = Zk'lxllk'ie(Bx) ,
X=n

and

S(q,a) = ie(ark/q) .

r=1
Then if A(a) = F(a) - V(x), we have by Vaughan [1981al, Theorem 2
that

172 (o € M(q,a)) . (5.2)

Ala) « g°(q + Plag-al)
Hence, for a«eMm we have Ala) « P(P°M)Y2 Then by

Lemmata 2.1(1i) and 3.1, we have

jmlA(a)lz

2t
z gs(aP:) I da « P1-0+25Mk“ Pnk'ru:
P

8
<« P2t'+2-k-28, (5.3)

for some & > O.

Next, by appealing to Vaughan [1981b], Lemma 4.6, we obtain

-1/k

V(a) « P(q + P*lag-al) (¢ € M(q,a)),

and hence, by (5.2),

14¢, 1-04¢ 1/2 - 1/k
(P7*%)

V(a)A(a) « P (x € M(q,a)) .

Therefore, by Lemmata 2.1(iii) and 3.1, we have

a2t
f IV(a)A(oc)Il Zg (ocpk)l do « PHE(PrTotyK)1/2-1/kphekras
m P B8 8

8
2t +2-k~256
« P

(5.4)
for some & > 0. Thus, by using (5.1), (5.3), (5.4) and Hdlder’'s

inequality, we have

M

2t
Y rim) = J’ vin? [Z g (ap“)]e(-an)da + O(PP'%*?)  (5.5)
- m s=1%" N P, s 8

for some 8 > O.
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We are forced to hard prune the major arcs. Let W denote a
parameter to be chosen later, and let % denote the union of the
intervals

fi(q,a) = {« : lag-al = WP 5} ,
with (a,q) =1 and 1 s a s g s W . We assume that
1sWs Pl/z,
so that ¢ M . Let
D= Mn .
Then, by the methods of Vaughan [1981b] §4.4 (cf. Lemma 5.1 of
Vaughan [1989a]) it can be shown that there is a positive constant &
such that

J' Vi) 1¥2 da « PH*277°0. (5.8)
?

In addition, if we write
1
k=[ 1] Ve ™ da,
[o] Hs ps

then by considering the underlying diophantine equations, we have

1
4 k,,2t
K < jom(a;zpn .|§ §gs(aps)| do .

But now we may once again apply the Hardy-Littlewood method.

Def ine

B(q,a) = {« : Iqa - al = (2k)"IP'™%}

for 1=a=qg=P and (a,q) = 1, and define B to be the union of

these arcs, and w = ((2k)"'P'™,1 + (2k)"'P"*I\B . Then by Weyl's

—-O+E

inequality, we deduce that for « € w we have |H(«;2P)| « P .

Hence, by Lemma 3.1 we have

+ I |H(a;2P) | 2. IZ ng(ap:)lmda .
B M p

A-4044c _AekT42¢

K« P P

But from Vaughan [198Sal], Lemma 5.1 and an application of Hlder’s
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inequality, we deduce that

f 18Ca;2P) 1%.1] T glap®) | *aa
m "S ps

_2 t

[ |H(as 2P) |2 4 da ] [I 'Z Zg( 2+ ]t+2

2t¢4—k)2/(t+2) t/7(t+2)

« (P .K

2t+4-k

Then by Lemma 2.1(iv), we deduce that K « P Hence by Hélder’s

inequality and (5.6), we have
2 t

J lV(a) |'| [ ng(ap:)]l da « (Pt*Z‘kw"5)t+2.(p2t.+4-k)t+2
B

pareigr
for some v > O.

By the methods of Vaughan [1989a], §5, when W = logP, q = logP,
and (a,q) = 1, we have

ng(ozp:) = q‘ls(q, a)us(a—a/q) + 0[ '1%;}3(q+1’klaq"al )]
pS
and

1/k

u (8) « 7os(1+PB])"

where
1/k

o(k) logh_

. log(x
_ Min{ log(ZPx ", log2} k1K1
us(B) - Z X [ 1ogR

/M)
= _le(Bx)

x=(2P)

and p is Dickman’s function, defined by (4.4.5).
In particular, when x = 0, p(x) is positive and decreasing. Thus
if we take ¢ sufficiently small, and
= (logP)®,

then in the usual way we obtain

‘[ V(a) ﬂ [zg (ap )]e(-an)da = 6(n)J(n) + O(P at’z'k(logp)-at-v)

where 6(n) is the usual singular series in Waring’s problen,
w0
6(n) = ¥ i (g 's(q,a))
q=1 a=1
(a,q)=1

22,0 -an/q) ,

188



and

1 2t

Jn) = jv(mz[ nus(m]e(-sn) a8
0 s=1

and v is a positive constant. Now by hypothesis, 6 > O (see, for

example, Vaughan [1981bl, Theorem 4.6), and a simple counting

argument shows that

(2t+2-k) /k

J(n) » n (logn) ™2,

Thus

2t
Y rtmm =Y f Vi) { D (ap:)]e(-an)da + 0(P*** ™ (10gP)™)
¥ T E's S

2t+2-k
» n( Y7k

and this completes the proof of Theorem 1.3.

6. THE PROOF OF THEOREM 1.1.

The proof of Theorem 1.1 follows directly from Theofem 1.3 on
checking that the inequalities (1.3)-(1.6) hold. We use existing
methods of Vaughan [1989a,b] to provide values of As which, when R

is no larger than a small power of P, give bounds of the form

A +£
S_(P,R) « P s

For this purpose, the methods implicit in the inequalities (j1),
(J2) and (k-2) of §4 of Vaughan [1983a] are available to us. For
s =3 and 4 the estimates given by Theorem 1.4 of Vaughan [1989c]
(which we shall call method "*") are always superior to the
estimates given by Vaughan [18989a]. When s = 5, the second of the
estimates of Lemma 2.2 of Vaughan [19838c] (which we denote by "j-2",
where j is the parameter used in the method) sometimes leads to an

improvement over the methods of Vaughan [1989a].
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In Table 6.1 we list the optimal values of 7\8 for those s with
As > 2s~-k which arise from one of the above mentioned methods when
k=5 and 6. We also list the corresponding values of Bs used in
these methods, and in column j we list the method giving the optimal
choice of As. The‘ table of values was computed to 16 significant
figures by using an electronic computer, the final significant

figure being rounded up.

Table 6.1.

k| s J e As

5]1]83 * 0.0681285335 3.136258
4 * 0. 1055957693 4.438657
8 3 0.1516854796 5.978896
6 3 0. 1655871346 7.644740
7 |(k-2)]| 0.1707317074 9.388321
8 |(k-2)| 0.1707317074 | 11.175681

613 * 0.0454545455 3.080810
4 * 0.0833333334 4.333334
5 | 3-2 | 0.1204041621 5.774816
6 3 0. 1346926697 7.343917
7 4 0.1467086118 8. 027005
8 4 0.1510124478 | 10.777989
9 |(k-2)| 0.1546391753 | 12.585517
10 j(k-2)| 0.1546391753 | 14.422808
11 |(k-2)| 0.1546391753 | 16.285260
12 |(k-2)| 0.1546391753 | 18.168983
13 |(k-2)| 0.1546391753 | 20.070687

We now complete the proof of Theorem 1.1. Let:
t=t(k)={8 k=3
13 k=6
and
7/41 k=5
15/87 k=6 .
Then for k =5 or 6, we take u = Avq to be as given by Table 6.1.

9=9(k)={
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Then on noting that

At = At_l(l-e) + 1+ (2t-2)6 ,
the conditions of Theorem 1.3 are easily verified, and we conclude
that

G(k) = 2t+2 .

7. A MAJOR ARC ESTIMATE.

As our first step towards the proof of Theorem 1.4 we establish a
"major arc" estimate for g(a). We shall first require some notation.

We suppose that € is a sufficiently small positive number, and
that P is sufficiently large in terms of k and e. We shall use the
letter p to denote a rational prime. Implicit constants will depend

at most on k and e.

Lemma 7.1. Suppose that X > 0, J > 0, and 0 < @ < 1. Then

Z (1 + j¥)°° = 2°(1-e)" (1 + xn)~°.
2B

Proof: When 0 < X = J™!, the sum in question is bounded above by
J = 2°%7(1 + x1)°°,
and when J™! < X, it is bounded above by

X'°Zj'° < x°(1-9)71"° = 2°(1-e)"Yu(1 + X "°.
2

This completes the proof of the lemma.

Define

gla) = Z e(ax*) .
x € 4(P,R)

Also, for the sake of conciseness, write

£ = logP and 22 = loglogP .
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Lemma 7.2. Suppose that 2 s Rs M s P, |a - a/ql s M/(kq(2P)*R),

and (a,q) = 1. Then

-1/2k

gla) « sesq‘[P(q + Plag - al)"VZ + (PHRYY2 + q*P(R/M)

Proof: For each p = R, let
3p={v: M<v=Mp; plv; p’lv implies p = p’ =R} .
Then by Lemma 10.1 of Vaughan [1989a], we have

gla) = S0 + 0O(M)

where
_ : K Xk
So = ZR Z z elauv') .

P= ve‘Bp ued(P/v, p)

Let
w=4{22) : 1=0,1,2,..., j=-1,0,1,2,...,
2! < Rand 2™ < P} .

Then

Is,l s} s w@wn

(v,v) e W
where
SI(U.V) = Z | z e(av™) |
PR VSRV By p)

plv U<us2U

1/2 1/4 1/2]

Clearly card(W) « £°. Thus on choosing (U,V) € W so that s,(U,V) is

maximal, we obtain
gla) « M+ £5 (U, V) .
For future reference, note that
M=V < MR and 1/2 = U < P/V.
On noting that
1¢V Z p ! « V.loglogR ,
p2R

pZR vevsav
plv

we obtain by Cauchy’s inequality

2
Sl(U,V) « V.‘Ezs2
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where

s, = pz z | Z elas®v*)|?
R V<\|752V ued(P/v, p)
plv U<us2U
= Z z z Z e(apk(u: - u:)wk) . (7.4)
pP=R u1 u2 V/p<w=2V/p
uieA(P/V,p) uSP/(qu)
U<ui$2U wSP/(uzp)

For each p, u, u, under consideration we have
l.le - a/ql = p“(P/VY*M _ (p/R)(M/V)
kq(ZP)kR 2kq(2V/p)k_1

kluk - "

plu, 1

Thus, on writing
_ k. k _ K

D= (q,p (u2 ul)) ’

and

; _ ko kK .o r— ke K K
a —ap(u2 ul)/D,q q/D , « mp(u2 ui)

we have
la’ - a’/q’| = (2kq’ (2v/p)¥™H)™,

Hence, by Lemma 2.8 and Theorems 4.1 and 4.2 of Vaughan [1981b], the

innermost sum in the expression for Sz in (7.4) is

« (W/p).(g" + (v/p)¥larq -a’ |)VE 4+ gr 12 * ¢,

Hence, by (7.4) we have

S2 « RU2q1/2 + ¢

+ UV + S (7.5)
2 3
where

v(q, pk(u:-ul:) 1k

S =
3

pZR U<u <u_s2u p(g + Vk(u:-q:)laq-al 17k

By considering the cases plgq and plq separately and by bounding

u: - ul; in the denominator in terms of (uz—ul)Uk_l, we obtain
o2 V(gq, u:-u:)“k
83 < q 22 P % (7.8)

uca < s20 (g + UV (u-u )leg-al)
So by (7.1), and (7.3)-(7.6), we deduce that

gla) « M+ (L RG24 Zv® o £viq"%s )12 (7.7)
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where

k k,1/k
(q.uz-ul)
S =
4

0es <& s2u (q + Uk'in(uz—ul)Iaq—al)“k

On writing d = (q,u:-u:) , B = |a~a/q|l, and then putting m = (ul,uz)
and W, = ui/m (i =1,2), we obtain

S, = ; (d/q)? (1 + U“HV"m(wz-wl)B)-Vk .
diq

7k
-;zu U/m<u1<n252U/m
(HZ,H1)=1
dlmk(w;-w:)
For a given d and m let do = (d.mk) and let e, = d/do . Thus

1/k
s, = ;(d/q) ) S, (7.8)
diq d,e n<2U
0’0
de=d d |m
00 )
where
S = Z z (1 + U Wra(w -w 1) 1%,
5 2 1
U/m<w_<w_S2U/m
12
(wa,w1)=1
kK k
eol(wz-wl)
Now we put w= LA h = v,-w, ., e = (h,eo), :t'1 = eo/e1 and
J= h/e1 . Thus
s,= ) ) ) (1 + " W*nje g) V% (7.9)
5 1
ei,f1 jSU/me1 U/m<w=2U/m
£ =e_ (J,f.)=1 (W Je )=t
e)f1%% hf=

k k
eltil((w+1e1) - )

Suppose that nl(elfl,w). Then nl(fl.w) and 1r|w+je1 so m|w and 1t|je1
which is impossible. Thus (w, e1f1) = 1. Also,
kK _ k
(w+jel) = w (mod e1f1)'

Hence

e ((w+je )*~w*) = 0 (mod £)).
1 1 1
Choose w so that ww = 1 (mod fl) . Then

-k _
((1+je1w) - 1)/e1 = 0 (mod f1)
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and so
o=k _
(1+Je1w) = 1 (mod e1f1) .

The congruence yk = 1 (mod eifi) has at most v solutions, VAT A

say, with v « (elf 1)EM. Hence
1+ jewe=y, (mod e1f1)

for some i. Therefore y, = 1 (mod el) and

Jw = (yl--l)/e1 (mod f1) .
Moreover (j, f1) = 1, so there are at most v choices for w modulo f1'
and hence likewise for w. Thus the number of cholces for w in the

innermost sum in (7.9) is

/4
« (U/mf1 + 1)(e1f1) .

Hence

s «q* z (U/mfi)(l + Uk"lvkzzzjelﬁ)-uk + ¢%u/m .

5]
f = U/
eiieojs me1

By Lemma 7.1, we have

S, « gt z (U/mf ) (U/me ) (1 + Uk-lllkm(U/mei)elﬁ)-vk + ¢%Uu/m
e11‘1=e0
« g% (WPsne ) (1 + UV BYTNE + ¢ %u/m
Thus, by (7.8) we have
S, « q? Z (drq)’* z Uz(mzeo)-1(1+U|V 8) % + qUe .
diq d_,e 2U
0’0 N
.24 dolm
By writing d0 = dida' . .dk , Wwhere d1" con dk_1 are square-free, we

see that d1' . .dklm, whence
s, « ¢ P0 + UVR)TVE 4 que
Therefore, by (7.7) we deduce that

172
gla) « M + .‘E:;q“:[RUqul/2 + UV + Usz(q + UkaIaq—al)'Vk] .

On noting that U%(1 + UX)"'* is an increasing function of U, we
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deduce that

-1_1/2

172
gla) « M + q‘:es[npav a2 + PV + PP(q + P“laq—al)’"“] .

Therefore
gla) « q‘g"’[P(q + Plag-al)™V® 4 (pMR)2 + PM-1/2R1/2q1/4] ‘

This completes the proof of the lemma.

8. ANOTHER MAJOR ARC ESTIMATE.

Here we establish a further major arc estimate, useful on a
rather narrower set than the previous estimate. We shall first

require a few preliminary lemmata.

Lemma 8.1. Let

N(X) = Z X! and A (X,Y) = Z 1.
q *2x q
(% q)et yed(X,Y)
' a7= (y,q)=1
Then
u-1
A(X,Y) = X.N (X) + xj p' (u=v). N (Y) dv (X e N)
q q 0 q
A(X,Y) = A (X+,Y) (X ¢ N)
q q
where

u = (logX)/(logY)
and p is Dickman’s function, defined by (4.4.5).
Proof: Suppose that X ¢ N. Let R (X) = N (X) - ¢(q)/q . Then by
equation (1.15) of Fouvry and Tenenbaum [1990], we have
Aq(X,Y) = XI(X,Y),
where

0
I(X,Y) = I plu-v) dRq(Yv) )
-0
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By the definition of p, we have
u+ v (u-1)- v
16 = [ ar (M) + [ eww ar (")
q q
(u-1)- O-

and on integrating by parts we obtain

u-1
I(X,Y) = R (X) + p(u)glq)/q + J’ p’ (u-v)R (Y") dv
q 0 q

u-1
N (X) + J' p’ (u-vIN (Y") dv .
q 0 q

When X € N the result follows by one-sided continuity, and this

completes the proof of the lemma.

Lemma 8.2. Suppose that 0 =X=Y and vy : [X,Y] — R is
monotonic and differentiable on (X,Y), ¢’ is continuous on (X,Y),

and ¢’ (X+) and ¢y’ (Y-) exist. Then
Y
f./,(w)e(w“) dw « (19(X)] + (WY ). Min{ Y-X, ly17*} .
X

Proof: It suffices to show that when y > 0 we have

/k

Y
Jw(w)e(wk) dw « Clw(X)] + 1w ).y
X

/k

Moreover it suffices to treat the situation when X > 7'1 Now by

integrating by parts the integral on the left is

Y
[ o em]

21ti7kwk- ! X

Y
v [(1-1/k)w"‘w(w) - k'le-klli’(w)]e('arwk)/(Zniyl .
X

This completes the proof of the lemma.

Let
¥(X,Y;q,a) = Z 1. (8.1)

xed(X,Y)
x=a (mod q)
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Lemma 8.3. Let A be a real number with A > 0. There are absolute

constants c1 and c2 such that if
exp(cl(loglog(3+X))2) sY=sX,

g = (logV)*, and (a,q) = 1,
then
-1 172
¥(X,Y;q,a) = ¢(q) Aq(X,Y).(l + OA(exp(-cz(logY) ))) .
Proof: This is Theorem 5 of Fouvry and Tenenbaum [1890].
Lemma 8.4. Let
w(q,a) = i elar*/q) . (8.2)

r=1
(q,r)=1

= _ k-1 k-1
If (ql.qa) =1, then V(qué,a) = V(qi,aqé ).W(qz,aq1 ), and
~ further, if pla, then
w(pﬁ,a) « pf’z.

Proof: This follows from the proof of Lemma 8.5 of Hua [1965] .
We now prove the lemma alluded to at the start of this section.

Lemma 8.5. Suppose that R = P' with 0 < q < 1/2. Suppose also

that a and q are integers with (a,q) = 1 and q = (logP)A. Then

~1/k 172

gla) « q°P(q + P*lag-al) )(1 + PXla—a/ql)

+ P. exp(—cs(logP)
where c, may depend on m and A, and the implicit constant may depend
onmn, € and A.

Proof: For brevity we write B = a-a/q . Then

d
gla) = z: Y e((g/d)* 't*a/d). ¥(Pd/q,R; d, t, B(q/d)¥)
dligq t=1
q/d € 4(P,R) v
where
¥(Q,R;d, t,7) = ) elym) .
med(Q, R)
=t (mod d)
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Write Q = Pd/q and ¥ = B(q/d)*. Then by (8.1) we have

Q
¥(Q,R;d, t,7) = e(Q").%(Q,R;d, t) - jz::mx““e(zx")qz(x,}z;a,t) dx
0

and so by Lemma 8.3, when Q = PU2 we have
¢(d)¥(Q,R;d, t,y) = Md + &,
where

Q
M, = e(3Q"). A (QR) - fzniykx“‘lecyx“md(x,k) dx
[¢]

and

& « Q1 + lewllexp(-c;(logo)l,z) .

The main term A% is independent of t. Thus, by (8.2),

gla) = ; wtd,a(q/d)“">.md/¢(a)
diq

q/d € 4(P,R)

1/2))

+ 0(P(1+PkIBI)eXp(-c5(logP) (8.3)

Moreover, by Lemma 8.1, we have

M = e(zro“)[QN (Q) + Qr, P [logQ _ V]N (R")dv
d d —w 1LIO8R d

Q ©
- j zmkx““e(wx“)[x. Noo +x[ e [l°g" - v]udm")dv] ax
(o} -0

logR
where
0 forw=1
pl(w) =
-p(w-1)/w forw> 1.
Thus
M =N -N_ + ¥ (8.4)
d 1 2 3
where
_ k
¥, = e(zQ))0N,(Q) ,
Q -1
K, = J'zm;kxk e(X)XN (X) ax ,
o
and
% v k logQ
K, = Jl_mNd(R )[e(wQ )ep, [logR - v]

Q
_ k-1 logX _
J'ozniykx e(7;x"))qo1 [logR v] dX] dv .
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Since N;(X) = ¢(d)/d + O(dﬁfql, we have

Q
N =¥ = d'1¢(d)_[ e(¥x5) dx + 0(d(1 + QI71)) ,
(o]

and by Lemma 8.2 we find that
N - K, <1+ Al V* + a1 + &lal) . (8.5)

Now consider the integral

J 21[17ka 1e(zrxk ) Xp [logX V] ax .

1|logR

v+l

When X < R the integrand is zero. Thus the integral is zero when

Q < R™!, and when Q = R"™*! it is

Q
J(Q,R) = I 21:17ka e(ka)Xp (logx v] dax .

v+l gR
R
Let
0 w=1
pz(w) =J w? <ws=2
p(w-2) _ p(w-1) .
w(w-1) W2

Then on integrating this last integral by parts we obtain

J(Q,R) = [e(yx*)xPl[iggﬁ - v]]:u+ ACE
where
/VQ(V) = Jiﬂ e(¥x") [p1 [iggi - v] + (logR)'ipaﬁggﬁ - v]] dx .
+
Thus<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>