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ABSTRACT.
T h i s  t h e s i s  i s  d i v i d e d  i n t o  t h r e e  p a r t s .

I n  P a r t  I  w e  c o n s i d e r  t h e  n o n - t r i v i a l  s o l u b i l i t y  i n  p - a d i c

i n t e g e r s  o f  a  p a i r  o f  a d d i t i v e  e q u a t i o n s  o f  d e g r e e s  k  >  n  >  1 :

f ( x )  =  a  x k  +=  l i . . .  +  a  x k  =  0s  s
* * ( * )

g ( x )  =  b ^ x *  + . . .  +  b  x n  =  0s  s  J

w h e r e  t h e c o e f f i c i e n t s  a  , l . . . ,  a  , a n d  b  , . . . ,  b  a r es  I s r a t i o n a l

i n t e g e r s . I t  a p p e a r s  t h a t t h e  s i t u a t i o n w i t h  k  *  n h a s  n o t

p r e v i o u s l y  b e e n  i n v e s t i g a t e d .  W e d e v e l o p  m e t h o d s  i n v o l v i n g  

p - n o r m a l i s a t i o n  p r o c e d u r e s  a n d  e x p o n e n t i a l  s u m s  w h i c h  e n a b l e  u s  t o  

s h o w :

( i )  w h e n  k  =  3 ,  n  =  2 ,  a n d  s  ^  1 1 ,  t h e  e q u a t i o n s  ( * )  h a v e  a

n o n - t r i v i a l  s o l u t i o n  i n  p - a d i c  i n t e g e r s  f o r  e v e r y  r a t i o n a l  p r i m e  p .  

A n  e x a m p l e  s h o w s  t h a t  t h i s  r e s u l t  i s  b e s t  p o s s i b l e .

( i i )  i f  s  >  2 ( k + n )  a n d  p  >  k  n  , t h e n  t h e  e q u a t i o n s  ( * )  h a v e  a

n o n - t r i v i a l  s o l u t i o n  i n  p - a d i c  i n t e g e r s .  T h e  c o n d i t i o n  o n  s  i s  b e s t

p o s s i b l e .

I n  P a r t  I I  w e  c o n s i d e r  t h e  n o n - t r i v i a l  s o l u b i l i t y  o f  t h e

e q u a t i o n s  ( * )  i n  r a t i o n a l  i n t e g e r s .  W e s h o w  t h a t  w h e n  k  -  3 ,  n  =  2  

a n d  s  ^  1 4 ,  t h e n  s u b j e c t  t o  c e r t a i n  n a t u r a l  c o n d i t i o n s  o n  a  , . . . , a  , 

b  , . . . , b  , t h e  e q u a t i o n s  ( * )  h a v e  a  n o n - t r i v i a l  r a t i o n a l  s o l u t i o n .1 s
T o  p r o v e  t h i s  r e s u l t ,  w e  f i r s t  g e n e r a l i s e  V a u g h a n ’ s  i t e r a t i v e  m e t h o d  

t o  t h e  c a s e  o f  s i m u l t a n e o u s  e q u a t i o n s ,  a n d  t h e n  u s e  a  v a r i a n t  o f  t h e  

H a r d y - L i t t l e w o o d  m e t h o d ,  s u b j e c t  t o  c o m p l i c a t i o n s .

I n  P a r t  I I I  w e  i n v e s t i g a t e  W a r i n g ’ s  P r o b l e m .  L e t  G ( k )  d e n o t e  t h e  

s m a l l e s t  n u m b e r  s  s u c h  t h a t  e v e r y  s u f f i c i e n t l y  l a r g e  n a t u r a l  n u m b e r  

n  i s  t h e  s u m  o f  a t  m o s t  s  k t h  p o w e r s  o f  n a t u r a l  n u m b e r s .  W e b e g i n  b y  

s h o w i n g  t h a t  c e r t a i n  t e c h n i c a l  r e f i n e m e n t s  o f  V a u g h a n ’ s  n e w
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i t e r a t i v e  m e t h o d  p e r m i t ,  i n  c e r t a i n  c i r c u m s t a n c e s ,  a n  u p p e r  b o u n d

G ( k )  ^  H { k )  t o  b e  r e p l a c e d  b y  G ( k )  ^  H i k ) - 1 ,  w i t h  f u r t h e r  s a v i n g s

p o s s i b l e  f o r  k  >  1 2 .  W e t h e n  d e s c r i b e  a  n e w  m e t h o d  w h i c h  e x t e n d s  t h e

i d e a s  o f  V a u g h a n ’ s  i t e r a t i v e  m e t h o d .  T h i s  p e r m i t s  u s  t o  i m p r o v e

s u b s t a n t i a l l y  a l l  p r e v i o u s  u p p e r  b o u n d s  f o r  G ( k )  w h e n  k  £  6 .  I n

p a r t i c u l a r ,  V i n o g r a d o v ’ s  u p p e r  b o u n d

G ( k )  <  ( 2 + o ( l )  ) k l o g k  a s  k  — » co ,

d a t i n g  f r o m  1 9 5 9 ,  i s  r e p l a c e d  b y

G ( k )  <  ( l + o ( l )  ) k l o g k  a s  k  — » «  .

3



n a i r r e s  p e v  K i X u c c q  k o c k o l  * a v e p c g ;  * e v  S c  K t A i £ u >  

c i 5  ’ a j c c d o g  K t v v p T } ^ ,  koll  K c w p -Q t^  S c  K i A i £ .

D e m o d o c u s .
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NOTATION.
T h e  n o t a t i o n  t h r o u g h o u t  t h i s  t h e s i s  i s  c o n s i s t e n t  w i t h  t h a t  i n  

c u r r e n t  u s e  b y  a n a l y t i c  n u m b e r  t h e o r i s t s ,  u n l e s s  o t h e r w i s e  s t a t e d .  

W e l i s t  b e l o w  t h e  n o t a t i o n a l  c o n v e n i e n c e s  m o s t  c o m m o n l y  a d o p t e d  i n  

t h i s  t h e s i s :

e ( a )  d e n o t e s  e 2 w ia ,

| • | d e n o t e s  t h e  u s u a l  p - a d i c  v a l u a t i o n ,  n o r m a l i s e d  w i t h
p

ipip = p_1>
«  a n d  »  r e f e r  t o  V i n o g r a d o v ’ s  w e l l - k n o w n  n o t a t i o n ,  s o  t h a t  w e  

w r i t e  f  «  g  t o  m e a n  f  =  0 ( g ) ,

p  II n  i s  u s e d  t o  d e n o t e  t h a t  p  | n  b u t  p  f n ,

[ x ]  d e n o t e s  t h e  i n t e g e r  p a r t  o f  t h e  r e a l  v a r i a b l e  x ,

| | x | |  i s  u s e d  t o  d e n o t e  M i n  {  \ x - y \  > .
y  €  Z

W e a l s o  m a k e  e x t e n s i v e  u s e  o f  v e c t o r  n o t a t i o n  f o r  b r e v i t y .  F o r  

e x a m p l e ,  ( c j ...............c ^ )  i s  a b b r e v i a t e d  t o  c  .

F o r  t h e  s a k e  o f  c o n c i s e n e s s  w e  a d o p t  a  l o c a l i s e d  a p p r o a c h  t o  t h e  

l a b e l l i n g  o f  r e s u l t s  a n d  e q u a t i o n s .  T h u s ,  f o r  e x a m p l e ,  t h e  n a m e  o f  

t h e  n t h  l e m m a  o f  s e c t i o n  m  o f  t h e  p t h  c h a p t e r ,  w h e n  r e f e r r i n g  f r o m  

t h e  q r t h  c h a p t e r ,  i s :

" L e m m a  p . m . n "  o r  " L e m m a  m . n  o f  C h a p t e r  p "  i f  q  *  p ,

" L e m m a  m . n "  i f  q  =  p .

T h i s  a p p r o a c h  i s  b r i e f ,  a n d  c a u s e s  n o  c o n f u s i o n .
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CHAPTER 0.
INTRODUCTION AND HISTORICAL SURVEY.

1. DIOPHANTINE EQUATIONS, AND ARTIN'S CONJECTURE.
W h e n  h e  p r o p o s e d  h i s  l i s t  o f  p r o b l e m s  f o r  t h e  t w e n t i e t h  c e n t u r y  

a t  t h e  1 9 0 0  I n t e r n a t i o n a l  C o n g r e s s ,  H i l b e r t  a s k e d  f o r  a  m e t h o d  f o r  

d e c i d i n g  w h e t h e r  o r  n o t  a n  a r b i t r a r y  d i o p h a n t i n e  e q u a t i o n  h a s  a  

s o l u t i o n  ( H i l b e r t ’ s  t e n t h  p r o b l e m ) .  T h a t  i s ,  d o e s  a  u n i v e r s a l  

a l g o r i t h m  e x i s t  w h i c h  d e c i d e s ,  g i v e n  a  p o l y n o m i a l  f  =  f ( x  , . . . , x  )1 n
w i t h  i n t e g e r  c o e f f i c i e n t s ,  w h e t h e r  o r  n o t  t h e  e q u a t i o n  f  =  0  i s  

s o l u b l e  i n  i n t e g e r s  x  , . . . , x  . M a t i j a s e v i d  [ 1 9 7 0 ,  1 9 7 1 ]  c o m p l e t e d1 n
t h e  s o l u t i o n  o f  H i l b e r t ’ s  t e n t h  p r o b l e m  -------- i n  t h e  n e g a t i v e .  D e s p i t e

t h i s  n e g a t i v e  r e s o l u t i o n  o f  t h e  o r i g i n a l  p r o b l e m ,  t h e r e  r e m a i n s  

a c t i v e  i n t e r e s t  i n  d e v e l o p i n g  m e t h o d s  f o r  e s t a b l i s h i n g  t h e  

s o l u b i l i t y  o f  c e r t a i n  r e s t r i c t e d  c l a s s e s  o f  e q u a t i o n s .  I n t e r e s t  h a s  

f o c u s e d  o n  t w o  a r e a s :

( i )  L e t  F ( x ,  y )  d e n o t e  a  p o l y n o m i a l  w i t h  i n t e g e r  c o e f f i c i e n t s  

i n  t h e  t w o  v a r i a b l e s  x  a n d  y ,  a n d  l e t  m  b e  s o m e  i n t e g e r .  

U n d e r  c e r t a i n  c i r c u m s t a n c e s  i t  i s  p o s s i b l e  t o  d e c i d e  w h e t h e r  

o r  n o t  t h e  e q u a t i o n  F i x ,  y )  =  m  h a s  o n l y  f i n i t e l y  m a n y  

s o l u t i o n s  i n  i n t e g e r s .  I n  a d d i t i o n ,  i f  t h e  e q u a t i o n  h a s  o n l y  

f i n i t e l y  m a n y  s o l u t i o n s ,  i t  c a n  f r e q u e n t l y  b e  s h o w n  t h a t  i t  

h a s  " v e r y  f e w "  s o l u t i o n s  ( s e e  A . B a k e r  [ 1 9 7 5 ] ,  C h a p t e r  4 ) .

( i i )  L e t  G  =  G i x ^ , . . . ,  x ^ )  d e n o t e  a  h o m o g e n e o u s  p o l y n o m i a l  

w i t h  i n t e g e r  c o e f f i c i e n t s  i n  t h e  v a r i a b l e s  x  , , x  . U n d e r1 n
c e r t a i n  c i r c u m s t a n c e s  i t  c a n  b e  s h o w n  t h a t  w h e n  n  i s  

s u f f i c i e n t l y  l a r g e ,  t h e  e q u a t i o n  G  =  0  h a s  a  n o n - t r i v i a l
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s o l u t i o n  i n  i n t e g e r s  ( t h a t  i s ,  a  s o l u t i o n  w i t h  n o t  a l l  t h e  

x ^  z e r o ) .  W h e n  a  s o l u t i o n  i s  k n o w n  t o  e x i s t ,  i t  c a n  

f r e q u e n t l y  b e  s h o w n  t h a t  " m a n y "  s o l u t i o n s  e x i s t .

W e s h a l l  c o n s i d e r  o n l y  t h e  s e c o n d  o f  t h e s e  a r e a s  ( t h e  f i r s t  m o r e  

p r o p e r l y  b e l o n g s  t o  t r a n s c e n d e n t a l  o r  a l g e b r a i c  n u m b e r  t h e o r y ) .

C o n s i d e r  a  h o m o g e n e o u s  p o l y n o m i a l  G  =  G ( x ..................x  )  o f  d e g r e e  k

w i t h  i n t e g e r  c o e f f i c i e n t s .  I t  i s  p l a i n  t h a t  i f  t h e  d i o p h a n t i n e  

e q u a t i o n

G ( x ...............x  ) — 0  ( 0 . 1 )l  n
i s  t o  b e  s o l u b l e  n o n - t r i v i a l l y  i n  r a t i o n a l  i n t e g e r s ,  t h e n

n e c e s s a r i l y ,

( i )  t h e  e q u a t i o n  G  -  0  m u s t  b e  s o l u b l e  n o n - t r i v i a l l y  o v e r  IR,

( i i )  f o r  e v e r y  r a t i o n a l  p r i m e  p ,  t h e  e q u a t i o n  G  -  0  m u s t  b e  s o l u b l e  

n o n - t r i v i a l l y  o v e r  t h e  p - a d i c  f i e l d  Q . E q u i v a l e n t l y ,  f o r  e v e r y
p

r a t i o n a l  p r i m e  p ,  t h e  c o n g r u e n c e

G ( x  , . . .  , x  ) s  0  ( m o d  p n )1 n

m u s t  b e  s o l u b l e  f o r  e a c h  n a t u r a l  n u m b e r  n  w i t h  o n e  a t  l e a s t  o f  t h e  

x t  c o p r i m e  w i t h  p .

C o n d i t i o n s  ( i )  a n d  ( i i )  a r e  k n o w n  c o l l e c t i v e l y  a s  t h e  l o c a l  

s o l u b i l i t y  c o n d i t i o n s .  I f  t h e  e q u a t i o n  ( 0 . 1 )  i s  s o l u b l e

n o n - t r i v i a l l y  i n  r a t i o n a l  i n t e g e r s ,  t h e n  i t  i s  s a i d  t o  s a t i s f y  t h e  

g l o b a l  s o l u b i l i t y  c o n d i t i o n .  U n d e r  m a n y  c i r c u m s t a n c e s  w e  w o u l d  

e x p e c t  l o c a l  s o l u b i l i t y  t o  b e  a  s u f f i c i e n t  c o n d i t i o n  f o r  g l o b a l  

s o l u b i l i t y  ( a  g e n e r a l i s e d  H a s s e  p r i n c i p l e ) ,  b u t  e v e n  t h e  g l o b a l  

s o l u b i l i t y  o f  c u b i c  e q u a t i o n s  i s  n o t  y e t  f u l l y  u n d e r s t o o d .

I n  1 9 3 6  A r t i n  c o n j e c t u r e d  ( s e e  A r t i n  [ 1 9 6 5 ] ,  p .  x )  t h a t  i f  n  >  k Z 

t h e n  e v e r y  h o m o g e n e o u s  p o l y n o m i a l  o f  d e g r e e  k > 0  i n  Q [ x , . . . , x ]p i  n

h a s  a  n o n - t r i v i a l  z e r o  i n  Cl . F o r  m a n y  y e a r s ,  a l l  w o r k  d o n e  o n  t h i s
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p r o b l e m  a p p e a r e d  t o  s u p p o r t  t h i s  c o n j e c t u r e .  I n t e r e s t  w a s  g e n e r a t e d  

i n  r e s t r i c t i o n s  o f  t h e  p r o b l e m ,  a n d  i t  w a s  p r o b a b l y  A r t i n *  s  

c o n j e c t u r e ,  a t  l e a s t  i n  p a r t ,  t h a t  p r o m p t e d  D a v e n p o r t  a n d  L e w i s  t o  

w o r k  o n  a d d i t i v e  e q u a t i o n s  i n  t h e  s i x t i e s .  T h e  o r i g i n a l  c o n j e c t u r e  

h a s  b e e n  s h o w n  t o  b e  f a l s e  b y  T e r j a n i a n  [ 1 9 6 6 ] ,  w h o  e x h i b i t e d  a  

c o u n t e r - e x a m p l e  o f  d e g r e e  4  i n  1 8  v a r i a b l e s  o v e r  C K  I n d e e d ,  t h e  

c o n j e c t u r e  i s  n o t  J u s t  f a l s e ,  b u t  " v e r y  f a l s e " ,  f o r  A r k h i p o v  a n d  

K a r a t s u b a  [ 1 9 8 1 ]  h a v e  s h o w n  t h a t  t h e r e  a r e  a r b i t r a r i l y  l a r g e  v a l u e s  

o f  r ,  a n d  h o m o g e n e o u s  p o l y n o m i a l s  o f  d e g r e e  k  -  k ( r )  i n  a t  l e a s t  

k r + l  v a r i a b l e s ,  w h i c h  p o s s e s s  n o  n o n - t r i v i a l  s o l u t i o n  o v e r  ID f o r
p

s o m e  r a t i o n a l  p r i m e  p .  A l t h o u g h  n o w  t h o r o u g h l y  d i s c r e d i t e d  f o r  

g e n e r a l  p o l y n o m i a l s ,  t h e  A r t i n  c o n j e c t u r e ,  n o w  r e i n c a r n a t e d  a s  t h e  

" A r t i n  q u e s t i o n " ,  g a i n s  s o m e  c r e d i b i l i t y  f r o m  t h e  r e s t r i c t e d  p r o b l e m  

o f  a d d i t i v e  e q u a t i o n s .

2. P-ADIC SOLUBILITY OF ADDITIVE EQUATIONS.
L e t  c  ( 1  £  i  £  t f 1 *  j  s  s )  b e  r a t i o n a l  i n t e g e r s ,  a n d  k ^

( 1  £  i  £  t )  b e  n a t u r a l  n u m b e r s .  C o n s i d e r  t h e  s i m u l t a n e o u s

d i o p h a n t i n e  e q u a t i o n s

k  k
F  ( x )  =  c  x  1 +  . . .  +  c  x  1 =  0i  =  11 1 i s  s

T h e  A r t i n  q u e s t i o n  f o r  t h i s  s y s t e m  

w h e t h e r  o r  n o t ,  f o r  e a c h  r a t i o n a l  

e q u a t i o n s  ( 0 . 2 )  a r e  n o n - t r i v i a l l y  s o l u b l e
ts  >

1=1

(1 s  i  ss t )  . ( 0 . 2 )

o f  a d d i t i v e  e q u a t i o n s  a s k s  

p r i m e  p ,  t h e  s i m u l t a n e o u s  

o v e r  (D w h e n e v e r
p

D a v e n p o r t  a n d  L e w i s  [ 1 9 6 3 ]  w e r e  a b l e  t o  a n s w e r  t h e  A r t i n  q u e s t i o n  

i n  t h e  a f f i r m a t i v e  f o r  s i n g l e  a d d i t i v e  e q u a t i o n s  ( t h e  c a s e  t  =  1 ) ,
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a n d  w e n t  o n  t o  c o n s i d e r  s i m u l t a n e o u s  a d d i t i v e  e q u a t i o n s  ( t  >  1 ) .  F o r  

p a i r s  o f  e q u a t i o n s  w i t h  k  =  =  k ,  D a v e n p o r t  a n d  L e w i s  [ 1 9 6 7 ]  w e r e

a b l e  t o  a n s w e r  t h e  A r t i n  q u e s t i o n  i n  t h e  a f f i r m a t i v e  o n l y  f o r  o d d  k ,  

w h i l s t  f o r  e v e n  k  t h e y  s h o w e d  t h a t  f o r  e a c h  r a t i o n a l  p r i m e  p ,  t h e  

e q u a t i o n s  ( 0 . 2 )  a r e  s o l u b l e  n o n - t r i v i a l l y  w h e n e v e r  s  s t  I k  . [ W h e n  

t h e  p o w e r s  a r e  a l l  e q u a l ,  s a y  t o  k ,  t h e  g e n e r a l  c a s e  w i t h  t

e q u a t i o n s  g i v e s  s o m e w h a t  w e a k e r  r e s u l t s ,  a n d  t h e  b e s t  r e s u l t s  

c u r r e n t l y  a v a i l a b l e ,  d u e  t o  L o w ,  P i t m a n  a n d  W o l f f  [ 1 9 8 8 ] ,  r e q u i r e  a t  

l e a s t  [ 2 1 k l o g k  +  1 ]  v a r i a b l e s  w h e n  k  i s  l a r g e  a n d  o d d ,  a n d  

[ 4 8 t k 3 l o g ( 3 t k 2 ) ]  w h e n  k  *  3 .  ]

I n  a n  e a r l i e r  p a p e r ,  D a v e n p o r t  a n d  L e w i s  [ 1 9 6 6 ]  c o n s i d e r e d  t h e  

l o c a l  a n d  g l o b a l  s o l u b i l i t y  o f  p a i r s  o f  a d d i t i v e  c u b i c s .  I n  

p a r t i c u l a r ,  t h e y  w e r e  a b l e  t o  s h o w  t h a t  w h e n  s  s  1 6 ,  t  -  2  a n d

k  =  k g  =  3 ,  t h e n  f o r  e a c h  r a t i o n a l  p r i m e  p ,  t h e  e q u a t i o n s  ( 0 . 2 )

h a v e  a  n o n - t r i v i a l  p - a d i c  s o l u t i o n .  F u r t h e r ,  t h e y  w e r e  a b l e  t o  f i n d  

a n  e x a m p l e  i n  1 5  v a r i a b l e s  p o s s e s s i n g  n o  n o n - t r i v i a l  7 - a d i c

s o l u t i o n .  S o  t h i s  r e s u l t  o f  D a v e n p o r t  a n d  L e w i s  i s  i n  s o m e  s e n s e  

b e s t  p o s s i b l e .

C o o k  [ 1 9 8 5 ]  r e f i n e d  t h e  m e t h o d s  o f  D a v e n p o r t  a n d  L e w i s ,  u s i n g  a  

c o m p u t a t i o n a l  c h e c k  o f  c a s e s  t o  d e a l  w i t h  s t u b b o r n  s m a l l  p r i m e s .  H e  

s h o w e d  t h a t  1 3  v a r i a b l e s  a r e  s u f f i c i e n t  t o  g u a r a n t e e  t h e  n o n - t r i v i a l  

p - a d i c  s o l u b i l i t y  o f  a  p a i r  o f  a d d i t i v e  c u b i c  e q u a t i o n s  w h e n e v e r  

p  *  7 .  F u r t h e r ,  i t  i s  n o t  d i f f i c u l t  t o  s h o w  t h a t  t h e r e  i s  a n

i n f i n i t e  s e t  o f  p r i m e s  f o r  w h i c h  1 2  v a r i a b l e s  a r e  i n s u f f i c i e n t .  T o

s e e  t h i s ,  l e t  p  s  1 ( m o d  3 ) ,  a n d  t a k e  to t o  b e  a  c u b i c  n o n - r e s i d u e  

( m o d  p ) .  T h e n  t h e  e q u a t i o n

x  -  coy  +  p ( x  -  coy  ) +  p  ( x  -  coy  ) =  0  ( 0 . 3 )1 1 2  2  3 3
h a s  n o  n o n - t r i v i a l  p - a d i c  s o l u t i o n ,  s i n c e  e a c h  o f  t h e  c o n g r u e n c e s
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3 3x  s  w y  ( m o d  p )  h a s  n o  n o n - t r i v i a l  s o l u t i o n  ( m o d  p ) .  T h u s ,  b y

c o n s i d e r i n g  t w o  d i s j o i n t  c o p i e s  o f  t h e  e q u a t i o n  ( 0 . 3 ) ,  w e  o b t a i n  a  

p a i r  o f  e q u a t i o n s  i n  1 2  v a r i a b l e s  h a v i n g  n o  n o n - t r i v i a l  p - a d i c  

s o l u t i o n .

T h e  p r i m e  7  h a s  t h e r e f o r e  b e e n  s h o w n  t o  e x h i b i t  e x c e p t i o n a l  

b e h a v i o u r  w i t h  r e g a r d  t o  p a i r s  o f  a d d i t i v e  c u b i c s .  L a t e r  w o r k  ( s e e  

A t k i n s o n  a n d  C o o k  [ 1 9 8 9 ] )  h a s  s h o w n  t h a t  t h e r e  a r e  e x c e p t i o n a l  

p r i m e s  f o r  p a i r s  o f  a d d i t i v e  e q u a t i o n s  o f  h i g h e r  d e g r e e  ( f o r  

e x a m p l e ,  1 1  i s  e x c e p t i o n a l  f o r  f i f t h  p o w e r s ) .  H o w e v e r ,  t h e r e  a r e  n o

e x c e p t i o n a l  p r i m e s  f o r  p a i r s  o f  a d d i t i v e  q u a d r a t i c  e q u a t i o n s  -------- a n

a r g u m e n t  s i m i l a r  t o  t h a t  a p p l i e d  a b o v e  s h o w s  t h a t  f o r  p r i m e s  p  >  2 ,  

a n  e x a m p l e  i n  8  v a r i a b l e s  e x i s t s  p o s s e s s i n g  n o  n o n - t r i v i a l  p - a d i c  

s o l u t i o n ,  a n d  m o r e o v e r  D e m j a n o v  [ 1 9 5 6 ]  h a s  s h o w n  t h a t  9  v a r i a b l e s  

a r e  s u f f i c i e n t  t o  g u a r a n t e e  t h e  n o n - t r i v i a l  p - a d i c  s o l u b i l i t y  o f  a  

p a i r  o f  a d d i t i v e  q u a d r a t i c  e q u a t i o n s .

T h e  c l a s s i f i c a t i o n  o f  e x c e p t i o n a l  p r i m e s  i s  a n  a r e a  o f  c u r r e n t  

i n t e r e s t  i n  t h e  s t u d y  o f  a d d i t i v e  e q u a t i o n s .

I t  i s  n o t a b l e  t h a t  t o  d a t e ,  t h e r e  a p p e a r s  t o  h a v e  b e e n  n o  

c o n s i d e r a t i o n  o f  t h e  p - a d i c  s o l u b i l i t y  o f  s i m u l t a n e o u s  a d d i t i v e  

e q u a t i o n s  i n  w h i c h  t h e  p o w e r s  k  a r e  n o t  a l l  e q u a l .  I n  P a r t  I  o f  

t h i s  t h e s i s ,  w e  c o n s i d e r  w h a t  i s  p r o b a b l y  t h e  s i m p l e s t  " n o n - t r i v i a l "  

e x a m p l e  o f  a  p r o b l e m  o f  t h i s  t y p e .  T h u s  w e  c o n s i d e r  t h e  p - a d i c  

s o l u b i l i t y  o f  e q u a t i o n s  o f  t h e  t y p e

+  c  x 3  =  0S 8 ( 0 . 4 )
+  d  x 2  =  0S 8

w i t h  c  t d  €  Z  .

1 6



We are able to prove:

T h e o r e m  0 . 1 .  T h e  e q u a t i o n s  ( 0 . 4 )  a r e  s o l u b l e  n o n - t r i v i a l l y  i n  

p - a d i c  i n t e g e r s  p r o v i d e d  o n l y  t h a t  s  £  1 1 .

A n  e x a m p l e  i n  1 0  v a r i a b l e s  f o r  p r i m e s  p  s  1 ( m o d  3 )  s h o w s  t h a t  

t h e  c o n d i t i o n  o n  s  i s  e s s e n t i a l l y  b e s t  p o s s i b l e .  T h u s  t h e r e  a r e  n o  

e x c e p t i o n a l  p r i m e s  f o r  s i m u l t a n e o u s  a d d i t i v e  e q u a t i o n s  o f  t h e  f o r m  

( 0 . 4 ) .  I n  d e r i v i n g  t h i s  r e s u l t ,  t h e  m e t h o d  w e  u s e  i s  e s s e n t i a l l y  a n  

e l a b o r a t i o n  o f  t h e  m e t h o d s  o f  D a v e n p o r t  a n d  L e w i s ,  c o m b i n e d  w i t h  t h e  

c o m p u t a t i o n a l  a p p r o a c h  o f  C o o k .  T h u s  w e  u s e  a  v a r i a t i o n a l  p r i n c i p l e  

t o  s h o w  t h a t  a l l  e q u a t i o n s  o f  t h e  f o r m  ( 0 . 4 )  a r e  i n  s o m e  s e n s e  

e q u i v a l e n t  t o  a  p a i r  o f  e q u a t i o n s  w h i c h  h a v e  m a n y  v a r i a b l e s  e x p l i c i t  

( m o d  p ) .  A f t e r  d i s p o s i n g  o f  a  f e w  s t a n d a r d  c a s e s ,  i t  i s  t h e n  

p o s s i b l e  t o  u s e  e x p o n e n t i a l  s u m s ,  v i a  t h e  i d e n t i t y

p ' 1 T e ( r h / p )  =  {  1 h s 0  ( m o d  p )
r = o  L 0  h  *  0  ( m o d  p ) ,

t o  s h o w  t h a t  t h e  d e r i v e d  e q u a t i o n s  h a v e  a  s o l u t i o n  ( m o d  p )  w h i c h  c a n  

b e  l i f t e d ,  b y  m e a n s  o f  a  s t a n d a r d  a r g u m e n t  f r o m  p - a d i c  a n a l y s i s  

( H e n s e l ’ s  L e m m a ) ,  t o  a  n o n - t r i v i a l  p - a d i c  s o l u t i o n .  I t  t h e n  f o l l o w s  

t h a t  t h e  e q u a t i o n s  ( 0 . 4 )  h a v e  a  n o n - t r i v i a l  p - a d i c  s o l u t i o n .

T h e  o u t l i n e  o f  t h e  m e t h o d  j u s t  g i v e n  i s  a  g r o s s  s i m p l i f i c a t i o n .  

I n  p a r t i c u l a r ,  s m a l l  p r i m e s  ( e s p e c i a l l y  t h e  p r i m e  7 )  a r e  v e r y  

t r o u b l e s o m e ,  a n d  w e  a r e  f o r c e d  t o  g o  i n t o  s o m e  d e t a i l  i n  o r d e r  t o  

d i s p o s e  o f  t h e m .  T h e  e s s e n t i a l  n o n - l i n e a r i t y  i n t r o d u c e d  b y  

c o n s i d e r i n g  s u c h  e x a m p l e s  m a k e s  t h e  a n a l y s i s  i n  m a n y  r e s p e c t s  m o r e  

d i f f i c u l t  t h a n  t h a t  o f  D a v e n p o r t  a n d  L e w i s ,  a n d  o f  C o o k ,  a n d  o n e  o f  

t h e  g o a l s  o f  t h e  f i r s t  p a r t  o f  t h i s  t h e s i s  h a s  b e e n  t o  i n i t i a t e
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p r o g r e s s  t o w a r d s  a  s y s t e m a t i c  m e t h o d  o f  d e a l i n g  w i t h  s u c h  s y s t e m s  o f  

e q u a t i o n s .

A  s t e p  i n  t h e  p r o o f  o f  T h e o r e m  0 . 1  e n t a i l s  e s t i m a t i n g  t h e  n u m b e r  

o f  s i n g u l a r  s o l u t i o n s  t o  a  c e r t a i n  p a i r  o f  c o n g r u e n c e s .  I n  o r d e r  t o  

d o  t h i s ,  w e  u s e  a  l e m m a  c o u n t i n g  t h e  n u m b e r  o f  s o l u t i o n s  t o  a

c e r t a i n  " s u b s e t  s u m "  c o n g r u e n c e  p r o b l e m .  T h i s  p r o b l e m  i s  r a t h e r  

s i m i l a r  t o  a n  a r c h i m e d e a n  p r o b l e m  o f  L i t t l e w o o d  a n d  O f  f o r d  [ 1 9 4 3 ] .  

W e i n c l u d e  a n  a p p e n d i x  t o  e x a m i n e  t h i s  p r o b l e m  i n  s o m e  d e t a i l .

I n  t h e  s e c o n d  c h a p t e r  o f  P a r t  I ,  w e  c o n s i d e r  p a i r s  o f  a d d i t i v e  

k t h  a n d  n t h  p o w e r  e q u a t i o n s .  W e a r e  a b l e  t o  d e r i v e  a  r e s u l t  w h i c h  

g e n e r a l i s e s  o n e  o f  A t k i n s o n  a n d  C o o k  [ 1 9 8 9 ] ,  w h o  c o n s i d e r e d  t h e  c a s e  

w i t h  k  -  n .

T h e o r e m  0 . 2 .  S u p p o s e  t h a t  k  £  n  >  1 ,  a n d  t h a t  p  i s  a  r a t i o n a l
4 2p r i m e  w i t h  p  >  k  n  . T h e n  a  p a i r  o f  a d d i t i v e  k t h  a n d  n t h  p o w e r

e q u a t i o n s  i n  a t  l e a s t  2 ( k + n )  +  l  v a r i a b l e s  a r e  s i m u l t a n e o u s l y  s o l u b l e  

n o n - t r i v i a l l y  i n  p - a d i c  i n t e g e r s .

W h e n  p  e  1 ( m o d  k n ) , i t  i s  e a s y  t o  c o n s t r u c t  a n  e x a m p l e  o f  a  p a i r

o f  a d d i t i v e  k t h  a n d  n t h  p o w e r  e q u a t i o n s  i n  2 ( k + n )  v a r i a b l e s

p o s s e s s i n g  n o  s i m u l t a n e o u s  n o n - t r i v i a l  p - a d i c  s o l u t i o n .  T h u s

T h e o r e m  0 . 2  s h o w s  t h a t  a l t h o u g h  t h e r e  m a y  b e  e x c e p t i o n a l  p r i m e s ,  

t h e r e  c a n n o t  b e  t o o  m a n y  o f  t h e m .  T h e o r e m  0 . 2  f o l l o w s  f r o m  a  

r e f i n e m e n t  a n d  g e n e r a l i s a t i o n  o f  t h e  a r g u m e n t s  u s e d  t o  p r o v e  

T h e o r e m  0 . 1 .
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3. RATIONAL SOLUBILITY OF ADDITIVE EQUATIONS.
Now consider the problem of the non-trivial global solubility of 

equations of the form (0.2).

Additive quadratic equations are sufficiently simple for a 
variety of algebraic methods to be brought to bear on the problem of 
global solubility. Thus it was shown in the nineteenth century that 
provided not all of the coefficients are of the same sign, then an 
additive quadratic equation in five variables is non-trivially 
soluble in rational integers. However, these methods do not easily 
generalise to equations of higher degree, and it remained until this 
century for progress to be made on the general problem.

The Hardy-Littlewood method provides a systematic means of 
passing from local solubility to global solubility of systems of 
diophantine equations. The modern versions of this method are now 
rather technical in nature, but we can illustrate many of the 
salient features by considering the rational solubility of a single 
additive kth power equation.

Let and £ be positive real numbers with £ < £ (1 & i  & s ) ,

and let P be a large positive real number. For 1 £ i s s, let

Then by using the identity
-1 f 1 h  = 0e(ah )  da = -Jo [ 0 h e Z\{0>,

we deduce that the number of solutions, P(P), of the additive 
equation

/ ( a )
K P<x^S P

£ e ( a x k )

+  a xk = 0s  s ( 0 . 5 )
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(0. 6)

in integers x x  inside the box1 s
2 = (CP, f f l  x (CP, £ P l x . . .  x CC P, £ P]X I  b b 8 8

is given by
r1 sP(P) -  Jj f  (a a) d o c .Jo 1=1 1

So we see that the number of solutions of the equation (0.5) inside 
2 corresponds to the value of the integral (0.6). In such 
circumstances we frequently speak of the diophantine equation 
(meaning (0.5)) underlying the integral (0.6), and conversely, of
the integral representation (meaning (0.6)) of the diophantine 
equation (0.5).

Roughly speaking, the idea which underlies the Hardy-Littlewood 
method is the splitting of the range of integration [0,1] into two 
sets as follows. In one set, the so-called m i n o r  a r c s ,  m, we put the 
points a with poor rational approximation (a is not close to a 
rational a / q  with q  "small"). In the complement of these minor arcs, 
the m a j o r  a r c s ,  511, we put the points a with good rational 
approximation.

By permitting P  to become very large, on the major arcs we are 
able to obtain an asymptotic formula for the generating functions 
f^a) in terms of the distance of a from the nearest good rational 
approximation to a. By making an appropriate choice for the and 
£ , we can then show that the contribution from the major arcs to 
the integral (0.6) is asymptotic to

CGPs“k + o(P8-k) ,
in which C  is a constant depending on the non-trivial real 
solubility of the equation (0.5), and 6 is a constant depending on 
the non-trivial solubility of the equation (0.5) over all p-adic 
fields. Further, provided that the equation (0.5) has a non-trivial,
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non-singular solution over both the real field, and every p-adic
field, one can show that C  and 6 are both positive.

On the minor arcs we proceed in two stages. In the firs t
stage we obtain an estimate for the integral

I  I P )  = f I /(a )  | 2tda ,Jo
where

f(a )  = Y  e l * * * )  ,
and with 21 < s .  The value of this integral is 
solutions of the diophantine equation

k k k kxi + • • • + xt = yi + • • • + yt
with 1 ^ x , y s P. By going back and forth 
representations and diophantine equations, it 
manipulate equations to obtain an estimate of the form

the number of

between integral 
is possible to

j j p ) « p2t-“*e,
when t  is sufficiently large in terms of k.

In the second stage, we exploit the "bad rational 
approximability" property of points in m to obtain an estimate of 
the form

Sup |f  (a) | « P1”̂ ,  a € m
in which p is a positive number depending on k. Such estimates stem, 
essentially, from the theory of uniform distribution. By combining 
this latter estimate with the above mean value estimate, we obtain 
for s  > 2 t  a bound for the contribution of the minor arcs to the 
integral (0.6) which is o(P8”k). Thus

P(P) » Ps_k — > oo as P — > oo ,

and so there are many rational solutions to the equation (0.5).
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approach of the form just outlined, although elaborations of the
method are required in order to obtain the best results currently
available. In the case of simultaneous equations we obtain as an
integral representation a multi-dimensional integral. However, when
the k  are all equal, by carefully manipulating the equations it is
possible to use linearity to make a change of variables which
permits the integral over the minor arcs to be written as the
product of several single dimensional integrals. Thus the original
simultaneous problem may be dealt with by using methods available
from the study of the corresponding single equation problem.

• *For brevity, we shall define G  (Jc) = G  (k , . . . , k  ) to be the
least integer r  such that for all s  r, and all c (1 ^ i ^ t,
1 ^ j  *  sj satisfying all conditions imposed by local solubility
considerations, the simultaneous equations (0.2) have a non-trivial 
rational solution. Also, for the purposes of this discussion, we 
adopt the convention that "G (k) =s r" is to mean that r  satisfies 
the above conditions subject to some further, not unreasonable, 
conditions (for example, we may require the equations to possess 
non-singular solutions over the real field).

We have already mentioned that G*(2) ^ 5. Using methods based on
the strategy outlined above, results for single additive equations
have reached a reasonably satisfactory state. For cubics, we have
seen already that p-adic solubility considerations imply that in
general, at least 7 variables will be required to guarantee

«non-trivial rational solubility. Thus the result G  (3) ^ 7
(R. Baker [1990]) is in some sense best possible. For general 
exponents, it is of interest to consider a rational "Artin question"

A l l  r e c e n t  a n a l y s e s  o f  a d d i t i v e  e q u a t i o n s  h a v e  d e p e n d e d  o n  a n

22



recently been resolved by Vaughan. Davenport and Lewis [1963] were
* 2able to show that G  (k) £ k +1 for all values of k other than 

7 ^ k ^ 17. This gap has slowly been filled, culminating with the
case k = 10 (Vaughan [1989a]).

For systems of equations our knowledge is very much less
satisfactory. However, the barriers to more precise results might be 
said to derive more from the incomplete state of our knowledge of
the p-adic problem, than from limitations in the Hardy-Littlewood 
method itself. For pairs of equations, and small values of k,
previous authors have obtained

"G*(2,2) * 9" (Cook [1971]),
sind

G*(3,3) * 14 (Brtidern).
The latter result (not yet in print) is the most recent improvement 
on the result G*(3,3) ^ 16 (Vaughan [1977]), which in view of the 
example of Davenport and Lewis [1966] is essentially best possible 
(when "16" is replaced by any smaller integer, 7-adic solubility can 
no longer be guaranteed).

More general results have been obtained by previous authors. 
However, once again the case when the k̂  are not a ll equal appears 
not to have been considered.

In Part II of this thesis, we consider the non-trivial global 
solubilty of the equations (0.4). We are able to prove the following 
result.

f o r  a d d i t i v e  e q u a t i o n s ,  a n d  f o r  s i n g l e  e q u a t i o n s  t h i s  p r o b le m  h a s

2 3



*Theorem 0.3. ("G (3,2) ^ 14"). T h e  s i m u l t a n e o u s  a d d i t i v e

e q u a t i o n s  (0.4) h a v e  a  n o n - t r i v i a l  s o l u t i o n  i n  r a t i o n a l  i n t e g e r s  i f  

t h e  f o l l o w i n g  c o n d i t i o n s  h o l d .

(a) t h e  q u a d r a t i c  e q u a t i o n  i n  (0.4) i s  i n d e f i n i t e ,  a n d  h a s  a t  l e a s t  

f i v e  v a r i a b l e s  e x p l i c i t ,  a n d

(b) t h e  c u b i c  e q u a t i o n  i n  (0.4) h a s  a t  l e a s t  s e v e n  v a r i a b l e s  

e x p l i c i t ,  a n d

(c) t h e  s i m u l t a n e o u s  e q u a t i o n s  (0.4) h a v e  a  n o n - t r i v i a l  r e a l  

s o l u t i o n ,  a n d

(d) (i) s £ 14, o r

(ii) a t  l e a s t  6 o f  t h e  d  a r e  z e r o ,  o r

(iii) a t  l e a s t  4 o f  t h e  c  a r e  z e r o .

The non-linearity inherent in the system (0.4) forces us to adopt 
a fundamentally multi-dimensional approach to the proof of 
Theorem 0.3, as we are unable to use the linearising ideas available 
for systems of equations of the same degree. Although results 
stemming from Vinogradov’s mean value theorem (see, for example, 
Hua [1965], Chapter V) are of some use, to obtain more precise 
results we are forced to generalise the modern approaches to the 
Hardy-Littlewood method.

In the application of the Hardy-Littlewood method to additive 
problems of the type described above, a fundamental r61e is played 
by estimates for the number of solutions of auxiliary equations of 
the form

k k k kx,1 + . . .  + x 1 = y  ‘ + . . .  + y (1 S i s t ), (0.7)1 8 l  S
in which 1 ^ X y  y ^  s p. One idea for improving classical estimates,
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in which the x  ̂ and ŷ  range over the entire interval, is to 
restrict the variables to lying in intervals of the form

P < x  , y < 2 P for j  = 1 , . . . ,  s,J J ° J  J J
where P £ Pg . . .  . The use of diminishing ranges does not, 
however, seem well suited to cases where the are not all equal. 
The problem is that the method makes savings by exploiting features 
of the real character of solutions, which become less pronounced 
when the k  are not all equal. Vaughan [1989a, b,c] has shown that 
when t  -  l a  more efficient approach is to impose restrictions on 
the arithmetic character of the solutions.

In the f ir s t  chapter of part II of this thesis, we shall 
demonstrate that this approach remains effective when t > 1,
although there are then a number of algebraic, as well as analytic, 
questions to be answered if we are to take full advantage of the 
method. We consider the equations (0.7) with x ,̂y  ̂ e d ( P , R ) ,  for a
suitable R ,  where

d ( P , R )  = { n  : n  ^ P, p prime, p|n implies p ̂  R  >.
We then relate the number of solutions of (0.7) to the number of
solutions of the simultaneous equations

k k k k ki  ̂ i i ,  J i vx  + ...+  x  + m  (u + ...+  u  )1 r  1 s - r
k k k k k= y„l+ ...+  y l +  rn i (v/+. ..+ v  1 ) ( 1  s i s t) (0.8)1 r  1 s - r

with X y y ^  P ,  M  < m  *  M R ,  and u y v i  € d i P / M ,  R )  . By making use of
homogeneity and Holder’s inequality, we are then able to relate the 
number of solutions of the equations (0.8) to the number of 
solutions of (0.7) with s  replaced by a range of values not too far 
from s .

The second chapter of Part II is devoted to the application of
the Hardy-Littlewood method to our problem. Here there are a number

25



of difficulties over a standard application, many being caused by 
our non-standard generating functions. However, the underlying 
strategy remains the same, and we are able to bring the plan to a 
successful conclusion. We use the methods alluded to above on the 
minor arcs in our application of the Hardy-Littlewood method. The 
treatment of the major arcs is complicated in two respects. Firstly, 
we are dealing with an inherently non-linear problem, which causes 
difficulties even in a classical approach to the problem. Secondly, 
we have restricted the variables to lie in the set d ( P t R ) t and this 
causes complications. I t should be emphasised that in order to deal 
successfully with the major arcs, it is crucial that the set d ( P , R )  

is relatively dense. Fortunately, when R  2: P v  with tj > 0, we have 
card d ( P ,  R )  » P.

4. WARING'S PROBLEM.
Given a natural number k ,  consider now the diophantine problem of 

representing a natural number n  as the sum of s Jcth powers of 
natural numbers:

x k  +  . . .  +  x k  = n  . ( 0 . 9 )1 s
Define g { k ) to be the least s such that every natural number n is 
represented in the form (0.9). In 1770, Waring asserted that g ( k )  

satisfies
g C 2) = 4, g(3) = 9, g ( 4) = 19, and (later) g(k) < oo for k £ 4. 

Lagrange proved that g (  2) = 4 in the eighteenth century, and during 
the nineteenth century the problem was solved for many values of k.
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It was Hilbert [1909] who finally succeeded in proving that
g i k )  < oo for all k  e IN,

although the proof he gave guaranteed only the existence of such a 
number.

The integer
n = 1 , (0.10)

is smaller than 3 , and so can be represented as the sum of kth
powers of 1 and 2 only. Thus we may deduce thatki

g ( k )  * 2* + M l  • = •
and indeed it would seem that this holds with equality (this 
assertion remains unproven). For a discussion of the current state 
of play on this problem, the interested reader should see the 
introduction of Vaughan [1981b]. Note that it has been proved since 
the writing of that book that g { 4) s 20 (Balasubramanian [1985]). 
Indeed, Balasubramanian, Deshouillers and Dress [1986a, b] claim to 
have proved the bound g(4) £ 19, and hence g(4) = 19. However, it 
should be emphasised that there are some doubts about the extensive 
computational checks required in their "proof", and moreover a 
complete proof has yet to be published.

The number (0.10) clearly has some rather special features, and 
in general fewer than g ( k )  kth powers suffice to represent all 
"large" natural numbers n. Thus we are led to consider G(k), which 
we define to be the least natural number s  such that all 
sufficiently large natural numbers are the sum of at most s kth 
powers of natural numbers. The evaluation of G(k) is very much more 
difficult than that of g(k), and to date, G(k) is known precisely 
only in the cases G(2) = 4 (Lagrange) and G(4) = 16 
(Davenport [1939b]).
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Hardy and Littlewood were the f irs t workers to make substantial 
progress on the problem of reducing G ( k ) .  Using a method based on 
the ideas outlined in §2, they were able to show (Hardy and 
Littlewood [1922]) that

G ( k ) s (k-2)2k“1 + 5 for all k  e IN. (0.11)
For smaller k ,  arguments based on the use of diminishing ranges in 
the Hardy-Littlewood method had led, by the Forties, to the bounds 
G(3) * 7 (Linnik [1943]), G(4) = 16 (Davenport [1939b]), G(5) * 23, 
G(6) ^ 36, G(7) * 53 (Davenport [1942], and his methods for k  -  7), 
G(8) ^ 73, G(9) ^ 99, G(10) ^ 122 (Narasimhamurti [1941]). Moreover 
Davenport [1939b] was able to show that all natural numbers n 
satisfying the necessary congruence conditions (a local solubility 
hypothesis) are the sum of at most 14 biquadrates. We abbreviate 
this result by writing G (4) ss 14.

Meanwhile, Vinogradov was using ideas based on diminishing 
ranges, and mean value theorems, to obtain results for large k  

substantially smaller than that given by (0.11). Initially, he was 
able to show that as k  — > to we have G(k) = 0((klogk) ), but later 
improved this result to G(k) < (C+o(l)). klogk, with G = 6 (see 
Vinogradov [1934]). Over the next twenty-five years, Vinogradov 
[1959] was able to reduce the value of C  to 2, obtaining the bound 

G(k) < k(21ogk + 41oglogk + 21ogloglogk +13) for k 2: 170000.
Over the thirty years since then, only the o(l) term in the bound 
G(k) < (2+o( 1) )klogk has been reduced, the most recent result being 
due to Vaughan [1989a].
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In Part III of this thesis we improve substantially all previous 
upper bounds for G(k) when k £ 6. We are also able to improve the 
bound for G(5), although it is reported that this has already been 
achieved by Briidern.

The f ir s t  chapter of this section is devoted to some rather 
technical refinements which enable small improvements to be made in 
bounds for G(k). The interest in these methods probably derives more 
from the applications of such methods outside Waring’s problem as to 
the improvements themselves. To illustrate the use of these methods 
directly, we show how to make the modest improvements in Waring’s 
problem alluded to.

In the second chapter of this section, we go on to describe a new 
method in Waring’s problem which leads to rather substantial 
improvements in the existing upper bounds. Indeed, the method leads 
to an asymptotic halving of the existing upper bounds, and so at 
last we may substantially improve Vinogradov’s upper bound 
G(k) s (2+o(l))klogk.

The major results of this part of the thesis may be summarised in 
the following two theorems:

Theorem O.B. A s  k  — > co, w e  h a v e

G(k) < k(logk + loglogk + 0(1)) .

Theorem 0.7. F o r  5 :£ k 3 20, w e  h a v e

G(k) s f(k ),
w h e r e  F ( k )  i s  a s  g i v e n  b y  T a b l e  0.1.
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T a b l e  0 . 1

k F ( k ) k F ( k ) k F(k) k F(k)
5 18 9 55 13 87 17 120
6 27 10 63 14 95 18 129
7 36 11 70 15 103 19 138
8 47 12 79 16 112 20 146

These bounds may be compared with the most recent results in 
print, themselves a substantial improvement on those previously 
known, due to Vaughan [1989a,c]. He has shown that G (4) 12,
G(5) * 19, G(6) s 29, G(7) * 41, G(8) ^ 57, G(9) s 75, G(10) :£ 93, 
G( 11) £ 109, G(12) s 125, G(13) :£ 141, G(14) s 156, G(15) :£ 171,
G(16) s 187, G(17) =s 202, G(18) £ 217, G(19) s 232, G(20) 248.

We remark that the above results are intended as something of a 
demonstration of the power of the method, and improvements may be 
obtained by refining the method, especially for smaller k. This is a 
matter we intend to return to in papers subsequent to this thesis.

As has become standard in applications of the Hardy-Littlewood 
method, bounding G(k) depends fundamentally on estimates for the 
number of solutions of auxiliary equations of the form

xk + . . . + xk = yk + . . .  + yk (0. 12)1 s i  s
with the x ^  and ŷ  lying in certain subsets 4 of [l,P]nZ. Vaughan’s 
substantial innovation was to set each of the 4 ^  equal to a set 4  

with suitable arithmetic properties, and to use these properties to 
relate the number of solutions of the equation (0.12) to the number 
of solutions of the equation

x  +  m  ( u  + . . . +  u  ) = y + m ( v + . . . + v  ) (0.13)1 s - l  1 s - l
with (xy,m) = 1, x,y =s P, M  < m  *  W , and € $, where 2 has
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similar properties to A ,  but with 2 c [1,P / M ] r H  . The condition 
(x y , m ) -  1 enables us, roughly speaking, to assume that
x = y  (mod mk), and we are effectively able to take f irs t
differences in a very efficient manner, by considering
V(x,y) -  m ~ k (xk-yk) (which is, of course, an integer). We may then 
exploit the homogeneity of the and v ^  , v i a  Holder’s inequality, 
to relate the number of solutions of (0.13) to that of equations of 
the form (0.12) with A  replaced by S, and s replaced by a range of 
values not too far from s .  In this way we may obtain estimates for 
the number of solutions of the equation (0.12) iteratively, going 
(in the simplest version of the method) from s - 1 to s .

To explain the limitations of Vaughan’s method, let us define the
modified forward difference operator, , by

A |(f(x); h; m) = m"k(f(x+hmk) - f(x)),
*and define recursively by

A* ( f ( x ) ;h , . . . ,h  )j+i i ’ j + i l j + i
= A*(A*(f(x);hi t .. . ,h ;mi , . . .  ,m );h ;m ) .

Then classical estimates for generating functions used in the 
context of Waring’s problem depend on taking standard differences 
repeatedly, and then using estimates stemming from that for the 
divisor function,

d i n )  « n  for n € IN.
Thus we consider exponential sums depending on

A*(f(z);hi ....... h i  1........ 1)
with f(z) = (z - -  .. . - hj) . In the approach of which Vaughan’s
method is the most refined version, we consider exponential sums 
depending on

A*(f(z);hi t . . . ,h ;m, 1, . .. , 1)
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efficient difference, and for the remaining differences we are 
forced to return to standard differencing.

Our new idea is to further exploit the arithmetic properties of A  

so as to continue taking differences, each difference being taken 
nearly as efficiently as the firs t. Thus we consider exponential 
sums depending on

approach puts no obstacles in the way of previous applications of 
Vaughan’s iterative method, since the improvements effected do not 
change the character of the auxiliary equations used.

Finally, it should be noted that the ideas involved in our new 
method are of significance beyond the application in Waring’s 
Problem to which we have put it in this thesis. Thus large 
improvements may be achieved in estimates stemming from Vinogradov’s 
mean value theorem, in estimates for fractional parts of
polynomials, and much else. In particular, the estimate
"G (3,2) ^ 14" may be replaced by "G (3,2) ^ 13" in Theorem 0.3. 
These are all matters the author intends to consider in papers
subsequent to this thesis.

A*(f(z);h4 . . . ,  h ; m , . . . , m )  
j  l  Jk k-  hyn̂ ) . I t transpires that thiswith f(z) = ( z  -  h
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PART I.

SIMULTANEOUS ADDITIVE EQUATIONS: THE LOCAL PROBLEM.

M o d i f i e d  v e r s i o n s  o f  C h a p t e r s  1 a n d  2  h a v e  b e e n  a c c e p t e d  f o r  

p u b l i c a t i o n  b y  t h e  L o n d o n  M a t h e m a t i c a l  S o c i e t y  a n d  M a t h e m a t i k a ,  

r e s p e c t i v e l y  a s  t h e  f i r s t  a n d  t h i r d  p a r t s  i n  t h e  s e r i e s  " O n  

s i m u l t a n e o u s  a d d i t i v e  e q u a t i o n s " .

33



CHAPTER 1.
ON THE P-ADIC SOLUBILITY OF PAIRS OF EQUATIONS 

ONE CUBIC AND ONE QUADRATIC.

1. INTRODUCTION.
Let c (1 ss i < t, 1 s j  < s )  be rational integers, and

(1 s i £ t) be natural numbers. Consider the simultaneous
diophantine equations

k kF ( x ) = c x i + . . . + c x i = 0 (1 *  i  s  t )  . (1.1)i  =  11 1 Is s
We say that the simultaneous equations (1.1) satisfy the p - a d i c

s o l u b i l i t y  c o n d i t i o n  if they have a non-trivial solution in p-adic
integers (i.e. a solution with not all the xt zero). Also, we say
that the equations satisfy the c o n g r u e n c e  c o n d i t i o n  if they satisfy
the p-adic solubility condition for every rational prime p.

* *Define T  (k) = T  (k , . . . , k  ) to be the least integer r  such that
p  =  p i  t

for all s  z  r ,  and all c (1 ^ i ^ t, 1 < j  < s), the equations
*(1.1) satisfy the p-adic solubility condition. Also, define T  (k) to

be Sup T*(k).
. p  =p  p r  i m e *There has been much interest in the problem of evaluating T  (k) 

over the last quarter of a century, mostly stemming from the 
pioneering investigations of Davenport and Lewis [1963, 1966, 1967, 
1969]. However, it seems that thus far the only cases which have 
been considered are those in which the k are all equal. In this 
chapter we shall consider the easiest "non-trivial" case with 
unequal exponents, namely T  (3,2), and shall be concerned with the 
equations

F(x) = c x3 + .. . + c x3 = 01 1 8 s ► (1.2)G(x) -  d  x 2  + . .  . + dx2 = 0=  1 1  s  s
where c ,d € Z for i = 1....... s .  We shall prove:
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Although this problem is of independent interest, knowledge of 
the p-adic solubility of the equations (1.1) is also an essential 
prerequisite to an application of the standard method for dealing 
with the corresponding rational problem, namely the Hardy-Littlewood 
method. We shall go on to consider the solubility of the equations
(1.2) over the rational integers in Chapters 3 and 4.

Theorem 1.1 may be compared with results obtained by previous
workers for small values of t  and k  :i

T*(2) = 5 (classical), T*(3) = 7 (Lewis [1957]),
T*(2,2) = 9 (Demjanov [1956]),

T*(3,3) = 16 (Davenport and Lewis [1966]).
Cook [1985] has given a more precise analysis of the p-adic 
solubility of pairs of additive cubic equations, showing that 
T (3,3) :s 13 for p  *  7, with equality holding wheneverp
p s 1 (mod 3). I t is worth noting that the exceptional behaviour 
exhibited by the prime 7 for pairs of cubics is in contrast with the
situation for pairs of equations, one cubic and one quadratic, where
no prime demonstrates such "exceptional" behaviour.

It is to be hoped that our consideration of this particular
example may stimulate interest in the more general problem, and to 
this end many of our methods are set out in a quite general form. 
The proof of the theorem is based on generalisations of the methods 
of Davenport and Lewis [1966, 1967, 1969] and Cook [1985], although 
owing to the inherent non-linearity of the system (1.2), numerous
complications occur.

T h e o r e m  1 . 1 .  M e  h a v e  T  ( 3 , 2 )  =  1 1 .
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We begin in §2 by generalising the p-normalisation methods of 
Davenport and Lewis [1966, 1967, 1969] to our non-linear set-up. The 
primes 2 and 3 have special difficulties associated with them, and 
are dealt with separately in §5. The primes p s 5 (mod 12) can be 
treated particularly simply, and these we also consider in §5. For 
primes other than 2 and 3, we are able to use Hensel’s Lemma to show 
in §3 that unless the resultant p-normalised system is of a 
particular form, then it has a non-trivial p-adic solution. In §4 we 
use exponential sums to bound the primes for which we are still 
unable to guarantee a non-trivial solution. Lemma 4.3 enables us to 
bound the number of solutions of a certain system of congruences 
rather effectively, and this gives us a bound on the set of primes 
requiring further investigation of much greater strength than would 
otherwise be possible. We are then left with a finite set of 
congruences for which we require solutions non-singular (mod p), and 
these may be checked using a computer. We mention some of the 
economies which may be made in this task in §6. Finally, in §7, we 
conclude the proof of the upper bound implicit in the theorem, and 
give an example of a system of the form (1.2) fob which 10 variables 
are insufficient to guarantee a non-trivial p-adic solution.

2 .  T H E  P - A D I C  N O R M A L I S A T I O N  O F  A  S Y S T E M  O F  A D D I T I V E  F O R M S .

Here we attempt to generalise the successful treatment of 
simultaneous kth power equations given by Davenport and Lewis [1966, 
1967, 1969]. Not all of the details will be required for the system
(1.2), but the general method is of interest in its own right, and 
so is included in any case.
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Suppose that k ^ t . . .  f k ^ are positive integers, and 

F = (F^ F , ..., F) is the simultaneous system of t  *  s  diagonal 
forms

k k
F ( x ) = F ( x , . . . , x ) = a x i + . . . + a x i (l 3 i s t) (2.1)i = 1 1  8 11 1 lss

with k  = Max{ : 1 s i £ t }. We suppose that no F^x) is a linear
combination of the other F^(x) (i.e. the system is not linearly
dependent).

Let
k = n .

l S J S t  J

and

S = { (Ja, . • •, Jfc) € <1,... .s}* : J l *  J l t for i * V  j 

so that |S| = s(s-l).. . ( s - t + 1 )  ~  M, say. When <r = € S
define

r k/ iD (F) = det a,.
'  ”  *• ■ '1 £ l,m s t

where k '  = K/k . Then we define l 1
5(F) « yj Da(F) . (2.2)

As an exajnple, for the system (1.2) we have

8(F,G) = n C c V  - c V )  . 
l * j  J J

The apparently rather complicated form of 5, with powers attached to 
the coefficients, is required to ensure that 5(F) is in some sense 
"homogeneous" with respect to the coefficients of F. This
homogeneity leads to results of the form obtained by Davenport and 
Lewis [1966, 1967, 1969].

To simplify notation, we define an equivalence relation ft on
{1....t> by

iftj if and only if k ^ - k ^ .

We denote the equivalence class containing i by [i], and the set of 
equivalence classes by I = /ft.
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Lemma 2.1. G i v e n  a  s y s t e m  F  o f  t h e  f o r m  (2.1), 3(F) s a t i s f i e s  t h e  

f  o l l o w i n g :

(i) i f  v .... v  a r e  i n t e g e r s ,  a n d1 8
V  V

F ' = F( p  * x .... p sx  ),= = 1 8
t h e n

a ( F ' )  =  p tKH"/G 3 ( F )  ,

w h e r e  v  = v + ... + v  ;l s
(ii) I f  A (1 ^ i , j  ^ t) are r a t i o n a l  n u m b e r s ,  a n d  t h e  s y s t e m  F "  i s  

d e f i n e d  b y

F77(x) = V \ J t(x) » (i = 1,..., t),1 = j A n  1J1 “
t h e n  w e  h a v e

3(F77) = J*.3(F) ,

w h e r e

J  == n det ( X ‘ )
a  €  I  L  * ' 1 , J  €  a

i> k
Proof: (i) Write p for p , and a7 for the coefficient of x

* i  *  1 J  J

in F7(x). Then if o* ® € S, we have
r k 7 -v

1 1 
, J *  h

det

det £ n  k 'i ' 

P J a . Jm m •

K . n* .det

m *  t

k7

Then

= n f ® i £ > - p ‘  •••Pj ]
a € S L 1 Jt  J

and y ( v + ... + v  ) = t M v / s .  

<y €  s  J i  J t

(ii) Write a77 for the coefficient of x l in F77(x). Then if1J
o* = (J ,. . . , j ) € S, we have

i =

det f a77 1 1 = (det ff).det f a 1 1
 ̂  ̂1 ^ i, m ^  t   ̂ J1 ^ i, m —
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where the rows and columns of the matrix H can be rearranged to give 
the block matrix

f  C 11 c2 .
*Cl. r

where r = |I|, and each corresponds to a unique a € I, having 

determinant

det
f  k'  >

( X,J )i.J6 a ‘
The result follows on noting that the number of factors in the 

product (2.2) is M , which is even for t  > 1.
This completes the proof of the lemma.

We shall follow Davenport and Lewis [1966, 1967, 1969], and call 
two systems of the form (2.1), with integral coefficients, 
e q u i v a l e n t if one system can be obtained from the other by a
combination of the operations (i) and (ii) of Lemma 2.1; here we
shall always demand that the determinant J  * 0, so that the
operation (ii) is non-trivial. Notice that the operations (i) and
(ii) are commutative. Also, if the system F i x )  = 0 has a non-trivial 
solution over (D , then so does any system equivalent to F.p =

We shall assume throughout §§2-5 that 3(F) * 0 (we shall see in 
§7 that this is not too demanding a condition for us to fulfill). 
This property is plainly preserved under equivalence.

A system F will be called p - n o r m a l i s e d  if the power of the 
rational prime p dividing 3(F) is minimal amongst the set of all
forms equivalent to F. That this is possible follows because this 
power is non-negative. A p-normalised system is not unique, for any 
operation of type (ii) with J  not divisible by p transforms a
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p-normalised system into another p-normalised system. Such a

transformation is known as a u n i m o d u l a r  c h a n g e  o f  b a s i s .

To any system F with integral coefficients there corresponds a

system F* with coefficients in Z/pZ, these coefficients being

congruent (mod p) to the corresponding coefficients of F. Plainly,
*

there may be variables explicit in F but not in F . The number of 

variables occurring explicitly in a form is known as its r a n k .

Lemma 2.2. A p - n o r m a l i s e d  s y s t e m  F  c a n  b e  w r i t t e n  i n  t h e  f o r m

F = F + pF + .. i i,0 ^ 1,1
a. «k_1r. + p F

r  i, k-l (i == 1... .,t)

w h e r e  t h e  F  a r e  f o r m s  
i,J

i n  m v a r i a b l e s ,  
J

a n d t h e s e  s e t s a r e

d i s j o i n t  f o r  j  -  0,...,k-l. M o r e o v e r , e a c h o f t h e  m v a r i a b l e s  
J

o c c u r s  i n  o n e  a t  l e a s t  o f F  (i = 1,.. ..t) w i t h a  c o e f f i c i e n t n o t

d i v i s i b l e  b y  p .

T h e  f o l l o w i n g  i n e q u a l i t i e s h o l d :

(i) w e  h a v e

m + ... + m £ o j-i j s / k  for j  - 1... • , k  ,min
w h e r e  k  i s  t h e  h a r m o n ic  m e a n  o f  t h e  k  a n d  k  i s  t h e  l e a s t  o f  t h e1 m i n

(ii) s u p p o s e  t h a t a € I w i t h  k^ = h for i € a, a n d  w e  f o r m  a n y  L  

l i n e a r  c o m b i n a t io n s

f*(x) - Y A* F*(x) (i = 1....L)1 — . y 1 j j =J € a
w h e r e  L  *  |a|, a n d  t h e  (A ) a r e  l i n e a r l y  i n d e p e n d e n t  o v e r

i j  j  e  a

Z/pZ. T h e n , d e n o t i n g  b y  Q { L , h )  t h e  n u m b e r  o f  v a r i a b l e s  o c c u r r i n g  

e x p l i c i t l y  i n  o n e  a t  l e a s t  o f  t h e s e  c o m b i n a t i o n s , w e  h a v e  

Q i L ,  h ) 2: L s / t h  f o r  L  -  1,... , |a|.
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(iii) d e n o t i n g  b y  q  t h e  n u m b e r  o f  v a r i a b l e s  o c c u r r i n g  e x p l i c i t l y
J*

i n  t h e  f o r m  F  , w e  h a v e

D1 + D 2 + . . . + D 1 +  g  £ j s / k  +  s / t k
o  1  J - l  M i , j  J  i

f o r  0  ^  j  s  M i n i  k  , k - 1 > .m i n  i
Proof: It is plainly possible to express a p-normalised system in 

the form

F =l 1,0 + pF ( i  = 1.........t)
where we put in F those terms a x  1 for which p̂  is the highest

l , i  i n  n
power of p dividing every a (i = 1....t). Then the sets ofi n
variables occurring in F (j = 0,1,...) are plainly disjoint.

J
But if jf 2r 1c, the forms F are empty. For if F is a

if J —
p-normalised system then the power of p dividing 5(F) is minimal,

k
and so if a x  were terms in F (x) (i = 1,..., t )  with a alli n  n  i  =  i n
divisible by p , we could reduce the power of p dividing 5(F) by an 

operation of type (i), namely that of putting x = p *x', whilen  n
preserving the integrality of the coefficients.

(i) let x ,...,x , where m = m + ... + m , denote the variablesl  * m *  o  j - l *
in F ,...,F (1 < j < k ). Then the systemi , 0  i ,  J - l  J  m i n  *

F \ (x) = p"J F (px , ... ,px ,x ,.. . ,x ) (i = 1,. . . , t)i  =  1 1  m  m + 1  s
has integral coefficients and is equivalent to the system F. By 

Lemma 2.1, we have
- J M . (k '+ .  . . + k ' )  +  t M K m / s

5(F') = p 1 5(F) .

Then by the definition of a p-normalised system,
m *  j s . (Jc' + .. . + Jc' )/(tK)
= js/k .

(ii) let a e I with k = h for i € a, and rearrange equations so 

that a = {l,...,r>. Take any L linear combinations of the F (̂x)

(j € a),

f(x) for i =
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where 1 £ L £ r , and the (X ) _ _ are linearly independentI J  1  S  J  S  r
over Z/pZ. Each set can be completed to give a set of r linear

combinations independent (mod p). Then f ....are derived from

the Fj (1 £ j  £ r) by operation (ii) of Lemma 2.1 with J  not 

divisible by p. Let Q =  Q ( L , h ) be the number of variables that occur 

in at least one of / , ...,f with coefficient not divisible by p, 

and take these variables to be xjf.. . ,x . Then the system 

f *  (x) = p ~ ^ f ( p x ....px , x .»•••» x ) i = 1,..., Li =  1 1  Q Q + l  S

f'(x) = .. ,pxQ,xQ+i,. .. ,xg) i = L+l.... r

has integral coefficients, and is derived from f by a combination of 

operation (i) with v = Q, and operation (ii) with J  = p LJq, where 

Jq is not divisible by p. Then on writing h7 = K/h, we have

a(r) = Pl“ 0/S - MLh'jM a(f)

= p t a , 0 / °  -  HLh,JM fdet( Xh' ) fatF) .
^  0  l  1 J  i , J  6  a  J =

Thus

|3Cf')l = p**' - .=  P  =  P
But f7 is equivalent to F, gind so by the definition of a 

p-normalised system we have

tK M Q /s a M L h',

and hence

Q a L s / t h  .

(iii) Suppose that the number of variables occurring explicitly in 
*

F is q. Let these variables be x ,. .. , x , wheren , J  m + 1  m + q
m -  m + ... + m , and let x ,..., x be the variables occurring in 0  J - l  1  m
F ,...,F (1 £ i s t). Then for 0 £ j  £ Min{Jc , k-l>, the1 , 0  1 ,  J —1  m i n  n
system

F " (x) = p'^tpx^. 

F"(x) = p‘J' V  (pxn  —  n  1

.  .  , px ,  X  ,  .  .  m + q  m + q + 1
,  .  . .  ,  px ,  X  ,  m + q  m + q + 1

.  , X  )s

. • • ,X  )

i  * n,
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has integral coefficients, and is equivalent to F. But by Lemma 2.1, 

we have
t K M ( m + q ) / s  -  ( j ( k ' + .  .  .  + k ' ) + k '  ) M  

8(F") = p 1  t  n  >

and hence, by the definition of a p-normalised system, 

t K M ( m + q ) / s  ^ M(j(Jc' + ... + k ' ) +  k ') .1  t  n
Then

m + q  a s j / k  + s / ( t k  ) .n
This completes the proof of the lemma.

Notice that as far as the p-normalisation of a system goes, a 

measure of its "average" degree is simply the harmonic mean of the 

k  .i

Lemma 2.3. E a c h  o f  t h e  F  c a n  b e  w r i t t e n  i n  t h e  f o r mi,J
F — F + p F  + d2F + . . . i , j  l ,  J » o  *  i , j , i  y  i , j , 2

f o r  i  = 1.... t  a n d  j  = 0.... Jc-1, w h e r e  t h e  F  a r e  f o r m s  i nL j»h
r v a r i a b l e s ,  a n d  t h e s e  s e t s  o f  v a r i a b l e s  a r e  d i s j o i n t  f o ri , J , h

h = 0,1,2..... M o r e o v e r, e a c h  o f  t h e  r  v a r i a b l e s  o c c u r i n g  i nJ * h

F h a v e  c o e f f i c i e n t  n o t  d i v i s i b l e  b y  p. t  J»h
U s in g  t h e  n o t a t i o n  o f  L em m a 2.2, t h e  f o l l o w i n g  h o l d :00
(i) ) r = m ,i o  l’J’h J
( J i )  r i , J , o  =  •
(iii) i f  w e  d e f i n e  R  b yi , H  J

= y f J  r  1 
‘ .H l . J , h J

t h e n  w e  h a v e

R  { H + l ) s / i t k )  , f o r  H  -  0....k-1.i ,  H  i  i
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Proof: All the results of the lemma, except part (ill), are

immediate from Lemma 2.2.

Let H s k  -1. R = R , and let x ,...,x denote the variables n n,H 1 R
occurring in the form

\ F  +  p F  + ... + pHF 1L n,0,0 r  n, 0,1 r  n, 0, Hj
+ pIF + pF + . . . + pH’1F I + . . . + pHFn, 1,0 K n , 1,1  ̂ n,l,H-lJ  ̂ n,H,0H+li. e. the variables explicit in the form F reduced (mod p ). Then

the system
- H - lF' (x) = p F (px ,..., px , x ,...,x ) ,n  =  n  1  R  R + 1  s

F \ (x) = F (px ,... ,px ,x ....x ) , for i * n ,

has integral coefficients and is equivalent to the system F. By 

Lemma 2.1, we have

a c r )  = P- ^ K  * uam/s a m .
Then, by the definition of a p-normalised system,

R 2: { . H + l ) s k ' / i t K )  = i H + l ) s / { t k  ) .n  n
This completes the proof of the lemma.

Using Lemmata 2.2 and 2.3, we obtain for the system (1.2) 

s 2 11 (with an obvious minor change in notation):

m0 a 5, q  = R  
m f ,o f,o a 2 , q  -  R^G,0 G,0 & 3 , i

m + m 0 1
> 10, m + q  

0 mf,i £ 7, m + q0 mG,1 a 8 ,

RF,1
a 4 , RG, 1

a 6 , RF,2 a 6 . •

with

(2.3)
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3 . T A C K L I N G  T H E  " S T A N D A R D "  C A S E S  W H E N  P  >  5 .

On the assumptions 3(F, G) *  0 and s  2t 11, we may rearrange

variables and change notation (for this section only) to write

s 0 (mod p) (3.1)
F  =  a  x 3+... +a x 3+  b y3+... + b  y 30  1 1  u u  l ^ l  v " 7 v*
G = o 2 2 2 2 c y +... +c y + d  z  + . .  . + d  z  

r  l  v  v  l i  w w J
where none of the a  , b  , c  , d  are divisible by p, and by (2.3) wel l i l *
have

m = u+v+w £ 5, g = v+w £ 3, g = u+v £ 2 . (3.2)o  m g , o  ^ f , o

In this section we shall show that subject to the hypothesis 

( H )  f o r  a l l  c o n g r u e n c e s  o f  t h e  f o r m  ( 3 . 1 )  s a t i s f y i n g  u + v + w  £ 5 ,  

u ^ 1 ,  a n d  w s 1 , we h a v e  a  s o l u t i o n  n o n - s i n g u l a r  (m o d  p ) ,  

when p > 5, all p-normalised systems of the form (1.2) have a 

non-trivial p-adic solution. We achieve this by showing that we may 

set certain of the variables to zero in such a way that the 

resulting pair of equations is equivalent to a system having a 

solution non-singular (mod p). By an application of Hensel’s Lemma, 

such a solution gives us a non-trivial p-adic solution to the 

system.

Given F and G of the form (1.2), and x  € Zs , we shall define= p
A (i, j) = A (F, G ; i , j ) = 6xx (cdx- c  d  x  ) ,  and1 j  1 j  i  j  i  j

A*(F,G) = Max {|A(i,j)| > .
l £ i < J < S  P

Thus if x  is a solution to the congruences F a G * 0 (mod p), it is 

non-singular (mod p) when A (F,G) = 1.

We shall require some well-known lemmata.

The following version of Hensers Lemma plainly extends to 

systems in n > 2 variables, by fixing n-2 of them.
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Lemma 3 . 1  ( s e e  G r e e n b e r g  [ 1 9 6 9 ] ,  P r o p o s i t i o n  ( 5 . 2 0 ) ) .  S u p p o s e  

t h a t  F ( X , Y ), G ( X , Y )  € Z [X,Y] , a n d  t h a t  a  , b  <s Z s a t i s f yp  o  o  p
Max {|F(a ,b )I ,|G(a -b )| > < |AI2 ,O O p  O O p  O p

w h e r e

SF d G  d G  d F  ]  

d X  d Y  “ 8 X  d Y J,'(a ,b )0 0
is n o n - z e r o ,  d F / d X  e t c .  b e i n g  f o r m a l  d e r i v a t i v e s .  T h e n  t h e r e  i s  a

u n i q u e  ( a , b )  € Z x Z s u c h  t h a t  F ( a , b ) = G ( a , b )  = 0 and 
p p

M a x i | a - a | , | b  -  b | > s p"11A | .O p  O p  Op

A^ =  A ( F ,  G ) |
(a  ,b ) ■ (

Lemma 3 . 2  ( C h o w la, M a n n  a n d  S t r a u s  [1959]). F o r  a n y  p o s i t i v e  

i n t e g e r  k ,  a n d  r a t i o n a l  p r im e  p ,  w r i t e  8  -  ( k , p-1). I f  p  > 25+1 a n d  

a  a  . . . a  *  0  (m o d  p) , t h e n12 n
It k

a  x  +  . . .  +  a  x11 n n
r e p r e s e n t s  a t  l e a s t  M i n i  p  , 1 + ((2n-l) (p-l)/5) > r e s i d u e s  (m o d  p).

3  3
C o r o l l a r y  3 . 2 . 1 .  L e t  p  > 7  a n d  36 0  (m od  p ) .  T h e n  + a gx 2

r e p r e s e n t s  a l l  r e s i d u e s  m o d  p .

2 2
C o r o l l a r y  3 . 2 . 2 .  L e t p  > 5  a n d  a  a  *  0  (m o d  p ) . T h e n  + ol̂ x ^

r e p r e s e n t s  a l l  r e s i d u e s  m o d  p .

Lemma 3.3 ( L e w i s  [1957], T h e o r e m  1). T h e  c o n g r u e n c e

3  3  3
a x  + b y  +  c z  s 0 (m o d p)

i s  a l w a y s  s o l u b l e  w i t h  o n e  a t  l e a s t  o f  x , y , z  *  0 (m o d  p ) .

Lemma 3.4 ( s e e  D a v e n p o r t  a n d  L e w is  [1966] L em m a 5). S u p p o s e  t h a t

3  3
a b c  * 0 (m o d  p ) .  T h e n  t h e  c o n g r u e n c e  a x  +  b y  s c  (m o d 7) i s  

s o l u b l e  u n l e s s  b  =  ± a  a n d  c  = ±4a.
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N o tic e  th a t ,  in  p a r t ic u la r ,  th e  c o r o l la r ie s  to  Lemma 3 . 2  s a y  th a t

all non-zero residues are represented n o n - t r i v i a l l y by the

respective forms. Notice also that if a b e  * 0 (mod p), then the

conclusion of Lemma 3.3 implies that at least two of x , y , z are

non-zero (mod p).
We first consider the cases where q  £ 3 and p > 7. We then go

F, 0

on to deal with the prime 7, and then the cases with q  =2.
F , 0

Lemma 3.5. L e t  p  > 7. T h e n  a l l  p - n o r m a l i s e d  s y s t e m s  o f  t h e  f o r m  

(1.2) s a t i s f y i n g  s  * 11, q  3, a n d  e i t h e r  u > 1 or v > 1, have a
F, 0

n o n - t r i v i a l  s o l u t i o n  o v e r  1  .
p

Proof: We divide into cases according to the value of v.
(i) v = 0.
Then by (3.2), w £ 3 and u £ 3. By Lemma 3.3 we can solve the 
congruence

a x  + ... + a x  s O  (mod p)
1 1  u  u

with one at least of the variables non-zero, say x . Also, by 
Corollary 3.2.2, we can solve the congruence

d z2 + ... + d z2 5 0 (mod p)1 1  w w
independently with one at least of the variables non-zero, say Z y  

Then the system is soluble (mod p) with
A*(F, G ) & |6x z (a d x )| =1.i  j  i  j  l  p

(ii) v = 1.
Then by (3.2), w a 2 and u £ 2. Set y = 1. By Corollary 3.2.1 we 
can solve the congruence

3  3a x  + . . . + a x + b s 0 (mod p)
I I  u  u  l  K

with one at least of the variables non-zero, say x̂ . Also, by 
Corollary 3.2.2, we can solve the congruence

c + d z2 + ... + d z2 £ 0 (mod p)I I I  w w r
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independently with one at least of the variables non-zero, say Z y  

Then the system is soluble (mod p) with

A*(F,G) * |6x z (a d x ) | = 1.i  J  1 J  i  p

(iii) v  *  2.

There are two cases:

(a) w  a  2.

(a) p s 1 (mod 3).

Since q 3, by Lemma 3.3 we can solve the congruence 

a x  + ... + a  x  + b  y  + ... +  b  y  s 0 (mod p)l i  u  u  r i  v  v  r

non-trivially (here the may not be present if u = 0). Further, we 

can plainly ensure that at least one of the y  is non-zero (for 

example, by taking variables other than y  and yg to be suitable 

residues). Let l,c,c' be the three distinct cubic roots of unity 

(mod p). Then fixing the y so as to solve the cubic, we can plainly 

find g  e  {l,c,c'> for i = l,...,v, so that

C i ^ i y i ^ 2 + + Cv(V v )2 * 0 m̂od P (3.3)

Then we have a solution to the cubic with the quadratic (3.3)

non-zero.

(3) p se 1 (mod 3) and u > 0.

Then every non-zero residue (mod p) is a cubic residue. We may put 

x = ... = x = y = ... = y = 0 and solve the congruence2  u  2  v
3  3a x + b y e  3 (mod p) non-trivially.

(y) p * 1 (mod 3) and u *= 0.

Then v  £ 3. Also, we have b  ̂e 3j (mod p) for some p^ 36 0 

(i = 1,2,3). But if

c  p 2 +  c  p 2  =  c  p 2  +  c  p 2  =  c  p 2  +  c  p 2  =  0 (mod p),1 2 2 1 2 3 3 2 3 1 1 3̂
then

e i ' W 3)a s  - c2(f3K )2 s  C3(PX )2 3 - C, (V A )2 (I”od p> •
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Then s 0 (mod p), which is a contradiction. So one of

(0_,-|3 ,0), (0,0 ,-0 ) and (-8 ,0,6 ) is a solution in (y ,y ,y ) tob  1  *5 b  W X 1  b  W
the congruence

3  3  3
b y  +  b  y  +  b  y  & 0 (mod p), r i  2 J 2  s - ' s  *

2  2  2such that c y  + c y  + c y  * 0  (mod p).
l ^ l  2^2  3J 3  K

In any of the cases (a), (|3) and (y), we may solve the cubic

congruence in (3.1) in such a way that
2  2c y  + . . . + c y  560 (mod p),1 1  V V

and so that at least one of the ŷ  is non-zero, say y . But by 

Corollary 3.2.2, fixing these values of ŷ , we may solve the

quadratic

d z 2 + ... + d z2 h -(c y2 + ... + c  y2) * 0 (mod p),1 1  w w  1 1  v v
with one at least of the z non-zero, say ẑ . Then the system is 

soluble with

A*(F,G) = |6yz (bdy)| = 1.J  k  j  k  J  p
(b) u 2: 2 and w a* 1.

Then by (3.2), v  3-w. By Corollary 3.2.2 we can solve the

congruence
2 2 2 c y  + ... + c y  + d z  s 0 (mod p)1 1  V V 1  1

non-trivially (here the term in zj may not be present if w = 0). 

Further, we can ensure that at least one of the y is non-zero (for 

example, by setting the variables other than y and yg to be

suitable residues), say yj. Notice that by replacing any y by -y , 

we still have a solution to the quadratic. Fix these values of y , 

and consider the cubic form
3  3a x  + a x .1 1  2  2

By Corollary 3.2.1, since p > 7 this form fails to represent

non-trivially at most one reduced residue (mod p), namely the zero

residue. But for suitable choices of + and - signs, there are at

2
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least two distinct reduced residues amongst

± b  y 3  ± ... ±  b  y 3

(because one at least of the y is non-zero). Then one at least of 

these two distinct residues provides a non-trivial solution in x^  

and to the congruence
3  3  3  3

a x  + a x  ±  b  y  i ...i b y  = 0 (mod d ) .

So we may suppose that x  is non-zero, and therefore that the system 

is soluble with

A*(F,G) ^ |6x y (a c x )| =1.* r i  l  l  l  p

Then in cases (i), (ii) and (iii) we have established that the

congruences (3.1) have a solution non-singular (mod p). We may

therefore apply Hensers Lemma to deduce that the equations (1.2)

have a non-trivial solution over Z .
p

This completes the proof of the lemma.

The prime 7 is problematic because the congruence
3  3  3x + y + 4z b 0 (mod 7) has solutions only when z  = 0 (mod 7). We 

now modify the ideas above to by-pass this eventuality.

Lemma 3.6. A l l  1  - n o r m a l i s e d  s y s t e m s  o f  t h e  f o r m  (1.2) s a t i s f y i n g  

s  a 11, q  a 3, a n d  e i t h e r  it > 1 or w > 1 h a v e  a  n o n - t r i v i a lF , 0
s o l u t i o n  o v e r Z .7

Proof: We divide into cases according to the value of v .

(i) v  = 0.

The proof follows in precisely the same way as in Lemma 3.5.

(ii) v  « 1.

Then by (3.2), w a: 2 and u fc 2. By Lemma 3.4, we can solve the 

congruence

a x3 + . . . + a x3 + b  y 3 s 0 (mod 7)1 1  u  u  1 1
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with y £ 0 (mod 7), and at least one of the xt non-zero, u n l e s s

u  = 2, a  =  ± a  Bind b h ±4a . If the latter is not the case, the 2 1 1 1
proof proceeds as in Lemma 3.5 (ii). However, if the latter is the 

case, by a change of variables and a temporary change in notation, 

we may suppose that the system is*
F = 3  3X  +  X  +  1 2 4v
G = 7 (b x + b  x2) + c y +  d z2+ ... + d z11 2 2 i m  11 t t J

where 7 does not divide c , at most 7 divides d ,...,d, and by

(2.3) we have
t  =  m +  q  - q  a 5. o ^G,l ^F,0

Here, F denotes the variables explicit in F (mod p), and G those
2

explicit in G (mod p ).

Put y =0. If three or more of d ,...,d are not divisible by 7, ■'l i t *  *

say d ,... ,d , then we can solve the congruences1 w
*  3  3F = x + x 0 1 2*

G  =  o
£ 0

d z2 + ... + d z2 h 0
1 1  w w

(mod 7)

independently with x i = 1, = -1, and one at least of the ẑ

non-zero, say Z y  Then the system is soluble with 

A*(F,G ) a |6x z (d x ) | =1.l  j  j  1  7
If only two of d , ...,d are not divisible by 7, without loss of 

generality dfc and d̂ , then put z = z = 0 and divide G through 

by 7. We then obtain a system of the form
•

F = x3 ♦ 3X OIII0 l 2
* 2

G ' =  C  x  + C x2 + d z 2 + ... + , 2 d z
►

5 0
0 l l 2 2 l l w  w J

1  does not divide any of the di- the C

(mod 7) (3.4)

w a 3. We can solve the cubic congruence by putting xj = 1 and 

x2 = -1. Then by Corollary 3.2.2, we may solve the quadratic 

congruence for the Z y  say with z ^ non-zero. So the reduced system 

is soluble with
A (F,G) a |6x z (d x ) | = 1.

i J J l p
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So in this case the reduced system has a solution non-singular 

(mod 7), and hence the equations (1.2) have a non-trivial solution 

over Z7» by Hensel’s Lemma.

(iii) v  2.

There are two cases:

(a) w £ 2.

The same argument as in Lemma 3.5( iii) (a) (a) applies.

(b) u * 2 and w 2si.

By (3.2), v ^ 3 - v. Observe that by a multiplicative change of 

variables, c  y  +  c  y  (mod 7) can be transformed into one of the 

forms

±(yi + y25 ° r ±(yi “ yP  *
By taking certain of the variables to be zero, we have

2 , 2^ . 2  ̂ , . 2 2  ̂ 2 , 2c y + . . . + c y + d z + . . . + d z  = c y + c y + d z ,  î i v^v 1 1  w w ri 2^2
2 2where we have adopted the convention of writing dz for d ^  if

w = 1, and for c y2 if w = 0. Then c y2 + c y2 + dz2 s 0 (mod 7) is3J3 r i
equivalent to one of the congruences

y2 + y2 + z2 b 0, with solution (1,2,4),

+ (y^ “ y \ )  + z2 2 0, with solution (2,1,2),

-(y2 - y2) + z2 2 0, with solution (1,2,2),

-(y2 + y2) + z2 s 0, with solution (2,2,1).
3 3Adopt the convention of writing b y  for b y  if w = 0, and for 03 3

if w = 1. Then in each of these cases, the quadratic is soluble with 

y , yg and z each non-zero, so that for suitable choices of + and -, 

the expression
, * 3 , i  3 , 1 3

± b  y  ±  b  y  ±  b y  1J1 2J2 J
takes at least three distinct values. Then the congruence

c y2 + c y2 + dz2 = 0 l^l 2J2
may be solved in such a way that, by Lemma 3.3, the congruence
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a  x 3 + a  x 3 + b  y 3 + b  y 3 + b y 3 s 0 11 2 2 l^l 2J2
has a solution with at least one of the x  non-zero, say x  . Thenl * l
the system is soluble with

A (F,G) £ |6x y (a c x  ) | = 1.* r  1 1 1 1 7
Then in cases (i), (ii) and (iii), we have deduced that by 

setting certain of the variables to zero, the equations (1.2) are 
equivalent to a system which either has a non-trivial 7-adic 

solution, or else has a solution non-singular (mod 7). An
application of Hensel’s Lemma now gives us a non-trivial 7-adic 
solution to the equations (1.2).

This completes the proof of the lemma.

So subject to hypothesis ( H ) t and the assumptions d ( F , G )  * 0, 
s ^ 11 and q  £ 3, we have shown that every system of the formF, 0
(1.2) with p > 5 has a non-trivial p-adic solution. We now go on to
show that when q  =2, we nonetheless have a non-trivial p-adic F, 0
solution.

Lemma 3.7. L e t p > 5, and s u p p o s e  that h y p o t h e s i s  ( H )  holds. T h e n  

all p - n o r m a l i s e d  s y s t e m s  o f  the f o r m  (1.2) w i t h s i 11 a n d  q  = 2F , 0
have a n o n - t r i v i a l  s o l u t i o n  o v e r Z .

Proof: We use the inequalities (2.3) to divide into cases:
(i) Suppose that R  = 2  and R  £ 5.F , 0  F, 1

We may rearrange variables and change notation to write 
F  = A X 3 + A  X 3 + p( a x3 + ... + a  x 3 + b  y 3 +  ... + b  y 3 ) %1 1  2 2 ^ 1 1  u u  1 J 1 v  v  1

G * = B X 2 + B X 2 + c y 2 +... +  c  y 2 + d  z 2 + . . . +  d  z 211 2 2 1M v^v 1 1  w w
where p does not divide any of the a , b , c , d , A , the B  are1 i i i i* i
integers, and from (2.3) we have
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u  + v  =  R  - R  £ 3,F >1 F , 0
u + v  + w  = m  + q  - g £ 5, o  mf , i  ^ f , o

v  +  w  =  m  - g a3. o mf,o
Here F  denotes the variables explicit in F  (mod p ), and G  

denotes those explicit in G  (mod p).
Independently of F, ̂  , if p = 7 and A ^ =  ± A ^ (mod 7), then since 

v + w  £ 3, we have a solution to the system non-singular (mod 7), as 
for (3.4). Henceforth we may therefore assume that if p = 7, then
A  m  ± A  (mod 7).1 2

We now set Xj = Xg = 0, and consider the congruences obtained by 
a change of variables:

F'* = (p’V)*
• •

G' = G
► = 0 (mod p)

This system of congruences is either of a form in which hypothesis 
( H) applies, or else is of the same form as the systems we 
considered in Lemmata 3 . 5  and 3.6, and with gf /  Q 3. The system 
therefore has a solution non-singular (mod p), and hence the
equations (1.2) must have a non-trivial p-adic solution, u n l e s s

p  - 7, u = 2, v  = 1, w  = 2, = ±aj (mod 7) and b = ±4aj (mod 7).
But in this last case we consider the congruences obtained by

setting Xj = Xg = y  - = 0, and making a change of
variables:

F'
G'

(7‘V)* ’ 
(7_1G)*

J

(mod 7).

By a rearrangement of variables and change in notation, by (2.3) the
system takes the form (3.4) with

w + 2 = ( m  + m  ) - m  £ 5. o i  o
Then the congruences have a solution non-singular (mod 7), and hence 
the equations (1.2) must have a non-trivial 7-adic solution.
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(ii) Suppose that R  - 2, R  = 4, and R  7.F , 0  F, 1 F , 2
We may rearrange variables and change notation to write

F  = A  X * + A X3 + p(i4 X3+i4 X3) + p2(a x3+.. .+a x3+b y3+. ..+b y3) 1 1 2 2  ^ 3 3 4 4  *  1 1  u u l"7 1 v
■ 3/ >. 3 3% 3m+n, 3 3 \+ p (B z +. .. +B z ) + p (e u +...+e u )1 1  w w  1 1  r r

G  -  C  X2+C X2 + C X2+C X2 + p(D x2+. ..+D x2) + c y2+.. .+c y11  2 2 3  3  4 4 1 1 u u 1 1 2 w
, 2  . 2  , * 2 » 2\  + d  z  +. ..+d z + p(f u +...+f u )1 1  w w ^ l l  r r

where p does not divide any of the a  ,b , c  t d  , A and e , the 
r  i i i l l l

B  , C  , D  , f and e ,..., e are integers, we have 1 1 1 1  2  r  & »
m  £ 1 and 0 s n ^ 2,

and by (2.3),

u + v  -  R  - R  * 3 ,  v  + w =  m +  q  - R  a 3,F, 2  F , 1 0  ^ F , l  F,  1
4 + u + v + v +  r t l l . (3.5)

We may suppose that the are not divisible by p, for if p | a n d  

p3|(p3nH,ne) for some i, then d is not minimal (we can make a
p”1uj without affecting thetransformation of the type u

integral character of the coefficients).
Independently of R F z » if p  = 7 and s ± A ^ (mod 7), then we

set X = X = 0 and divide what is left of F  by 7. Since v + w  2: 3, 1 2
the system takes the form (3.4), and we therefore have a non-trivial
7-adic solution to the equations (1.2). Henceforth we may therefore 
assume that if p = 7, then A  * ± A (mod 7).
(a) Suppose first that u + v + w  5.

Then we set X = ... - X = 0  and consider the congruences obtained 
by a change of variables:

* . -2 . * 
F " = (p ZF)

• *
G "  =  G

s 0 (mod p)

This system of congruences is either of a form in which hypothesis 
( H ) applies, or else is of the same form as the systems we
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considered in Lemmata 3.5 and 3.6, and with q  „ £ 3. The systemf  , o
therefore has a solution non-singular (mod p), and hence the 
equations (1.2) must have a non-trivial p-adic solution, u n l e s s  

p = 7, u = 2, v  = 1, w  = 2, a^ = ±ai (mod 7) and b = ±4a^ (mod 7).
But in this last case we consider the system obtained by setting 

X = ... = X -  y  = z = z =0, and make a change of variables:l  4 J i  l  2  G
*  _ p  *  „F" = (7 F)

G"* = (7_1G)*
s 0 (mod 7) .

Since
r £ 7 - u - v - w = 2 ,  and 

m + m  - F - F ^ 1 0  - 4 -  3 = 3,o 1 F , 1 c , o
possibly by setting one or more variables to zero, we have a system 
of the form

* 3
F " = x  +l

* 2
G " = D  x  +

l l

3
X 2

a x2 + b  y2 + ...12 l̂ l + br,yr'
► = 0 (mod 7)

m

(3.6)

where 7 does not divide b ,..., b
1 r

, r' & 2, and if r' = 2, then 7
does not divide a .l

But we may solve the cubic congruence by putting

(v V  = (0V - V for any € {1,2,4}. If r' > 2, then we may
solve the quadratic congruence non-trivially, by Corollary 3.2.2,
say with y non-zero. If r' =2, then since for some choice of

2 2and a , the expression D  a + a a must be a non-zero residue, we 
may also solve the quadratic congruence for y and yg, by 
Corollary 3.2.2, say with yj non-zero. Then this system is soluble 
with

A*(F",G") a: iBxy (bx)| = 1.i i  i i  p
So the system has a solution non-singular (mod 7), and hence the 
equations (1.2) have a non-trivial 7-adic solution.
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(b) Suppose now that u + v + w  < 5. 
Then by (3.5), we have r ^ 3.

If n = 0, put
X = X = x = ... = x = y = .
3 4 1 u •'l

and replace X̂  by p nX^ for i = 1,2,
if n  - 1, put
X = X = x = ... = x = y = . 1 2  1 u •'l

and replace Xi by p“x for i = 3,4,
if n = 2, put

-  y  =  z  =  ... = z =0,V 1 w

= y = z = ... = z =0,Jy 1 w

X = ... = X =0,
1 4

and replace xt by pmx for i = 1....u, yt by p ^  for i = 1.... v,
and by p for i = 1,.. ., w.

3m+nThen we may divide through by p  in what is left of F, and by 
p  in what is left of G. Then we obtain, by a rearrangement of

variables and change of notation, the system
_ * 3 3 . 3  . 3
F  = a x + ... + a x + b  y  + ... + b  y  

1 1  u u

G- =
where

2 2 2 + c y + . . .  + c  y  + d  z  +1J1 vJv 1 1

u £ 2, u + v  at 3, v+w ^ 3,

+ d z w w

and
u+v+w a: {

5 for n = 0,1
6 for n  = 2 .

When p  7 the system of congruences F'r s G* = 0 (mod p) is
seen to be of the same form as the systems we considered in
Lemma 3.5. When p = 7 we have A * A  (mod 7) for i ® 1,2, and

• *hence when n = 0,1 the system of congruences F M  ■ G m  = 0 (mod 7) 
is seen to be of the same form as the systems we were able to solve
in Lemma 3.6, and with q  m  £ 3. When p = 7 and n = 2 we haveF , o
u + v + w  a: 6, so that by setting at most one variable to zero we obtain
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a system of the form we were able to solve in Lemma 3.6. The system

therefore has a solution non-singular (mod p), and hence the
equations (1.2) must have a non-trivial p-adic solution.

(iii) Suppose that R  =2, R  =4, and R  = 6.
F,0 F)1 F)2

By a rearrangement of variables and change of notation, the 
p-normalised system now takes the form,

F  -  A  X * + A  X *+ p U  X * + A X3) + p2U  X ^ + A  X3) ]
1 1  2 2  ^  3 3  4 4  K  5 5 6 6

3 m + n , 3 3.
+ p (a X  + . . .+a X  ) 

1 1  r r

G = B X2+B x2+ B  X2+B X2 + B X2+B X2
1 1 2 2  3 3 4 4  5 5 6 6

+ (b x2+...+b x2)
1 1  r r •'

where

(3.7)

m a 1, 0 s n * 2, and r 5,

and where the B and b̂  are integers, and p does not divide any of 
the A  , or a . Further, by the same argument we applied to the f  in 
(ii), at most p divides any of the b^

Let SQ = {irpjb^, and 1 ^ i ^ r>, and {1,.. . , r}\SQ. Then one
or other of card SQ and card Si is at least 3, since r £ 5. Suppose 
that card £ 3, and rename any three of the variables with indices 
in S as x ,x ,x . Put x = x =0. Now we have the system

t 1 2 3 4 5 *

F = A  X * + A X3+ p U  X3+ii X3) + p2U  X3+j4 X3)
1 1  2 2  ^  3 3  4 4  r  5 5 6 6

3M + N f 3 3. 3%+ p (a x +a x +a x )
^  1 1 2 2 3 3

G = B X2+B X2 + B X2+B X2 + B X2+B X2
1 1 2 2  3 3 4 4  5 5 6 6

+ pt(b x2+b x2+b x2) 
^  1 1 2 2 3 3

where p does not divide any of the ^  or b , t = 0 or 1, M  £ 1, 
0  £  N  *  2, and at most two of a ,a ,a are divisible by p.

1 2  3

If N  = 0, put
X =
3

and replace X̂  by p X for i =

. = X = 0, 6
1,2,
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i f  N  = 1, put
X = X = X = X =0, 1 2  5 6

and replace X by p X̂  for i = 3,4, 

if N  = 2, put
X = . . . = X = 0,
l 4

and replace X by p Xt for i “ 5,6.
3M+NThen we may divide through by pw  in what is left of F, and by

p t in what is left of G, to obtain, by a rearrangement of variables

and change of notation, the system
F 'w* = a x3+ ... + a x3+ b y3+ ... + b  y 3

1 1  U  U  1  1  V  V*
G ” = 2 2 2 2 + c y + ... + c y + d z + ... + d zl"71 v"7 V 1 1  w w

(3.8)

where
u+v £ 3, v+w £ 3, and u+v+w as 5.

Now we know that A £2i-l A (mod 7) for 21 i = 1,2, and hence

u n l e s s  N = 2, p = 7, u = 2, v = 1, < H to a 2 ±a 1 2 (mod 7) and

b  = ±4al l (mod 7), then the system of congruences
* *

F ” s G ,y 2 0 (mod p) is seen to be of the same form as the systems
we considered in Lemmata 3.5 and 3.6, and with q_,u ^ 3. In thisF ,0
case the system therefore has a solution non-singular (mod p), and 
hence the equations (1.2) must have a non-trivial p-adic solution.

In the problematic case, returning to our notation previous to 
equation (3.8), we must have A  =  ± A  (mod 7). If B and B  are both 
divisible by 7, we may set X = .. . = X =0, and divide through

1 4

what is left of F by 72, and what is left of G by 7l. In this case 
we have a system of the form (3.4), and hence a non-trivial 7-adic 
solution to the equations (1.2).

Returning to the notation implicit in equation (3.7), we may 
assume that B  and B  are not both divisible by 7. Suppose now in

5 6
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addition that at least four of the b are divisible by 7, so without 
loss of generality 7 divides b ,... ,b . Then we set

1 4

X = ... = X = x = ... = x  = 0,
1 4 5 r

and replace X by pMX̂  for i = 5,6. By dividing through what is left 
of F  by 73M+2, and what is left of G  by 7, we obtain a system of the 
form (3.8) with u+v £ 3, v + w  £ 4, and u + v + w  £ 6. Then, possibly by 
setting one of the variables to zero, we again obtain a system of 
the form (3.4), and hence a non-trivial 7-adic solution to the 

equations (1.2).
Then we may assume that at least two of the b are not divisible 

by 7 (since r ^ 5), and at least one of B  and B  is not divisible
5 6

by 7. Set X = ... = X =0. Then by a multiplicative change of
1 4

variables and a change in notation, we have a system of the form

(7 "V)*« x3 +
► = 0 (mod 7)

(Gu)*= A  x 2 +  a  x 2 + b  y 2 + b  y 211 1 2  l^l  2J2
w h e r e 7 does not divide a , b or b . As for the congruences (3.6), 
this system has a solution non-singular (mod 7), and hence the 
equations (1.2) have a non-trivial 7-adic solution.

This completes the proof of the lemma.

4 .  E S T IM A T E S  FOR E XP O N E N TIAL S U M S.

In this section we use exponential sums to show that hypothesis 
(H) is satisfied for all primes exceeding some prime pQ. Our first 
step is to obtain an estimate for the number of solutions to a pair 
of congruences (Lemma 4.3), which enables us to provide a good bound 
on a fundamental exponential sum.
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Consider the congruences
3  , j  3

a x  + . . . +  a  x  
1 1  5 5

b  x 2 + ... + b  x 2
1 1  5 5

s 0 (mod p) (4.1)

where at most one of the a , and at most one of the b  is zero, andi i
where â  and b^ are not simultaneously zero. The number, N, of 
solutions (mod p) to the congruences (4.1) is given by the
exponential sum

N -  P-2
lu,v(mod p)

(4.2)

where
T  (u) = V e( (a u x 3 + b vx2)/p) , for j = 1,. . ., 5.J = . J Jx mod p

3The term with u  =  v  = 0 in (4.2) contributes p to N, which is the 
"expected" number of solutions to the congruences (4.1). We aim to 
show that the remaining terms, together with the number of singular
solutions, do not exceed p3-1 in modulus, and hence that the
congruences (4.1) have a non-singular solution. For pairs of
congruences of the same degree it is essentially only the ratios of
the coefficients that determine the singularity condition. 
Unfortunately, singularity conditions are more complicated in our 
case, and we must therefore provide an estimate for the number of 

singular solutions of the congruences (4.1) (see Lemma 4.5).
Before proceeding to the proof of Lemma 4.3, we give some 

well-known estimates for exponential sums. These estimates are a 
consequence of the argument of Corollary 6D to Theorem 6C of 
Chapter IV of Schmidt [1976]. We give a sketch proof for the sake of 
completeness.
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Lemma 4 .1 .  L e t

T ( u )  - £ e(ux3/p), a n d  S(u) = £ e(ux2/p).
x mod p x mod p

T h e n  w h e n  p  is a  r a t i o n a l  p r i m e  c o n g r u e n t  to 1 (mod 3), w e  h a v e

Pf,1 2
T i r ( u ) i 2 = 2p(p-i )u=l 

P - 1

£ |T(u)|4 = 6p2(p-l) 
u=l
p - 1
£ |T(u)|6 s 22p3(p-l) .u= 1

W h e n  p s 2 (mod 3), each of t h e s e  s u m s  is zer o .  Also, f o r  

p o s i t i v e  i n t e g e r  r  a n d  p r i m e p > 2, w e  h a v e

T i « « ) i *  = pr (p-D.
U = 1

Proof: First consider the cubic exponential sums.
(i) Suppose that p s 1 (mod 3).
By Lemma 4.3 of Vaughan [1981b], we have for p|u

T(u) = x(u)t (%) + z(u)r(%),

any

where
p

t (x ) = ][ %(x)e(x/p) ,
X=1

and x is a primitive cubic character modulo p. As in Cook [1985] §4, 
|T(u)|2 = 2p + 2.Re(%(u)T(^)T(%)) , and 

|T(u)|4 = 6p2 + 8p.Re(x(u)T(*)T(%)) + 2. Re(%2(u)x2( j;)t2(%) ) .
Summing over u gives us the first two results, and in the same 
manner,

p - l  p - i
£ |T(u) |6 = 20p3(p-l) + T 2.Re(T3(x)i3(J»

U = 1  U = 1

* 22p3(p-l),
since |t (%)| = p1/2.
(ii) Suppose that p e 2 (mod 3).
For r ^ 1, the number of solutions to the congruence

x3 + ... + x3 S y3 + . . .  + y3 (mod p) (4.3)1 r 1 r
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is given by
p

H  = p”1 £ |T(u)|Zr.
u = 0

But since every residue is a cubic residue (mod p), the number of
2r—1solutions to the congruence (4.3) is precisely p  . The result now 

follows.
The results for S follow in a similar, though simpler manner.
This completes the proof of the lemma.

The proof we give for Lemma 4.3 is entirely elementary, using 
nothing more complicated than the following well-known result on the 
quadratic residue symbol.

2Lemma 4.2. L e t  f i x ) = a x  + b x  + c, w h e r e  a , b , c  a r e  integers, a n d

2
let p  b e  a n  o d d  p r i m e  n o t  d i v i d i n g  a. F u r t h e r, let d  -  b  - 4a c  b e  

t he d i s c r i m i n a n t  o f  f. T h e n  d e n o t i n g  t he q u a d r a t i c  r e s i d u e  s y m b o l  b y  

j , w e  h a v e

if p  d o e s  n o t  d i v i d e  d  

if p  d i v i d e s  d.

Lemma 4.3. S u p p o s e  that p  * 2,3 is a  r a t i o n a l  prime. T h e n  the

n u m b e r  o f  s o l u t i o n s, S, o f  the s i m u l t a n e o u s  e q u a t i o n s

3 3 3 31 2 J1 J2.2 , 2  2 21 2 ■ 'l J2 J2
o v e r  F s a t i s f i e s  S  s 4p - 5p + 2 .p

Proof: Suppose that (x ,xg,y ,yg) satisfies (4.4), and let
X = x + x - y - y.1 2 Ji

Write s (z) = z* + zk for k as 1. Then noting the identity k — i 2

(4.4)

(4.5)

s (z) - 3s (z)s (z) + 2 s  (z) = 0,
1 =  2 = 1 =  3 =
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we have from (4.4),
(X + s ^ ) ) 3 - 3sz(^)(X + ^(y)) + 2s3(̂ ) = 0 .

So if the equations (4.4) are to have a solution, then X must 
satisfy the cubic equation

X(\2 + 3X(yt + y2) + B y ^ )  = 0 . (4.6)
There are two cases.
(a) X = 0.

Then from (4.5) we have x + x = y + y , and from (4.4) and (4.5)1 2 1 2
we have x x  -  y  y  . So for any s  e F ,1 2 J1J2 w p

(s -  x  )(s - x ) = (s - y )(s - y ). i 2 •' i  J 2

Then (x - y )(x - y ) = 0, and hence either x = y , or x = y . 
Thus X = 0 gives precisely two solutions to (4.4) and (4.5) for each 

pair (y . y ) € F2 with y * y . namely (x,,x ) = (y.y ) and1 2 p  1 2  1 2  1 2
(x , x ) = (y2,yi). But when y = yg we plainly get the single
solution x = x = y , so the total number of distinct solutions 1 2

2corresponding to X = 0 is 2p(p-l) + p = 2p - p.
(b) X * 0.
Then from (4.6), X satisfies

X + 3X(y + y ) + 6y y = 0 . ^1 J2 J ±2 (4.7)
For a given (yi»yz), the number of solutions in X of this quadratic

equation is [
A 1 2 2— 1 + 1, where A = 9yi~ 6y4y^+ 9y^ is the discriminant1 2

of the quadratic in (4.7). Then the number, T, of triples (y^y2>X) 
satisfying (4.7) is

l  ly =1 y =1 1 7 2

9y - 6y y + 9y 1•'l J 2 J 2 + 1

= p2 * l  ly =1 y =1 1 2
9y - 6y y + 9y •'l J 2 J2
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2 2Fix yi and consider 9y - 6y y + 9y2 as a quadratic in y . It has 
2discriminant -288yi , which is divisible by p if and only if p = 2 

or 3, or if p divides y^. Then using Lemma 4.2 we deduce that

l  ly =1 y =1 1 2
9y2- 6y y + 9y2 r p_1

E . r [ I ] • " • “ [ I ] - 0 -
So T  = p . But X = 0 is a solution of (4.7) whenever p divides 

^ 1^2 ’ ^at *s» w^en y = P  or y2= p, and we have already counted 
the solutions with X = 0. So the number of triples (y^y^X) 
satisfying (4.7) with X * 0 is p2 - (2p - 1).

Given a triple (y^y^X), substitute (4.5) into the quadratic in
(4.4). We deduce that xg satisfies the quadratic

2yiy2 + 2X(yj + yg) + X2 + 2x2 = 2xjj(yi + yg + X). (4.8)
Given a solution xg to (4.8), xj is uniquely determined by (4.5), so 
for each triple (ŷ , y^, X), there are at most 2 pairs ( )  

satisfying (4.4) and (4.5).
The total number of solutions to the equations (4.4) is therefore 

bounded by
S £ 2(p2 - 2p + 1) + 2p2 - p = 4p2 - 5p + 2.

This completes the proof of the lemma.

E 3 g
e ( C u x  + v x  )/p), w e  h a v e

x mod p
p-i p-i f 3p - 12p + 9 f o r  p = 1 (m o d  3)P l  l  |T(u) | 4 s .
u=i v=i  ̂3p — 6p + 3 f o r  p  = 2 ( m o d 3).

Proof: The exponential sum
p - i  p - i

p-2 l  l  |T(u)|*
u=0 v=0

is the number of solutions of the simultaneous congruences
«

► (mod p) ,
3 3 _  3 3X + X E X + X
1 2  3 42 2 _ 2, 2X  + X  E X  + X
1 2  3 4
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which is bounded above by 4p -5p + 2, by Lemma 4.3. Also, by 
Lemma 4.1,

Pt  P£  i r ( u ) | *  = i r c o ) i 4 + Pj[ | r ( u , o ) i 4 + P|  | r ( o , v ) | 4
u=0 v=0 u = 1 v = l

u=0 or v=0
p4 + 7p2(p-l) for p s 1 (mod 3) 
p4 + p2(p-l) for p s 2 (mod 3) .

Then
p - i  p - l

p-2 l  l  ir(a)|4 s
U=1 v=1

* 3p - 12p + 9 for p * 1 (mod 3)
3p - 6p + 3 for p s 2 (mod 3) 

This completes the proof of the corollary.

Lemma 4.4. M e  h a v e

(i) if n o  a^ is z e r o  a n d  n o  b  is z e r o , t h e n

c 6p5/2+ (2(33) 1/2-23)p3/Z
\N - p31 * + (17-2(33)1/2)p1/2 for p 5 1 (mod 3)

0  5/2 ,, 3/2 „ 1/26p - lip + 5p for p = 2 (mod 3)
(ii) if t h e r e  is a n  i f o r  w h i c h  a  ̂is zero, but n o  b  is zero, t h e n

IN - p | <
3pS/2- 11 p 3'** 8p1,<:+ 6p*- 6p for p s 1 (mod 3)3/2 1/2
0 5/2 3/2 _ 1/23p - 5p + 2p for p = 2 (mod 3)

(iii) if t h e r e  is a n  i f o r  w h i c h  b  is z e ro, b u t  n o  a  is z e ro, t h e ni J

W - p31*

6pS/Z+ (2(33)1/2-24)p3/S
+ (18-2(33)1/2)p1/Z + p2- p f o r  p s 1 (mod 3)

« 5/2 3/2 ^ 1/2, 26p - 12p + 6p + p - p for p = 2 (mod 3)
(iv) if t h e r e  is a n  i f o r  w h i c h  a^ is z e ro, a n d  a  j  f o r  w h i c h  b  is

z e ro, t h e n

IN  - p31 s

(12pS- 96p4+ 264p3- 288p2+ 108p) 1 / 2

+ 7p - 7p for p = 1 (mod 3)

(12p5- 48p4+ 72p3- 48p2+ 12p) 1/2
+ p -  p fo r  p = 2 (mod 3)
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Proof: Separating out the main term, we obtain

» -  p3 = p"2 ( [ T  + [ T r i (o-v ) - - - r B(o-v))V V u=l V=1 J V=1 J

*  [ ^ r l (u-0 ) - ' - :rs (u’0)) )
= S + S + S , say.1 2  3 *

There are four cases:
(i) No a is zero, and no b̂  is zero. 
Then by Holder’s inequality,

p-i p -i
I

U=1 V=1

° r p^1 - v ' °
* n E [ i^ isi = 1 u=l v=1 J

r  P "  *  P " 1
a Sup IT (u)| V T  ir (u)

 ̂ U J U=1 V=1

for some J € {1,...,5>, where the supremum is over u  * 0 and v  * 0. 

By the Riemann Hypothesis for finite fields (see e.g. 
Schmidt [1976]), we have for any polynomial f i x ) of degree k  with 
integer coefficients, and with p not dividing the content of 
f i x ) - f(0), the estimate

£ e i f i x ) / p )

x mod p
s (k-l)p1/2

Using this estimate, making a change of variables, and applying 
Corollary 4.3.1, we obtain

ISJ s
6p5/2- 24p3/2+ 18p1/2 for p = 1 (mod 3) 
6pS/2- 12p3/2+ 6p1/2 for p s 2 (mod 3) .

Also, by a similar argument to the above, there is a J such that
|S 2 I a  p ' 2 l  ITjCO.v) | B.

V=1
By Lemma 4.1 and Cauchy’s inequality, on making a change of 
variables,

IS I a p1/2(p-l).
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Also, as above, there is a K  such that
p-i

|S3I a p‘2 £ |T,(u,0)| .U=1
If p  = 2 (mod 3), then the sum is zero. Otherwise, by Cauchy’s

inequality and Lemma 4.1,
p -i[p - l  > 1 / 2  f  p - l  > 1 / 2
l  IT (U ,°)|6J [ I  IT C».0>| JU=1 J '  U=1 J

*  p-2(22p3(p-l).6p2(p-l))1/2 
= 2(33)1/2p1/2(p-l) .

The result now follows on adding the above estimates for |S |, I |
and |S |.3
(ii) there is an i for which is zero, but no is zero.

By a rearrangement of variables we may suppose that = 0. Then
by Holder’s inequality and the Riemann Hypothesis for finite fields,

5 r p - i p- i  1/4P ~ 1 P - i

l  I y a > - " V S >U=1 V=1
[ > ° r P- 1 p-A >

s u p ^ t u )  n l  l  i r . tu)! '*
u J 1 = 2'- u=l v=l J

p -l p - l
* p 1/2 lU=1 V=1

for some I € {2, ...,5>. Making a change of variable and using 
Corollary 4.3.1, we have

ISJ =£ -
3p5/2- 12p3/2 + 9p1/2 for p a 1 (mod 3)
3p5/2- 6p3/2 + 3p1/2 for p = 2 (mod 3) .

Also, in a similar way to (i), we have

IS2I s p1/2(p-l),

and noting that T  (u,0) = p, we have
p-i

is 1 3 p-2 [p y |T (u,0) | 4 1t  U=1 J
for some integer K, and hence,

’ s 6p(p-l) for p s 1 (mod 3)
|Sa' = 0 for p s 2 (mod 3) .

The result now follows on adding the above estimates for |S |, | |
and |S |.3

68



(iii) there is an i for which b is zero, but no a is zero.i J
In a similar way to (i) and (ii),

6p - 24p + 18p + p(p-l)
\N - p31 :£ - + 2(33)1/2p1/2(p-l) for p s 1 (mod 3)

- 6p5/2- 12p3/2+ 6p1/2+ p(p-l) for p e 2 (mod 3) .
(iv) there is an i for which â  is zero, and a J for which b is 
zero.

We may rearrange variables so that a, = 0 and b, = 0. In a 
similar way to (i) and (ii), we obtain 

-2
p -i p -i
l  I v s > - V 2 >u=l v=l

s (2p1/2)(pI/2)p-2 P[ Pf  |T (u)
U=1 V=1

for some I, and hence by Cauchy’s inequality,
p-l p -l > i/2 r p -l p -l[ p - i  p - i  > i f  c. r  p~i p~i h

p ' 2 l  [  W 2 p-2 l  [  W *
U=1 V=1 J U=1 V=1 J

1/2
(4.9)

But
p-l p -i

p 2 l  Z wu=0 v=0
is the number of solutions to the system of congruences

► (mod p),
3  3a x  s a xI I  12

, 2  _  , 2  
b  x  s b  x  I I  12

which is plainly p, since aj and are both non-zero. Then using 
Lemma 4.1 we deduce that

p -i p -i
l  =U=1 V=1

p3- p2- 2p(p-l) - p(p-l) for p s 1 (mod 3)

P3" P2“ p(p-l) for p s 2 (mod 3) . 
By Corollary 4.3.1 and (4.9), we then deduce that

' (12p5- 96p4+ 264p3- 288p2+ 108p)1/2 for p s 1 (mod 3)

for p s 2 (mod 3) .1 _ (12p5- 48p4+ 72p3- 48p2+ 12p)1/2
And as in (i) and (ii),

|S2I ^ p(p-l), and

' s 6p(p-l) for p s 1 (mod 3)
= 0 fo r  p s  2 (mod 3) .
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The r e s u l t  now follow s on adding our estim ates f o r  IS^J, | | and

IS3 I.

This completes the  p ro o f o f  the  lemma.

Lemma 4 .5 . S u p p o s e  that p  *  2 ,3 . T h e n  the n u m b e r  o f  di s t i n c t  

s i n g u l a r  s o l u t i o n s  o f  the c o n g r u e n c e s  (4 .1 )  is a t  m o s t

(a) 9p-8 if n o  a  is z e r o , a n d  n o  b^ is z e r o f

(b ) 5p-4 if t h e r e  is a n  i f o r  w h i c h  e i t h e r  a^ s  0 o r  b^ =  0, b u t  

t h e r e  a r e  n o  i a n d  j, i *  j ,  w i t h  a^ s  b^ s  0,

(c) 2 p - l  if t h e r e  is a n  i f o r  w h i c h  a  ̂ is z e r o t a n d  a  j  f o r  w h i c h  b  

is zero.

Proof: Suppose th a t  (a  .................a  ) is  any so lu tio n  o f  the1 5
congruences (4 .1 )  s in g u la r  (mod p ) . Suppose a lso  th a t  p re c ise ly  v  o f

the  a re  non-zero , and rea rra n g e  v a riab le s  so th a t  oĉ  * 0 f o r

i  = l , . . . , v .  P la in ly , a s  a  and b  a re  no t sim ultaneously  zero , we

have v  = 0 o r  v  £ 2. Since a  is  a  s in g u la r  so lu tio n  and p * 2 ,3 , we

must have f o r  every i ,  j  € ( 1 ..............5>,

oca (a b  a  - a  b  a  ) =  0  (mod p ) , i J i J i J i J y

and hence a b a  =  a b a  (mod p) f o r  a l l  i ,j  € {1..............v>.i j i J i J
Suppose th a t  v  £ 2. There a re  two cases:

( i)  th e re  is  no i  € { 1 , . . .  , v} f o r  which e ith e r  a s  o o r  b s  0.

Then
> a b

a i f o r  J  = 1 , . . .  ,v
a  s  « b  a  

J i J
0 f o r  J  = v+1..............5.

There a re  p la in ly  p-1 such  n o n - tr iv ia l  so lu tio n s , taking 

a i s  1 ,. . . , p - l .
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S o.( i i )  th e re  a re  i,  j  € { 1 ........ v> f o r  w h ich  a ^  b  0 o r  b

Then we can f in d  i,j  e { 1 , . . . , v> such  th a t a J
and b a re  both i

n o n -ze ro , but a b a  = a b a  = 0 (mod p ) . Then a s  0, which is  a
j i J i J i J

c o n trad ic tio n .

So we conclude th a t  ( i)  holds whenever v  *  0, and from
a a  + . . .  + a a  = 0l l S 5
b a2+ . . .  + b  a2 s  01 1  5 5

(mod p)

we o b ta in

(b3/ a 2+ . . .  + b3/ a 2) . a 3 e  0 (mod p ).
1 1  V  V  1

R earrange v a riab le s  so  th a t  a^ * 0 and b a 0 f o r  i  =

and e ith e r  a = 0 o r  b = 0 f o r  n < i  ^ 5. Let 0 = b3/ a 2 f o ri i ' i  i i
i  = l , . . . , n .  Using the  n o ta tio n  o f  Appendix A, th e re  a re  a t  most

W(p; 0) d is t in c t  congruences o f  the form

0 + . . .  + 0 s  0 (mod p ), 
l t

with 1 ^ i  < i  < . . .  < i ^  n  and 0 ^ t  ^ n, one o f  which is  the1 2 t
"empty" congruence. For each such non-empty congruence, we have p-1 

n o n - tr iv ia l  s in g u la r  so lu tio n s  (given by the  p-1 non-zero  values o f

a  ). Thus, by Theorem 1.1 o f  Appendix A, the number o f  s in g u la r

so lu tio n s , including 0 , to  the  congruences (4 .1 )  is  a t  most

(a) (10 -  l ) ( p - l )  + 1 = 9p-8 i f  no a is  zero , and no b is  zero ,

(b) (6 -  1) (p— 1) + 1 = 5p-4  i f  the re  is  an i  f o r  which e ith e r  a s  0

o r  b  ̂ s  0, bu t the re  a re  no i  and j, i *  j, with a  ̂ = b^ = 0,

(c) (3 -  l ) ( p - l )  + 1 = 2 p - l  i f  th e re  is  an i f o r  which a is  zero ,

and a  j  f o r  which b is  zero .

This completes the  p ro o f o f  the  lemma.

Lemmata 4 .4  and 4 .5  show th a t  the number, N  , o f  so lu tio n s  to  the 

sim ultaneous congruences (4 .1 )  which a re  n o n -s in g u la r  (mod p ), 

s a t i s f i e s  \N  -  p | ^ £, where E  s a t i s f ie s :
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( i )  i f  no a is  zero  and no b is  zero , theni i
‘ 6pS/2+ (2 (3 3 )1/Z-2 3 )p 3/Z

+ (1 7 -2 (3 3 )1/Z)p 1/Z+ 9p -  8 f o r  p S  1 (mod 3)
0 5 /2  3 /2  „ 1/2 , _6p -  l i p  + 5 p + 9p -  8 f o r  p = 2 (mod 3)

( i i )  i f  th e re  is  an i  f o r  which a  ̂ is  zero , bu t no b^ is  ze ro , then

E s
_ 5/2 „ , 3/2 0 1/2 0 2 .3p “ l i p  + 8p + 6p -  p -  4
_ 5/2 „ 3/2J ' 1/2  ̂ tr3p -  5p + 2p + 5p -  4

f o r  p = 1 (mod 3) 

f o r  p s  2 (mod 3)

( i i i )  i f  th e re  is  an i  f o r  which b  ̂ is  zero , bu t no a^ is  zero , then

E  *
6p5/2+ (2 (3 3 )1 /2 -2 4 )p 3/2

+ (1 8 -2 (3 3 )1/2)p1/2+ p2+ 4p -  4 f o r  p =  1 (mod 3)
5/ 2 3/2 _ 1/2 2 - .6p -12p  + 6p + p + 4p -  4 f o r  p = 2 (mod 3)

(iv )  i f  th e re  is  an i  f o r  which a is  zero , and a  j  f o r  which b isi • j j

z e ro , then

“ ( 12p5-  96p4+ 264p3-  288p2+ 108p)1/2
+ 7p2-  5p- 1 f o r  p = 1 (mod 3)

(12p5-  48p4+ 72p3-  48p2+ 12p)1/2
+ p2+ p -  1 f o r  p s  2 (mod 3)

I t  is  now e a s i ly  v e rif ie d  th a t  these  in e q u a litie s  ( i)  -  (iv )

ensu re  th a t  \N - p  \ < p  f o r  a l l  primes p s a tis fy in g :

E  <

when no a is  zero  -i
p > 31 f o r  p = 1 (mod 3)

p > 29 f o r  p b 2 (mod 3) 
p > 13 f o r  p = 1 (mod 3)

when an a is  zero  -
1 p > 5 f o r  p = 2 (mod 3)

Thus, f o r  a l l  ra t io n a l  primes, except p o ssib ly

when no a i s  zero , 2 ,3 ,5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,2 3 ,2 9 ,3 1 , 

when an a  ̂ is  zero , 2 ,3 ,5 ,7 ,1 3

the  sim ultaneous congruences (4 .1 )  have a  so lu tio n  non -s ing u la r
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(mod p ) . In  §§5 and 6 we s h a l l  be concerned with the  treatm ent o f 

these  rem aining primes, and the  p a r t ic u la r  cases  f o r  which they 

cause d i f f i c u l t ie s .

5. THE PRIMES P CONGRUENT TO 5 (MOD 12), AND THE PRIMES 2 AND 3.
In  th is  sec tio n  we s t a r t  by giv ing a  r a th e r  sim ple p ro o f th a t  

r* (3 ,2 )  ^ 11 f o r  a l l  primes p =  5 (mod 12). We then  co n sid er thep *
primes 2 and 3. Since both  primes div ide the  Jacob ian  A (F, G)  o f  the 

system ( 1 .2 ) ,  we a re  unable simply to  apply Hensel’ s  Lemma to

so lu tio n s  o f  the p-norm alised equations (mod p ). We show th a t  i f  we 

can f in d  x  6 Z® n o n -s in g u la r  (mod 9) s a t is fy in g  the  cubic equation  

(mod 3 ), and the q u a d ra tic  equation  (mod 3 ) , then  a  v e rs io n  o f

Hens e l ’ s  Lemma can be used to  in fe r  the  ex istence  o f  a  n o n - tr iv ia l

3 -ad ic  so lu tio n . Thus, by checking a  f in i t e  number o f  c a se s  using  a

computer, we may v e r ify  th a t  a l l  3-norm alised equations o f  the  form 

(1 .2 )  p o ssess  a  n o n - tr iv ia l  3 -ad ic  so lu tio n . Although a  s im ilar

procedure might a lso  be applied  to  the prime 2, we choose to  apply a  

m odification  o f the argument applied  to  the  primes p s  5 (mod 12), 

which involves checking a  few cases  d ire c tly .

Lemma 5 .1 . M e  h a v e  T*(3,2) s  11 f o r  all p r i m e s  p  =  5 (m o d  12).p
P roof: I f  p  h 5 (mod 12), then -1  is  a  q u ad ra tic  re s id u e  (mod p ) , 

and every  non-zero  a  € Z/pZ is  a  cubic re s id u e  (mod p ) . Consider a  

system o f  the  form (1 .2 )  in s f c  11 v a ria b le s . Suppose th a t  c  is  a

q u ad ra tic  non-residue  (mod p ) , and le t  K  -  {0 ,1 , c , p, p c } . Then i f

b  € Z \{0> , we have b  = g a 2 f o r  some a  € Z \{0> and g  € K\{0> ( th is
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is  a  simple e x erc ise  in the use o f  Hensel’ s Lemma; see , f o r  example,

C assels [1986], Chapter 4, Lemma 3 .2  and i t s  c o ro l la ry ) .

We p a r t i t io n  { l , . . . , s >  into  the  f iv e  s e ts

II =  {i: c =  ga2 f o r  some a € Z \{0> > (g € K),
9  i  p

so th a t

£  I =  s.g € K 9
Let M  denote the  number o f  g  € K\{0> f o r  which U *  0. Then M  ^ 4,

9

and w riting  [x] f o r  the in teg er p a r t  o f  x, we have

■ v + i  [ S ' v H v  i  ? ■ >]
g  €  K \ { 0 >  g  €  K M O }

U * 0 
g

£ i  J  Ml I -  i  M2 Lt g 2g € K
a ~  ( s  -  4) .2

Thus we may rea rra n g e  the  v a ria b le s  so th a t  f o r  i  = 1 ,2 ,3 ,4  ,

e ith e r  2 i - l  € 11 and 2 i e II f o r  some q  € K\{0>, o r  e lse  2 i - l  € U .q q o2 2In  the l a t te r  case  d x + d y  = 0 has the  n o n - tr iv ia l  so lu tio n21-1 2r
(x , y) = ( 1 ,0 ) .  In  the form er case  dgi j x2+ = q{ (ax )2+ (by)2)

f o r  some a ,b  € Z \{0> , and we have the n o n - tr iv ia l  so lu tio np
( x , y )  =  ( w b , a ) ,  w h e r e

2
0) s a t i s f i e s  o) =  - 1  ( s u c h  a n w  e x i s t s  b y

H e n s e l ’ s  L e m m a ,  f o r  w e c a n  f i n d  u' w i t h w / 2 =  - 1 ( m o d  p ) ) . T h e n

G  =  ( d  x 2 + d  x 2 ) + . . .  +  ( d  x 2 + d  x 2 ) +  d  x 2 + d  x 2  +  . . . +  d  x 2
1 1  2  2 7  7  8  8 9  9 1 0  1 0 s  s

w h e r e  e a c h  e x p r e s s i o n i n  p a r e n t h e s e s m a y  b e m a d e  z e r o  b y  s e t t i n g

( x  , x  )  =  ( a  , a  ) ,  
2 1 -1  21 2 1 -1  21 1

s a y .  P u t a  =  . . .
9

oIt
n

II a n d  f o r

i  =  1 , 2 , 3 , 4  p u t  C = 3  3  
c  a  +  c  a  , 

2 1 -1  2 1 -1  21 21
F o r e a c h  i , t h e r e  i s  a

g  €  L =  { 0 , 1 ,  p ,  p 2 }  a n d  a n  a  €  Z  \ { 0 >
p

s u c h t h a t  C  =
l

g a 3  , s i n c e

p s  2 (mod 3) ( th is  is  a lso  a  simple e x erc ise  in  the  use  o f  Hensel’ s  

Lemma; see , f o r  example, C assels [1986], Chapter 4, Lemma 3 .4 ) .
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C  X * +  C  X*+ C  X *+ C  X3 = 0 over Z . (5 .1 )1 1 2 2 3 3 4 4  p
I f  any C  is  ze ro , we have the  n o n - tr iv ia l  so lu tio n  X = 1, X = 0l i j
Cj * i ) .  So we may assume th a t  no C  is  zero , and hence th a t  the re

3 3is  a  rearrangem ent o f  v a ria b le s  such  th a t  C  = g a  and = g b  f o r  

some a ,b  € Z and g  € L\{0>. Then (5 .1 )  has the n o n - t r iv ia l  so lu tio n

C o n s id e r  the  e q u a t io n

( X . . . . . X )  =  ( b , - a , 0 , 0 ) .1 4
In  e ith e r  ca se  the  equation  (5 .1 )  has some n o n - t r iv ia l  so lu tio n  

( b  , . . . , b  ) over Z , and hence the  system (1 .2 )  has the  n o n - tr iv ia l1 4  p
so lu tio n

(x ..............x ) = ( a b , a b , a b , a b , a b , a b , a b , a b , 0 , . . . , 0 ) .r  s 1 1* 2 1* 3 2 4 2 8 3 6 3* 7 4* 8 4
This completes the  p ro o f o f  the  lemma.

Lemma 5 .2 . M e  h a v e  T*(3,2) ^ 11.

P roof: Consider the  equations (1 .2 )  with s  £ 11. We may assume

th a t  f o r  every i ,  a t  most one o f  and is  zero  ( f o r  otherw ise we 

p la in ly  have a  n o n - tr iv ia l  so lu tio n ) . Let K  = { 0 ,1 ,2 ,4 } . Then by 

H ensel’s  Lemma we may p a r t i t io n  the  ind ices l , . . . , s  in to  the fo u r  

s e ts

11 =  { i :  c  =  gat3  f o r  s o m e  a  €  Z \ { 0 >  > ,  ( g  €  J O ,g 1 2
so th a t

Let M  denote the  number o f  g  € K\{0> f o r  which 11 * 0 , and le t
g

r  = III | . Then M  *  3 and o
s = ' V  + l  [ s 1 2V ] * r + l  h  ('V  - a)

g  € K\{0> g  € K\{0>
H * 0 g

i  i  ( s + r - 3 ) .2
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There  a re  two c a s e s .

( i)  Suppose th a t  r  > 0.

Then S £ 5, so  we may rea rra n g e  v a ria b le s  so th a t  f o r

i  = 1 , . . .  , 5 , e ith e r 2 i - l € U and 2 i € q « f o r  q some q  € K\{0>, o r

e lse  2 i - l  € U . In  0 each 3case  c x + 21-1

oii

•MCM
u h as a  n o n - tr iv ia l

so lu tio n  over Z , 2 say (a  , a ). 21-1’ 21 Define D  =  1
, 2 , 2  d a + d a 21-1 21-1 21 21

f o r  i  = 1 , . . . , 5 .  Then sin ce  T*(2) = 5, we can f in d  a  n o n - tr iv ia l  

so lu tio n  to  the  equation

D  u 2 + ... + D u2 = 0 ,1 1  5 5
and hence a  n o n - tr iv ia l  so lu tio n  to  the  system (1 .2 )  over Z .

( i i )  Suppose th a t  r  = 0.

Then S s  4. I f  S fe 5, the same argument as  in ( i )  ap p lie s , so we 

may assume th a t  S = 4. By a  rearrangem ent and m u ltip lica tiv e  change 

o f  v a riab le s  we may suppose th a t  c = c € K\{0> f o r  i  = 1 ,2 ,3 ,4 . 

F u rth e r, we may assume th a t  one a t  le a s t  o f  the rem aining 3 ind ices, 

w ithout lo ss  o f  g e n e ra lity  i  = 9, is  such th a t  c7= cg= c . Let 

2 = {2i, 2 i- l>  f o r  i  = 1 ,2 ,3 , and 2 = { 7 ,8 ,9 } .i 4
Consider the  cubic equations corresponding  to  each  s e t  2^. The

3 3equation  x  + y  = 0  has the n o n - tr iv ia l  so lu tio n  ( u ,-u )  f o r  any 

u € Z2\{0> . Also, the equation  x  + y  + z  = 0  has the  n o n - tr iv ia l  

so lu tio n  ( a u , b u , c u ) f o r  any u  e Z2\{0> , with c  = 2r f o r  any r  a l 

and some (a ,b )  s  ( 1 ,-1 )  (mod 8) (by an a p p lic a tio n  o f  Hensel’ s 

lemma).

Write D  = d t + d t ( i  = 1 ,2 ,3 ) ,  D  = d a2+ d b2+ d c2, and i 21-1 21 4 7 8 9
co n sid er the  equation

Q I D . D . D . D )  = Du®+ . . .  + Du* = 0 . (5 .2 )1 2 3 4  1 1  4 4
I f  we can f in d  a  n o n - tr iv ia l  so lu tio n  ( i^ ..............u^) to  the  equation
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(5 .2 )  over Z , then in view o f  our change o f  v a ria b le s , the

equations (1 .2 )  have the n o n - tr iv ia l  so lu tio n

(u , - u  , u , - u  ,u  , - u  , au , bu ,c u  , 0 , . . . , 0 ) .1 1 2 2  3  3  4 4 4
We now co n sid er f o r  which q u a d ra tic s  Q ( D )  a  n o n - tr iv ia l  so lu tio n

e x is ts . We p la in ly  have a  n o n - tr iv ia l  so lu tio n  to  th e  q u a d ra tic  Q(D)

i f  any D  is  zero , so  we may suppose th a t  no D  is  zero . By making a

m u ltip lica tiv e  change o f  v a ria b le s , we may suppose th a t  (JD , 8) ^ 2

f o r  each i ,  th a t  (D^D^,2) = 1, and th a t  D s  1 (mod 8 ) . F u rth e r, i f

f o r  any i  and j  we have D =  D^ (mod 8) and (ZHJ ,̂ 2) = 1, then  we may

suppose th a t  D  =  D  (mod 8 ). I f  we can now f in d  a  so lu tio n  to  the 1 2
q u a d ra tic  equation  (mod 8) f o r  which D  and a re  bo th  coprime with

2 f o r  some i  (a  so lu tio n  we s h a l l  c a l l  "no n -s in g u la r (mod 8 ) " ) ,  then

by Hensel’ s  Lemma th e re  is  a  n o n - tr iv ia l  so lu tio n  to  the qu adra tic

over Z .2
By rea rra n g in g  the  D̂ , i t  is  re a d ily  v e r if ie d  th a t  Table 5 .1  

l i s t s  a l l  the  d is t in c t  p o ssib le  c ase s , and hence th a t  we may 

r e s t r i c t  a tte n tio n  to  f iv e  q u a d ra tic s  f o r  which we can  f in d  no 

so lu tio n  n o n -s in g u la r  (mod 8 ).

T able 5 . 1 . (Here y and 8  denote  a r b i t r a r y  in t e g e r s . )

Q uad ra tic  

D  D  D1 2  3
Q

D 4
N o n -singu la r

s o lu t io n  (mod 8)
u  u  u  u  1 2  3 4

Q uadra tic , 

D  D  D1 2  3
Q

D 4
N o n-singu la r 

s o lu t io n  (mod 8) 
u  u  u  u1 2  3 4

1 7 7 5 1 1 0 0 1 1 5 5 none
3 5 r 8 1 1 0 0 1 1 1 2 1 1 2 1
1 1 6 r 1 1 1 0 1 1 3 2 1 1 2 1
1 5 2 V 1 1 1 0 1 1 2 2 none
1 1 1 l none 1 3 2 2 1 1 1 1
1 1 1 3 1 0 2 1 1 3 2 6 none
1 1 1 5 1 1 1 1 1 3 6 6 1 1 1 1
1 1 3 3 1 1 1 1 1 5 6 6 none
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We now aim to  show th a t  by using  an a lte rn a t iv e  perm issable 

choice o f  (a , b, c ) , we may change the value o f so  a s  to  avoid the 

f iv e  problem atic q u a d ra tic s . Consider the  c o e ff ic ie n t  

D  ̂ = d 7a Z+  dg b 2+  dgc2. By rea rran g in g  v a ria b le s  we may w rite 

D  = d R (a ,b ,c ) , with f t ( a ,b ,c )  ® a2+ ab2+ pc2 f o r  some d ,a ,  0 € Z .4 Z
By rea rra n g in g  v a ria b le s , we may suppose th a t  i f  a  = 0 (mod 8 ) , and 

(a 0 ,2 )  = 1, then a  * 1 (mod 8 ) . I t  may be v e r if ie d  th a t  Table 5 .2  

l i s t s  the  only  d is t in c t  p o s s ib i l i t ie s  f o r  (a , 0) when one o f  a  and 0

Table 5 .2 .

a 0 a  bl l c l ft(a  ,b  ,c  ) i l l a 2 b c 2 2 3Ua >b ,c  ) 2 2 ’ 2
mod 8 mod 8 mod 8
1 1 1 -1 0 2 1 -1 2 6
1 3 1 -1 0 2 1 0 -1 4
1 5 1 -1 0 2 1 0 -1 6
1 7 1 -1 0 2 1 i to 6
3 5 1 -1 0 4 1 0 -1 6
3 7 1 -1 0 4 0 1 -1 2
5 7 1 -1 0 6 0 1 -1 4
1 2 1 -1 0 2 1 0 -1 3
1 4 1 -1 0 2 1 0 -1 5
1 6 1 -1 0 2 1 0 -1 7
1 0 1 -1 0 2 1 0 -1 1
3 2 1 0 -1 3 0 1 - I 5
3 4 1 0 -1 5 0 1 -1 7
3 6 1 0 -1 7 0 1 -1 1
3 0 1 0 -1 1 0 1 -1 3
5 2 1 -1 0 6 1 0 -1 3
5 4 1 -1 0 6 1 0 -1 5
5 6 1 -1 0 6 1 0 -1 7
5 0 1 -1 0 6 1 0 -1 1
7 2 0 1 -1 1 1 0 -1 3
7 4 0 1 -1 3 1 0 -1 5
7 6 0 1 -1 5 1 0 -1 7
7 0 0 1 -1 7 1 0 -1 1
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is  n o t d iv is ib le  by 2. Thus we can  f in d  (a  , b ,c  ) and (a  ,b  ,c  ) so 

th a t , by making the  change o f  v a ria b le s  which allow s us to  assume 

th a t  (£  ,8 )  £ 2, we have two values d is t in c t  (mod 8) f o r  th is  

reduced c o e f f ic ie n t.

Also, using  y and 5 to  denote a rb i t r a r y  in teg ers  coprime with 2, 

we have the  c a se s  with (a,/3) = (ar2r ,52s ) f o r  some s  a  r  a  1. Here we 

o b ta in

f f ( l , - l , 0 )  = 1 + *2r  and f t ( 0 , l , - l )  = r2 r + 52s .

Write y2r + 52s = 7)2t  with tj no t d iv is ib le  by 2 ( i f  7) = 0 then we

can e a s i ly  so lve  the  q u ad ra tic  n o n - t r iv ia l ly ) . Then u n less  t  is

even, by tak ing  account o f  changes o f  v a riab le  which allow  us to

assume th a t  (D  ,8 )  ^  2, the c o e f f ic ie n ts  rep resen ted  by 3 J(1 ,-1 ,0 )4
and f t ( 0 , l , - l )  a re  d is t in c t  (mod 8 ) . But i f  t -  2 v  is  even, then

2- tf t ( 0 ,1 ,-1 )  = 7) (mod 8 ) , and 2~tR(2v+1, 1 ,-1 )  = tj + 4 (mod 8 ) , 

and these  res id u e s  a re  d is t in c t  (mod 8 ). F u rther tj is  no t d iv is ib le  

by 2, so  tak ing  account o f  changes o f  v a riab le  which allow  us to

assume th a t  (D ,8 )  :£ 2, the  c o e f f ic ie n ts  D  given by these  so lu tio n s4 4
a re  d is t in c t .

In  a l l  o f  these  c a se s  we ob ta in  a  choice o f  va lues f o r  D ■ . Making

the  change o f  v a ria b le  which allows us to  assume th a t  ( D  ,8 )  ^ 2, we4
see  th a t  the re  a re  two values d is t in c t  (mod 8) f o r  th is  "reduced" 

c o e f f ic ie n t. But by examining Table 5 .1 , i t  is  re a d ily  seen  th a t  one 

cho ice, a t  le a s t , o f  c o e f f ic ie n t  a v a ila b le  to  us g ives a  q u ad ra tic  

which we can so lve , no m atter where the  c o e f f ic ie n t  D  has been4
rea rran g ed  to .

Then we can f in d  a  so lu tio n  n o n -s in g u la r  (mod 8) to  the  "reduced" 

q u a d ra tic  equation , and hence th e re  is  a  n o n - tr iv ia l  so lu tio n  to  the 

equations (1 .2 )  over Z .

This completes the  p ro o f o f  the  lemma.
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We now a tten d  to  the  prime 3. We f i r s t  prove a  v e rs io n  o f 

H ensel’ s  Lemma no t d is s im ila r  to  one used in  Davenport and 

Lewis [1966], §5 f o r  the  prime 3.

Lemma 5 .3 . S u p p o s e  that w e  h a v e  a  s o l u t i o n  x  to t h e  c o n g r u e n c e s

F i x )  = c  x3 + . . .  + c  x3 s  0 (m o d  9)
=  1 1  s  s

G(x) = d x2 + . . .  + d x 2  s  o (mod 3)
=  1 1  s  s

f o r  w h i c h  t h e r e  a r e  i n d i c e s  i a n d  j  w i t h

x  x  (c  d x -  c  d  x  ) * 0 (m o d  3 ). i J l J i J i J
T h e n  t h e r e  is a  n o n - t r i v i a l  3- a d i c  s o l u t i o n  to t he e q u a t i o n s  ( 1 .2 ) .

P roof: By induction . Suppose th a t  f o r  some p  £ 2, we have a

so lu tio n  to  the  sim ultaneous congruences
F i x )  =  0  (mod 3*1 ) 1

G i x )  = 0 (mod 3 t" 1 )

s a t is fy in g , f o r  some i  and j ,

x  x  ic d  x  - c  d  x  ) * 0  (mod 3) . i J i J i J i J .
Write y = x  + k  3 , f o r  some k  to  be determined. ThenM i i i

F i g )  =  F i x )  + 3 ^ (c  k  x2+ . . .  + c k x2 ) (mod 3^+1)
— =  1 1 1  s s s

G i g )  s  G i x )  + 3*1"1 (2d k  x  + ... + 2 d  k  x  ) (mod 3**)
— =  1 1 1  s s s

I f  we can so lve  the sim ultaneous congruences 
3 ^  F i x )  + c  k  x2+ . . .  + c k  x2 = 0 1 1 1  s s s
3* G i x )  + 2 d k x + . . . + 2 d k x  s o= 1 1 1  s s s

(mod 3)

then  we have a  so lu tio n  £  to  the  sim ultaneous congruences~ ,/i+i.
F i g )  s  0 (mod 3 )

G i g )  h 0 (mod 3" )

(5 .3 )

(5 .4 )

s a t is fy in g

y  y  ic d v  -  c  d y  ) m  x  x  ic d  x  - c  d  x  ) * 0 (mod 3) .l j l r i  j r  j i j i j i j i j
But the  lin e a r  forms in k in the sim ultaneous congruences (5 .4 )  a re  

n o n -p ro p o rtio n a l (mod 3 ) , by (5 .3 ) . Then we may so lve  f o r  the  k^,
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by hypothesis the  r e s u l t  holds f o r  p = 2, so the  r e s u l t  ho lds f o r

a l l  p 2t 2. So we have a  n o n - tr iv ia l  so lu tio n  x to  the congruences

F i x )  s  G(x) =  0  (mod 3^) f o r  a l l  p, and hence a  n o n - tr iv ia l  3 -ad ic  

so lu tio n  to  the  system (1 .2 ) .

This completes the  p ro o f o f  the  lemma.

By §2, we may w rite  the  equations (1 .2 )  in  3-norm alised  form

F = G = 0, with

and  hence the  in d u c t iv e  h y p o th e s is  h o ld s  w ith  p  re p la c e d  b y  p+1. Bu t

** o
F = a x +. 3 3. +a x + b  y  +. . . + b  y 3 s  0 (mod 9 ) 'l l u u 1 1 V V ►*
G = 2c y + ..i l . +c y2 +d z2+.V-7 V 1 1 . +d z2 = 0 w w (mod 3)

where c and d  ̂ a re  coprime with 3, each and a re  d iv is ib le  by
**

a t  most 3, and where F denotes the  v a ria b le s  e x p lic i t  in 

F (mod 9 ) , and G denotes those  e x p lic it  in  G  (mod 3 ).

Let u denote the  number o f  a not d iv is ib le  by 3, and v  thel i * l

number o f  b  no t d iv is ib le  by 3. Then by ( 2 .3 ) ,  we have

m  + q  -  u+v+v a 7, or = v + w  £ 3, R  =  u + v  £ 4, o ^F,l Mc,o F, 1
m  =  u  +v+w 2s 5, and q  = u + v  £ 2. o l mf ,o 1 1

Lemma 5 .4 . S u p p o s e  that  w 3. T h e n  t h e r e  is  a s o l u t i o n  to the 

c o n g r u e n c e s  (5 .5 )  s a t i s f y i n g  c o n d i t i o n  (5 .3 )  o f  L e m m a  5 .3 .

P roof: F i r s t  so lve  the  cubic equation

a x3+ . . .  + a x 3+ b  y 3 +  . . .  + b  y 3 =  0 (mod 9 ).1 1  u u l l  v v
This is  p o ssib le  n o n - tr iv ia lly , s in ce  u + v  4, and u1+v1 25 2 

toge the r imply th a t  by a  change o f  v a riab le , one o f  the  follow ing 

congruences s u b s is ts  in the  above congruence:

x3 + y3 s  0 (mod 9) o r  x3 + 2y3 + 3z3 e 0 (mod 9 ).

Both congruences a re  so lu b le  n o n - tr iv ia lly , and fu r th e r ,  so lub le  

with a  v a ria b le  non-zero  (mod 3) having a  cubic c o e f f ic ie n t  non-zero
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(mod 3 ) . F ixing the so lu tio n  to  the cub ic , we can  then  independently 

so lve  the  congruence

d  z 2  +  . . .  +  d  z 2  s  - ( c  y 2  +  . . .  +  c  y 2 )  ( m o d  3 ) .1 1  ww 1 1  v v
Since w  3, th is  may always be so lved  n o n - tr iv ia lly , by

C oro llary  3 .2 .2 .  But now, a s  the  cubic c o e f f ic ie n ts  o f  the  a re  

congruent to  zero  (mod 3 ) , cond ition  (5 .3 )  o f  Lemma 5 .3  is

s a t is f ie d .

This completes the p ro o f o f  the  lemma.

Lemma 5 .5 . S u b j e c t  to t h e  t r u t h  o f  the h y p o t h e s i s  ( H 3 )  :

( H 3 )  f o r  all c o n g r u e n c e s  o f  the f o r m  (5 .5 )  w i t h  u + v + w  ^ 7,

u + v  £ 4, v + w  £ 3, u + v + w  5, u  + v  £ 2, a n d  w  <  3, w e  h a v e  al 1 1
s o l u t i o n  s a t i s f y i n g  ( 5 .3 ) ,

e v e r y  3 - n o r m a l i s e d  s y s t e m  o f  t he f o r m  (1 .2 )  w i t h  s  £ 11 h a s  a 

n o n - t r i v i a l  3 - a d i c  solution.

P roof: This follow s d ire c t ly  by an a p p lica tio n  o f  our v e rs io n  o f 

Hensel’ s  Lemma (Lemma 5 .3 )  combined with ( H 3 )  and Lemma 5 .4 .

This completes the p ro o f o f  the  lemma.

6. THE COMPUTATIONAL METHOD FOR THE PRIMES 3,7,11,13,19,23 AND 31.
(a ) Primes o th e r  than  3.

Consider the  sim ultaneous congruences
a  x  + . .. + a  x  = 0 1 1  5 5
b  x2+ . . .  + b  x 2 a 01 1  5 5

(mod p) (6. 1)

where 0 ^ a , b s  p-1 a t  most one each o f  the  a and b  is  zero ,1 1 ^  l i
and a and b  ̂ a re  no t sim ultaneously  zero . To e s ta b lish  the  v a lid ity  

o f  hypo thesis (H),  follow ing the  conclusions o f  the  p rev ious two
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se c tio n s , we have only to check th a t  the  congruences (6 .1 )  have a  

so lu tio n  n o n -s in g u la r  (mod p) f o r  every  perm issib le  cho ice  o f  the 

and b . F u rth e r, i f  p m 1 (mod 3) and p > 13, o r  i f  p =  2 (mod 3 ), 

then  we may a lso  assume th a t  no is  zero .

By the  change o f  v a ria b le s  x  ̂ — > wx^, f o r  a  s u ita b le  &>, we may

assume th a t  each b is  0, 1, o r  c , where c  is  any q u ad ra tic

n on -residue  (mod p ) . Also, by independently making the  change o f

v a ria b le s  x —> -x^, we may assume th a t  0 ^ ( p - l ) / 2 .  F u rth e r, by

m ultiplying through by a  su ita b le  non-zero  f a c to r  and rea rran g in g  

v a ria b le s , we may assume th a t  b  3 b  s  . . .  s  b  , b = 0 o r  1, and 

b = b = 1. F in a lly , i f  f o r  any j  we have b = b , then we may2 3  J j+1
assume th a t  a ^ a

J J+i
Suppose th a t  &  is  the  s e t  o f  a l l  (a  , . . . , a  , b , . . . , b  ),1 5 1 5

s a t is fy in g  the  above c r i te r ia .  I f  f o r  some a, |3, y, ic, A, p we can f in d  a  

n o n -s in g u la r so lu tio n  to the congruences
3 - 3  3 - *

ccx + p y  + y z  =  0
► (mod p ),2 .. 2 2 _ -  ^

klx + X y  + n z  =  0
then any sim ultaneous congruences o f  the  form (6 .1 )  with 

( a^  a^f a fc, b^, b y  b^) ■  (a , ^, y, k, A, p) (mod p ) , 

f o r  some d is t in c t  i , j , k  € { 1 , . . . , 5 > ,  w ill admit a  so lu tio n  

n o n -s in g u la r  (mod p ). We used th is  idea to  economise fu r th e r  on the 

number o f  c ase s  to  be checked, s ta r t in g  by te s t in g  a l l  forms in 

th re e  v a ria b le s  s a t is fy in g  the  above c r i te r ia ,  and s to r in g  those  f o r  

which we could f in d  no so lu tio n  n o n -s in g u la r (mod p ) . We then took

each o f  these  form s, and te s te d  a l l  forms in  fo u r  v a riab le s

s a t is fy in g  the  above c r i t e r i a  obtained by considering  any

perm issable c o e f f ic ie n ts  f o r  a  fo u r th  v a riab le , ag a in  s to r in g  a l l  

form s p o ssess in g  no n o n -s in g u la r  so lu tio n . I f  n ecessa ry , we then 

proceeded in  lik e  manner to a  f i f t h  v a riab le .
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Using th is  pseudo-sieve method, we used a  computer to  check th a t  

a l l  sim ultaneous congruences o f  the  form (6 .1 )  possessed  so lu tio n s  

n o n -s in g u la r  (mod p ).

(b) The prime 3.

Consider the  sim ultaneous congruences 3 3a x + . . .  + a x s o  (mod 9) 1 1  7 7
b  x2+ . . .  + b  x2 e 0 (mod 3)1 1  7 7

(6. 2)

where 0 ^ a ^  8, O s  b *  2 , and the c o e f f ic ie n ts  s a t i s f y  the 

cond itions o f  hypothesis (H3).  To e s ta b lish  hypo thesis ( H 3 ) , 

follow ing the  conclusions o f  the  prev ious se c tio n , we have only to  

check th a t  the  congruences (6 .2 )  have a  so lu tio n  s a t is fy in g  

cond ition  ( 5 .3 ) ,  f o r  every  perm issable choice o f  the  a  ̂ and b . By

the  change o f  v a riab le s  x —x^, we may assume th a t  0 s  s  4. By

m ultiplying the  q u ad ra tic  congruence through by a  s u ita b le  non-zero  

f a c to r  and rea rra n g in g  v a ria b le s , we may then assume th a t  the number 

o f  b  equal to  1 is  a t  le a s t  a s  g re a t a s  the  number equal to  2.

Also, by a  rearrangem ent o f  v a riab le s  we may assume th a t

b < b < . . .  < b . F ina lly , i f  f o r  any j  we have b = b , then  we1 2  7 ** * J j j+l
may assume th a t  a  £  a  

* J J+i
As the  system o f  congruences (6 .2 )  is  more com plicated than 

( 6 .1 ) ,  the  pseudo-sieve approach  is  le ss  su c c e ss fu l. However, by

noting  th a t  0, 1 and 2 re p re se n t a l l  the  cubic re s id u e s  (mod 9 ) ,

we a re  ab le  to  economise by te s tin g  f o r  so lu tio n s  o f  (6 .2 )  using  

only x € { 0 ,1 ,2 } . We were thus ab le  to  use  a  computer to  check th a t  

a l l  sim ultaneous congruences o f  the  form (6 .2 )  p o ssessed  so lu tio n s  

s a t is fy in g  co nd ition  (5 .3 ) .
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7. FINDING A P-ADIC SOLUTION.
The com putational checks ou tlined  in  the  p rev ious sec tio n  

complete the  p roo f th a t  hypotheses (H) and ( H 3 )  hold, and hence we 

have shown, su b je c t to  the  assum ptions th a t  s  ^ 11 and S(F, G) * 0, 

th a t  one o f  the  follow ing hold:

( i)  the  system  F = G  -  0 has a  n o n - tr iv ia l  so lu tio n  over Z^,

( i i )  the  system F * G e  0 (mod p) has a  n o n -s in g u la r  so lu tio n  

(mod p ).

In  the  l a t t e r  case , a  H ensel’ s  Lemma argument w ill a lso  give us a  

n o n - tr iv ia l  p -ad ic  so lu tio n . We now remove the  assum ption

d ( F , G )  *  0. For th is  purpose we use the  argument o f  §5 o f  Davenport 

and Lewis [1967]. Although our argument w ill d i f f e r  only in  the 

d e ta i ls ,  i t  is  included f o r  the  sake o f com pleteness.

Lemma 7 .1 . For any s y s t e m  o f  the f o r m  (1 .2 )  in  a t  l e a s t  11 

v a r i a b l e s  (i r r e s p e c t i v e  o f  t he v a l u e  o f  3(F , G)) ,  F = G  = 0 h a s  a 

n o n - t r i v i a l  p - a d i c  s o l u t i o n .

P roof: We have proved th a t  F -  G  = 0 has a  n o n - tr iv ia l  p -ad ic

so lu tio n  provided 5(F,G) *  0. Suppose now th a t  5(F ,G ) = 0. For every 

in teg er p th e re  e x is t  forms
r.</0 (/i) 3 l ^ </*> 3F = C X + . . . 1 1 + C X s s

,(**) 2
G = d x  +  . . .  1 1 + d xs s

with ra t io n a l  in teger c o e f f ic ie n ts  such  th a t  3 (F (/^ , G(^ ) * 0 and 

such  th a t

c ^ — s  d ^ -  d i s  0 (mod pP) f o r  i  = 1..............s.

But then  the  equations F(/,)= G(^)= 0 have a  n o n - tr iv ia l  p -ad ic  

so lu tio n  = (£ (#i), . . .  ). By homogeneity, we can  suppose th a t— I s
the  a re  p -ad ic  in te g e rs , and th a t  one a t  le a s t  is  no t d iv is ib le

by p. By the  compactness o f  the  p -ad ic  in te g e rs , the  s e t  has
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an accum ulation p o in t £[ * 0. Then i f  p goes to  in f in i ty  through a  

su ita b le  sequence, we have th a t

Lim l ' " ’ = |

e x is ts  in  the  p -ad ic  sense , and
! p  =  I F C g ' " ’ )  -  F < ' ' ) ( | ( ' ' ) ) | p

. r , (/O n-.ĉ )3,= | [  (c,  -  IC/03,
i

s  p ~ \

By co n tin u ity , we th e re fo re  have F(£) = 0, and s im ila r ly  G(£) = 0. 

Hence the  system (1 .2 )  has a  n o n - tr iv ia l  p -ad ic  so lu tio n .

This completes the  p ro o f o f  the lemma.

Thus any system in a t  le a s t  11 v a ria b le s  h as, f o r  every  ra t io n a l  

prime p, a  n o n - tr iv ia l  so lu tio n  in  p -a d ic  in te g e rs , i .e .

T*(3,2) s  11. We now dem onstrate th a t  T (3 ,2 )  £ 11, which w ill 

complete the  p roo f o f  Theorem 1 .1 .

LEMMA 7 .2 . W e  h a v e  T (3 ,2 )  £ 11 f o r  all p r i m e s  p  s  1 (m o d  3 ).p
P roof: Let p s  1 (mod 3) be a  r a t io n a l  prime, c be a  cubic 

no n -resid u e  (mod p ) , and w be a  q u ad ra tic  n on -residue  (mod p ).

Consider the  sim ultaneous equations in 10 v a riab le s :
/ 3 3\ / 3 3\ 2f 3, 3%(x  +CX ) + p (x  +CX ) + p (x  +CX ) 1 2  3 4 5 6 = 0

t  ̂ . 2 2 %
( x  —w x  )  +  p ( x -0)X ) =  07 8 9 10

(7 .1 )

The cubic equation  has no n o n - tr iv ia l  so lu tio n  over Z , s in c e  c is  a
p

cubic n on -residue  (mod p ). In  ad d ition , the  q u a d ra tic  equation  has 

no n o n - tr iv ia l  so lu tio n  in Z , s in ce  u  is  a  q u a d ra tic  non-residuep
(mod p ) . Hence the  system  (7 .1 )  has no n o n - tr iv ia l  so lu tio n  over Z .p

This completes the p ro o f o f  the lemma.
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CHAPTER 2.

A RESULT ON THE P-ADIC SOLUBILITY OF PAIRS OF EQUATIONS.

1. INTRODUCTION.

Let and d (1 s i s s) be rational integers, and k and n be
natural numbers. We shall consider the solubility over the p-adic
integers Z of the pair of additive equationsp

f i x )  -  c  x k + ... + c xk = 0— 11 s s (1.1)
g i x ) =  d  x  + ... +  d  x  = 0 = 11 8 8

Let k a n > 1, and let p = 1 (mod k) and p = 1 (mod n). Suppose 
that q  is a kth power non-residue (mod p), and q ' is a nth power
non-residue (mod p). Then the equations

Zk i-l, k ki
p (x, - gy,)1=1 = 0

yV '‘U'n- q ' y ’ ” ) = 0 1=1
(1.2)

have no simultaneous non-trivial solution over Thus forp
infinitely many primes p, we have T (k, n) > 2(k+n). When k = n,p
Atkinson and Cook [1989] have made progress in the opposite 
direction:

Theorem 1.1. S u p p o s e  t h a t k 2 and p  i s  a  r a t i o n a l  p r i m e  w i t h

p  > k6. T h e n  T  ( k , k )  ^ 4k+l. T h i s  r e s u l t  i s  e s s e n t i a l l y  b e s tp
p o s s i b l e  i n  t h a t  i t  f a i l s  w h e n  4k+l i s  r e p l a c e d  b y  4k.

This result may be compared with the result for a single equation:
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Theorem 1.2 (see D o d s o n  [1966], L e m m a 2.4.1). S u p p o s e  t h a t  k  £ 2,

and p  i s  a  r a t i o n a l  p r i m e  w i t h  p  >  k  . Then r (k) ^ 2k+l. T h i sp
r e s u l t  i s  e s s e n t i a l l y  b e s t  p o s s i b l e  i n  t h a t  i t  f a i l s  w h e n  2 k + l  i s  

r e p l a c e d  b y  2k.

The last lines of both theorems follow by considering examples of 
the form (1.2).

Thus the situation in which the exponents in equation (1.1) are
equal has been resolved rather satisfactorily for all but a small
set of primes. However, when k * n, little is known. In Chapter 1,
we gave methods which are of use in considering the p-adic
solubility of general systems of homogeneous additive equations, and

*we demonstrated that T  (3,2) = 11. Here we shall refine the methods 
given in that chapter to establish the following result.

Theorem 1.3. S u p p o s e  t h a t  k  a n a 1, and t h a t  p  i s  a  r a t i o n a l

4 2
p r i m e  w i t h  p  >  k  n  . T h e n

' 2(k+n)+l k * n > 1 
T (k,n) - 2k+2 k > n = 1p

3 k = n = 1 .

T h i s  r e s u l t  i s  e s s e n t i a l l y  b e s t  p o s s i b l e  i n  t h a t  i t  f a i l s  t o  h o l d

w h e n  t h e  r i g h t  h a n d  s i d e  i s  r e d u c e d .

Thus the conclusion of Theorem 1.3 rather neatly bridges the gap 
between Theorems 1.1 and 1.2. It would seem likely that the
following generalisation holds:
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1. T h e nConjecture. L e t  k '  =  k  w h e n  k  > 1 a n d  k '  -  % w h e n  k  -  

f o r  a l l  r a t i o n a l  p r i m e s  p  s a t i s f y i n g

p  >  ( M a x i k ^ k ^  ..., Jct>)2(ki...k j 2

w e  h a v e

T*(k ,...,k ) s 2 (k' + k' + ... + k') + 1 . (1.3)
p i  t  1 2  t

If true, this result would be best possible, in that the bound (1.3) 
could not be reduced, by virtue of examples analogous to (1.2).

In principle, one could use a computer to establish the p-adic 
solubility of the equations (1.1) for the small primes excluded by 
the conditions of Theorem 1.3, although it should be emphasised that 
much preparation may be necessary (see, for example, Chapter 1, §3, 
where the prime 7 causes problems). Since knowledge of the p-adic 
solubility of the equations (1.1) is an essential prerequisite to an 
application of the Hardy-Littlewood method (the standard method for 
establishing the non-trivial rational solubility of the equations 
(1.1)), such questions are not without importance.

Finally, we note that there would appear to be no fundamental 
difficulty in extending the methods contained herein to systems of 
more than two simultaneous equations.

2. A REFINED P-ADIC NORMALISATION PROCEDURE.

First note that Theorem 1.3 follows at once when k = n = 1, and 
by Theorem 1.1, it also follows when k  -  n . We may therefore suppose 
that k > n 2: 1. The case with n  -  1 follows by a slight alteration 
of the proof for the case n > 1, so we shall not give the details 
here.
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1 s r s s, write R  = {1,2,... , r}, T  = <r+l....s}, and t  -  \ T \ ,  so
that r+t = s .  Now write M  =  r(r-l), and N  =  2(r-l)n. Define

a(f .g)  = n i c Y  -  eY ) .  n <£ . (2 .D
1*J h € T

1,J € R
Write f for (f,g).

S u p p o s e  t h e n  t h a t  k  > n  >  1 ,  a n d  c o n s i d e r  t h e  e q u a t i o n s  ( 1 . 1 ) .  We

n o w  r e f i n e  t h e  p - n o r m a l i s a t i o n  p r o c e d u r e  a d o p t e d  i n  C h a p t e r  1 s o  a s

t o  m o r e  r e a d i l y  e x t r a c t  i n f o r m a t i o n  a b o u t  t h e  c o e f f i c i e n t s  o f  f .  F o r

Lemma 2.1. G i v e n  a s y s t e m  o f  t h e  f o r m  (1.1), d ( f )  s a t i s f i e s  t h e  

f  o l l o w i n g :

(i) i f  v  , , v  a r e  i n t e g e r s , a n d  1 s
l > V

f '  -  f( p * X ....p SX ),“  « 1 8
t h e n

a ( f ' )  = P2knMl,/ra(f) ,

w h e r e  v = v  +  . . .  + v  ;1 s
(ii) i f  X  a n d  p are r a t i o n a l  n u m b e r s , and the s y s t e m  f "  i s  d e f i n e d  

b y

t h e n  w e  h a v e

f"(x) = Af(x), g " ( x )  = pg(x) ,

a(f") = ( x V ) V ta(f) .

Proof: (i) Writing c' and d' respectively for the coefficients of
k nxt in f'(x) and x̂  in g'(x), we have

kn(  ̂ )
r/nd/k - c'nd'k = p 1 J (cndk - cndk] 
i j  J i y i J J i

and
2knMp /r,N h NC = p Ch K h

Then by (2.1), we have
2knM(i> +...+v )/r 2knM(i’ + . . . + v  )/r

5(r) = p 1 r .p r+1 8 a(f) ,
and the result follows.
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(ii) follows simply from the definition of d ( f , g ) .

This completes the proof of the lemma.

As in Chapter 1, §7 (following from Davenport and Lewis [1967]), 
we are able to use a p-adic compactness argument to permit us to 

assume that 3(f) *  0. This property is plainly preserved under 
equivalence. Before proceeding to the next lemma, recall the 
notation of §2 of Chapter 1.

Lemma 2.2. A  p - n o r m a l i s e d  s y s t e m  f c a n  b e  w r i t t e n  i n  t h e  f o r m  

f  * f + p f  +  . . .  + pk_1f0 * 1  k-l
►

* = *0 + Pgx + • • • + .
w h e r e  t h e  f  a n d  a r e  f o r m s  i n  m^ v a r i a b l e s , a n d  t h e s e  s e t s  a r e  

d i s j o i n t  f o r  j  = 0,...,k-l. M o r e o v e r ,  e a c h  o f  t h e  m^ v a r i a b l e s  

o c c u r s  i n  o n e  a t  l e a s t  o f  f  a n d  g  w i t h  a  c o e f f i c i e n t  n o t  d i v i s i b l e  

b y  p.
T h e  f o l l o w i n g  i n e q u a l i t i e s  h o l d  f o r  a l l  1 s r, t ^ s  w i t h  r+t = s :

(i) w e  h a v e

m + ... + m a: j r / k  +  j t / k  f o r  j  -  1, . . .  , n  , o j-l
w h e r e  k  = 2k n / { k + n )  i s  t h e  h a r m o n i c  m e a n  o f  k  a n d  n .

(ii) w i t h  h  -  f  o r  g ,  d e n o t e  b y  q  t h e  n u m b e r  o f  v a r i a b l e sh, J*
o c c u r r i n g  e x p l i c i t l y  i n  t h e  f o r m  h  . W e  h a v e

m + m +  . .  . +  m +  q  2: j r / k  + j t / k  + r/(2k ) + t / k  o 1 j-i r, j
f o r  j  = 0....n,

a n d

m +  m + ... + m + q  £ j r / k  +  j t / k  + r/(2n) o l J-i g,J
f o r  j  = 0....n-1.

Proof: All the results except for (i) and (ii) follow as in
Lemma 2.2 of Chapter 1.
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denote the variables(i) let x ,..., x , where m -  m + ... + m ,1 m 0 J-l
in f  ,..., f (1 s J £ n). Then the system =o =j-l

f ' i x )  = p'J f(px....px ,x .... x ) ,= = = 1  m m+1 s
has integral coefficients and is equivalent to the system f. By
Lemma 2.1 we have

Q ( f ' )  -  p“J*t-tk+n) “ JNt + 2knMm/r^^j

Then by the definition of a p-normalised system, 
m 2: jr(k+n)/(2kn) + j r N t / ( 2 k n M )
= j r / k  + j t / k  .

(ii) Suppose that the number of variables occurring in f  is q . Let 
these variables be x ,. . ., x , where m = m + ... + m , and letm+l m+q O J-l
x ....x be the variables occurring in f  , , fi  n =o =j-i
0 ^ J < n , the system

f"(x) = p ~ i ~ 1 f { p x a .... p x  , x

Then for

'  ^  )  m +q m +q+1 s

g"(x) * p ~ }g ( p x  . . . .  , p x  ,X ....X )
=  1 m +q m +q+1 s

has integral coefficients, and is equivalent to f .  But by Lemma 2.1, 
we have

O ) =  p  d { f )  ,
and hence, by the definition of a p-normalised system,

2k n M ( m + q ) / r ^ W(J(k+n) + n + 2tn(j+l)/r) .
Then

m + q  rj/k + r/(2k) + (J+l)t/k .
The result follows similarly for qg» J

This completes the proof of the lemma.
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Lemma 2.3. S u p p o s e  t h a t  s  a 2(k+n)+l, and t h a t  t h e  s y s t e m  (1.1) 

i s  p - n o r m a l i s e d .  T h e n  w e  m a y  r e a r r a n g e  v a r i a b l e s  a n d  c h a n g e  n o t a t i o n

t o  w r i t e

* V lr Ir If
a  x  + . . . +  a  x  +  b  y +... + b  y11  U M x 1 v-7 Vf  =

* ► (2.2)
g  = n. . n, . n, c y + . ..+ c y  + d z +.. r i  vJy 1 1 .+ d znW W

w h e r e  n o n e  o f  t h e  a  f b  , c  , d  a r e  d i v i s i b l e  b y  p ,  a n dl i l l  ^
u+v+v s 5, v+w a 3, u+v' ^ 3 .

Proof: We put r = 4n+l, t = s - r  2s 2(k-n), and apply Lemma 2.2. We 
obtain by part (i) of that lemma,

q  (4n+l)/(2n) > 2 ,g,0
and so q  a 3 and q  a 3.f,o Mg,0

This completes the proof of the lemma.

We now state two lemmata which will permit us to eliminate 
certain cases of (2.2).

Lemma 2.4. S u p p o s e  t h a t  p \ a b c  a n d  p  > k . T h e n  t h e  c o n g r u e n c e

h a s  a  n o n - t r i v i a l  s o l u t i o n  (x, y, z).
Proof: For d b 0 (mod p), the result follows from Dodson [1966], 

Lemma 2.4.1. Meanwhile, for d * 0 (mod p) the result follows easily 
from the proof of that lemma.

This completes the proof of the lemma.

m £ (4n+l).(k+n)/(2kn) + 2 - 2n/k o
> 2 + 2n/k + 2 - 2n/k

axk + byk + czk = d (mod p) (2.3)
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Given f and g  of the form (1.1), and x € Zs , we shall define= p
A(i,j )  = A i f , g ; i , j )  -  knx^“1x*J"1 (c d x k ~n -  c d x k ~n ) ,  and

A*(f,g) = Max { |A(i, j) | > .
i< k j <s p

Thus if x is a solution to the congruences f  =  g  =  0  (mod p), it is 
non-singular (mod p) when A (f, g) = 1.

Lemma 2.5. A l l  p - n . o r m a . H s e d  s y s t e m s  o f  t h e  f o r m  (1.1) s a t i s f y i n g  

s  ^ 2(k+n)+l, p > k4, and e i t h e r  u  > 2 o r  w  > 2, have a n o n - t r i v i a l  

s o l u t i o n  o v e r  2  .p
Proof: By setting certain of the variables to zero, we may assume 

from Lemma 2.3 that u + v + w  = 6, u + v  £ 3, v + w  £ 3, and either u = 3 or 
w = 3. We shall assume that u  = 3, the case with w  =  3  following in 
a similar manner.

Since v + w  £ 3, by Lemma 2.4 we can solve the congruence
c y n +... +  c  y 11 +  d  z n  +  . . .  +  d  z n  =  0 (mod p) (2.4)11 v v l l  w w

with one at least of the variables non-zero, without loss of 
generality either y or z . Also by Lemma 2.4, fixing the ŷ  and 
so as to solve the congruence (2.4), we have a non-trivial solution 
to the congruence

ax* + ... + a  xk ■ -(by* + ... + b y*) (mod p) ,11 u u  11 vv
since u = 3. Without loss of generality, x̂  ̂ is non-zero. Then the 
system is soluble (mod p) with

A ( f ,  g ) ^ Max{ | knxn”1zn_1 (a d x*_n) | , | knxn"'1yIl_1 (a c y*~n) | >* l l l l l p l M  l i m  p
= 1.

An application of Hensel’s Lemma (Lemma 3.1 of Chapter 1) 
completes the proof of the lemma.

94



3. USE OF EXPONENTIAL SUMS.

After Lemmata 2.3 and 2.5, we may assume, by setting certain of 
the variables to zero, that the equations (1.1) are of the form 
(2.2), with

u + v + w  as 5, u + v  3, v + w  *  3, u ^ 2 and w ^ 2. (3.1)
Let us write the equations in the form

. k 
A  X + ... + . k

A  x1 1 
B  xnl l + ... +

5 5
B xn s s

- =  0 (mod p) (3.2)

where the A andl B  are l n o t simultaneously zero, and these

coefficients satisfy condition (3.1). The number, N , of solutions 
(mod p) to the congruences (3.2) is given by the exponential sum

N  =  p
-2 Ia,0(mod p)

T (a).. .T (a) ,1 — 5 — (3.3)

where
T  (a) = T  (a,0) = V e ( U a x k+ B B x n ) / p )  , for J = 1....5.

j  — j J Jx mod p

Lemma 3.1. S u p p o s e  t h a t  p  >  k ,  a n d  * 0 (mod p). T h e n  w e  h a v e

P ~ 2 J] I^Ca) I4 ^ k n p c 

a mod p

Proof: We have that
p'2 l  ir(«)l4

a mod p

is the number of solutions over F to the simultaneous equationsp
k

X 1 + kX = 2
k
yi + k

y2
nX1 + nX =2

n
yi + n

y2
(3.4)

Suppose that (x, is any solution of (3.4). Write d = (k , n ). Then 
by eliminating from the equations (3.4) we obtain

, k . k k%n/d , n . n n^k/d( x + x - y )  = (x + x - y )1 2  •'l 1 2  Jt (3.5)
On noting that k / d  and n/d cannot both be even, there are two 
possibilities:
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(i) k/d and n / d  are not both odd.
2Then for each of the p possible choices for xt and x ^ , there are

at most k n / d  solutions in y  to the equation (3.5). This is because
y satisfies some non-trivial polynomial of degree kn/d, and hence
there are at most k n / d  solutions in y to (3.5). y is then1 2
determined from the equations

k k k k
y  - X + X - y
J 2. 1 2
n n n ny = X + X - y1 2

Thus, for some z, we have that yg satisfies
dy = z  ,

to which there are at most d solutions. So in this case the total 

number of solutions to (3.4) is
^ (k n / d ) p 2 . d  = knp2.

(ii) k/d and n / d  are both odd.
Suppose first that

k k _x + x = 0 1 2 (3.6)

There are at most dp solutions to the equations (3.6), since for each

n , n ~x + x = 0 1 2

of the p possible choices for xg, we can eliminate to obtain an
equation of the form x *  =  z  for x . Repeating the same argument for
y and y , we deduce that the total number of solutions of this type 1 2 2is at most (dp) .

Suppose now that (3.6) does not hold. Then picking any of the 
2remaining =£ p possible choices for xt and xg, the non-trivial 

polynomial in y in (3.5) is of degree at most n(k/d - 1). So in 
this case there are at most n(k/d - l)p .d solutions to (3.4).

Then the total number of solutions in the second case is 
s k n p 2  -  n d p 2  +  d 2 p 2 =s k n p 2 .

This completes the proof of the lemma.
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Lem m a 3 . 2 .  W r i t e

f (a) = T (a) , * (a) = T  (a,0) , and h (0) = T  (0,p). (3.7)i = i — J J n m
S u p p o s e  a l s o  t h a t  A  , B  , A  a n d  B  a r e  e a c h  n o n - z e r o .  T h e n  w e  h a v e1* i* j m
(i) p’2 J] IfjCa) |2|gj(a) |2 ^ knp2,

a mod p

(ii) P~2 y |f (a)|2|h O) 12 ^ Jcnp2,u I s na mod p

(iii) p”2 7 Ig (a) |2|h (0)|2 s knp2.
u  } ma mod p

Proof: The method of proof is typified by the proof of (i).

p”2 y lfj(a) |2|gj(a) |2 
a mod p

is the number of solutions over F to the simultaneous equationsp
A xk + A yk = A  x ' k + A y'k
1 f  1 f  - (3.8)

Bx” = B x ,ni i
The number of solutions to the nth power equation in (3.8) is at 
most n(p-l)+l. Given any such solution, the number of solutions to 
the kth power equation

iij(yk - y/k) = -i4t(xk - x/k)
is at most kp, since for each of the p possible choices for y', 
there are at most k possible solutions in y.

Then the total number of solutions to the equations (3.8) is 
^ (n(p-l)+l). kp as knp2 .

This completes the proof of the lemma.

Lemma 3.3. I f  p  >  k ,  t h e n  w e  h a v e

IN  - p31 ^ (kn-1) (k-l)p5/2.
Proof: Write

V « *  l  •a a mod p
a^O
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Then defining f ,  g  and h  as in (3.7), we have by (2.2) that 
* 5 * f u u+v 5 1

E n r1(“) = I  it n V p) •
a i= 1 a i= l J=u+1 m=u+v+l

Then by Holder’s inequality, 
5

| V  n V 2 >1 a 1=1
l/(uvw)

* ir V  n f [ *  l«1(a)lu|/,(a.3)lvI V p)l’'l
1 = 1 j=u  +1 m=u+v+1  ̂ a. J

s  l  * l«1( a ) | a | f  ( a , p ) | v|h 0 ) 1 "

for some indices I, J  and M corresponding to the maximum of the sums 
in the second expression. For the moment, write f, g, h  respectively 
for f̂ (a,|3), ^(a), and h^O). Then by (3.1), we can find positive 
real numbers A , fi,t>,p, such that A + p + r + p = 1, and 

g  f  h  -  (fg ) . i g  h  ) . (f h  ) . (f ) , 
by repeated subdivision. So by Holder’s inequality,

7 *  I* Ca)|Vl(ocO)|v'1|h,0)l" « S S S S  ,Lt I J M x fi v p

where

s =  ̂7 * l«I(a)|2|/j(aO)l2] .

2 2 2 2 4and S , S , S are sums over g  h  , f  h  and f , in obvious
p i > p

notation (here we adopt the natural convention of taking to be 1 
when A = 0, and similarly for p,r,p). But

p‘2 7 * l«I(«)l2lfJ(“.3)l2 + V  = P'2 [ lgI(et)|2|fJ(a,p)|2
a a

3 k n p Z

by Lemma 3.2, so that

Sx s  (Ocn- l )pV .

98



Similarly for S , S and S . Hence
( I V  p

I *  n ^(a) 3 f Sup If^Ca) |1 (Jcn-l)p4.
<x i=l t <x mod p— ~ a^O

But by the Riemann Hypothesis for finite fields (see for example, 
Schmidt [1976]), we have - (k-l)p1/2 for all a *  0 . The
result now follows from (3.3).

This completes the proof of the lemma.

In the next lemma we use a result contained in Appendix A to 
estimate the number of singular solutions to the congruences (3.2). 
(The reader may wish to compare this lemma with Lemma 4.5 of
Chapter 1, where a stronger result is given for a simpler problem).

Lemma 3.4. S u p p o s e  t h a t  p j [ k n .  T h e n  t h e  n u m b e r  o f  d i s t i n c t

s o l u t i o n s  t o  t h e  c o n g r u e n c e s  (3.2) w h i c h  a r e  s i n g u l a r  (m o d  p )  i s  a t  

m o s t

(9(k-n)4 + 2k)p .
Proof: Suppose that a ,...,a is any solution of the congruences1 5

(3.2) singular (mod p). Suppose that precisely q  of the a are
non-zero, and rearrange variables so that a * 0 (mod p) for
i = 1.... q . Plainly, as A and B  are not simultaneously zero, we
have q  = 0 or q  a 2. Since a is a singular solution and pjkn, we 
must have

A  B ak_n a A  B ak-n (mod p) (3.9)i J i J i J
for all i and j  in {1,... , q } .
Suppose that q  a 2. There are three cases:
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(i) There is an i € {1,...,<j> with A^ 2 0 (mod p).
Then for all j * i with j  € {1 , ...,g> we have from (3.9) that

A B a k'n s 0 (mod p) ,
J i JJc**nand hence, as B a  * 0 (mod p), we obtain A s 0 (mod p) for

j  -  1,... , g. But then by (3.1) we have g s 2, and hence q  = 2. So a
is a non-trivial solution to the congruence B  an + B  an s 0 (mod p),1 1 2  2
to which there are at most n(p-l) non-trivial solutions.

So there are at most n(p-l) solutions in this case.
(ii) There is an i € {l,...,g> with B^ * 0 (mod p).

A similar argument reveals that there are at most k(p-l)

solutions possible in this case.
(iii) There is no i e {l,...,g> for which either A  =  0 or
B^ 2 o (mod p).
Then from (3.9),

(a /a )k_n 2 ( A  B )/(£ A ) (mod p)j  l i j l j  K

for all i * J in {!,..., g}. (3.10)
The congruences (3.10) must be soluble (mod p) for all i * j with 
i,j € {l,...,g>, for otherwise there could be no singular solutions 
of this type. But the congruence

xk'n 3 4 ) (mod p) (3.11)
has at most k - n  solutions *<J>

» f C , 9 so there are at mosti k-n
(Jc-n)*1"1 possible choices for (€(2\... , £(q)) satisfying the
congruences

Hence

where

A + A (C(2,)k + 1 2 ^ . . . +  A (€<q))k 2 o 1 q
B  +  B (£(2))n + 1 2 ^ ... + B (£<q))n 2 o q

3 + . .. + 3 s O  (mod p)i q

r *\ l/(k -n )
3̂  2 (mod p) for i =

(mod p)

1, . . .  , g , (3.12)
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and w may be taken to be any (fixed) factor required to guarantee 
the existence of the (k-n)th root. Note that our choice of the 
effectively forces a particular choice of roots in (3.12).

Rearrange variables so that A * 0 and * 0 (mod p) for 
i = 1 , , g ,  and either A  =  0 or = 0 (mod p) for g  < i == 5. 
Using the notation of Theorem 1.1 of Appendix A, for each set of 
choices of the root in (3.11), there are at most N(p;0) distinct 

congruences of the form
0 + ... + 0 s 0 (mod p)
l t

with 1 £ i < i < ... < 3 g  and 0 £ t £ g, including the empty
congruence. For each such non-empty congruence, we have at most 
(k-n) (p-1) non-trivial solutions to the congruences (3.2) (given by 
the p-1 non-zero values of a , and the (k-n) possible choices of 
the roots in (3.11)). Thus, by Theorem 1.1 of Appendix A, we find
that the number of singular solutions of type (iii) to the
congruences (3.2) is at most

(10-1)(k-n)4(p-l) .
Then taking all possible singular solutions into account, the 

total number of singular solutions to the equations (3.2) is at most 
(k+n)(p-l) + 9(k-n)4(p-l) + 1 < (9(k-n)4 + 2k)p .

This completes the proof of the lemma.

4 2Lemma 3.5. S u p p o s e  t h a t  p  >  k  n  i s  a  r a t i o n a l  p r i m e ,  a n d  t h e

c o n g r u e n c e s  (3.2) s a t i s f y  t h e  c o n d i t i o n s  i m p l i c i t  i n  (3.1). T h e n  t h e

c o n g r u e n c e s  a d m i t  a  n o n - s i n g u l a r  s o l u t i o n  ( m o d p).
Proof: By Lemmata 3.3 and 3.4, the number, N * , of non-singular 

solutions to the congruences (3.2) satisfies
IN* - p3| ^ (kn-1) (k-l)p5/2 + (9(k-n)4 + 2k)p .
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(3.13)

4 2Since p > k n , we have
(kn-1) (k-1) + p~3/2(9(k-n)4+ 2k) - k2n

< -(n+l)k+l+(k6n3)_1(9(k-n)4+2k)

Recall that we are assuming that k > n  > 1. Then n s 2, and k £ 3,

so that the right hand side of (3.13) is
s -3k+l+ll/k < 0 . (3.14)

* 3 2 5/2Then by (3.13) and (3.14), we have \ N  - p I < k n p  , and hence
N  >  p  -  k  n p  >0.

Thus there is at least one non-singular solution (mod p) to the 
congruences (3.2), as required.

This completes the proof of the lemma.

We may now use Hensel*s Lemma (Lemma 3.1 of Chapter 1) to deduce 
that the equations (1.1) have a non-trivial p-adic solution whenever

This completes the proof of Theorem 1.3.

102



SIMULTANEOUS ADDITIVE EQUATIONS: THE RATIONAL PROBLEM.

A  m o d i f i e d  v e r s i o n  o f  P a r t  I I  h a s  b e e n  s u b m i t t e d  f o r  

t o  t h e  J o u r n a l fiir d i e  r e i n e  u n d  a n g e w a n d t e  M a t h e m a t i k  a s  

p a r t  o f  t h e  s e r i e s  " O n  s i m u l t a n e o u s  a d d i t i v e  e q u a t i o n s " .

p u b l i c a t i o n  

t h e  s e c o n d



CHAPTER 3.

THE NEW ITERATIVE METHOD FOR SIMULTANEOUS EQUATIONS.

1. INTRODUCTION TO CHAPTERS 3 AND 4.

Let c (1 s i s t, 1 3 j s s) be rational integers, and Jĉ
(1 < i < t) be natural numbers. Consider the simultaneous

diophantine equations
k k

F ( x ) = c x i + . . . + c x i = 0 C l ^ i ^ t ) .  (1.1)i =  i l  1 i s  s
* *Define G  (k) = G  (k ,... , k j  to be the least integer r such that 

for all s £ r, and all c (1 ^ i ^ t, 1 s J < s) satisfying all 
conditions imposed by local solubility considerations (in 
particular, satisfying the congruence condition as defined in §1 of 
Chapter 1), the simultaneous equations (1.1) have a non-trivial 
rational solution.

There has been much interest in the problem of establishing 
* *bounds for r (k) and G  (k ) over the last quarter of a century, 

mostly stemming from the pioneering investigations of Davenport and 
Lewis [1963, 1966, 1967, 1969]. However, until Chapter 1, it seems
that only equations with the k a l l  equal had been considered. In 
that chapter we gave methods of use in considering the p-adic 
solubility of the equations (1.1). In particular, we considered the 
p-adic solubility of the equations

F i x )  -  c x3 + .. . + c x3 = 0= li 8 8
G(x) = djx^ + .. . + d x2 = 0 8 8

where c , d e 2 for i = 1.... s, and we were able to show that
T*(3,2) = 11. In this section we go on to investigate the rational 
solubility of the equations (1.2). We shall prove:
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Theorem 1.1 ( "G (3,2) ss 14" ). T h e  s i m u l t a n e o u s  e q u a t i o n s (1.2) 
h a v e  a  n o n - t r i v i a l  s o l u t i o n  in r a t i o n a l  i n t e g e r s  i f  the f o l l o w i n g  

c o n d i t i o n s  h o l d :
(a) t he q u a d r a t i c  e q u a t i o n  in (1.2) is indefinite, a n d  h a s  a t  l e ast  

5 v a r i a b l e s  e x p l i c i t , a n d

(b) the c u b i c  e q u a t i o n  in (1.2) h a s  at  least 7 v a r i a b l e s  explicit, 

a n d

(c) the s i m u l t a n e o u s  e q u a t i o n s (1.2) h a v e  a  n o n - t r i v i a l  r e a l  

solution, a n d

(d) (i) s 2t 14, o r

(ii) a t  l e a s t 6 o f  the d  a r e  z e ro, o r  

( H i )  a t  l e a s t 4 o f  t he c a r e  zero.

Theorem 1.1 may be compared with results obtained by previous
workers for small values of t and k  :i

G*(2) s 5 (classical), G*(3) £ 7 (R.Baker [1990]),
G*(2,2) s 9 (Cook [1971]),

G (3,3) &  15 (R.Baker and BrUdern [1988]) .
The result of Cook for G* (2,2) involves the condition that any
linear form in the equations must be indefinite with at least five

*variables explicit. The result for G (3,3) is the latest in a long 
series: Davenport and Lewis [1966] obtained G*(3,3) ^ 18, "18" being 
reduced to "17" by Cook [1972] and to "16" by Vaughan [1977]. In 
view of the recent paper Vaughan [1989], it seems likely that "15" 
could be reduced to "14" using current technology (and in fact, in a 
recent conversation, Dr. J.Briidern indicated that he had proved 
G*(3,3) ^ 14 by using ideas from Vaughan [1986a]).

It is to be hoped that our consideration of this particular 
example may stimulate interest in the more general problem, and to
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this end some of our methods are set out in a quite general form. 
The proof of Theorem 1.1 is an application of the Hardy-Littlewood 
method, based on a generalisation of the methods of Vaughan [ 1989a] 
to simultaneous equations of differing degree. These methods permit 
us to prove:

Theorem 1.2. L e t  d ( P , R ) = { n € [1 , P] : p p r i m e and p|n implies

p  £  R  }. S u p p o s e  that c > 0 , 0  < n  < V Q (c) a n d  P  > 1. T h e n

JJ I e(ctx3 + px2)
[0,1] 2  X  € d(P, P  )

10
da dp « P'. 3 5 / 8  ♦  e

This may be compared with a result which may be obtained by 
classical methods:

JJ I I  e(«x3+ px2)
0 < x ^ P

10
da dp « P6+c.

[0,1]
In proving Theorem 1.2, we use an estimate which may be of

independent interest:

Theorem 1.3. S u p p o s e  that n  a n d  m  a r e  i n t e g e r s  w i t h  m  > n  £ 1. 
T h e n  t he n u m b e r  o f  solutions, S, o f  the s i m u l t a n e o u s  d i o p h a n t i n e  

e q u a t i o n s

w i t h 0 < x , y i M

mX 1 + mX 2 + mX  =  3
m

y i + m
y 2 + m

y 3
nX 1 + nX 2 + nX  =  3

n
y i + n

y 2 + n
y 3

^ P (i = 1,2,3), s a t i s f i e s  S  « P3+c.

This estimate, which is equivalent to the estimate

JJ I E e(axm+ £xn)0 < x ^ P
da dp « P3+c,

[ o . i r
generalises the result
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6
I I £ e(ax3+ £x)

0 < x ^ P

da dp « P3+\
[ 0 , l ] 2

derived in Hua [1965], and recently used by Heath-Brown [1988] in 

work on Weyl sums. Both results, save for the presence of the Pc, 
are essentially best possible, by considering diagonal solutions to 
the corresponding diophantine equations.

We note that the methods of this section could be applied to the 
corresponding generalised Waring problem, of simultaneously 
representing integers N  and M  in the form

x3 + ... + x3 = N  , x2 + ... + x 2 -  M  .1 S 1 6
We shall not pursue this application here.

In the application of the Hardy-Littlewood method to additive 
problems of the type described above, a fundamental r61e is played 
by estimates for the number of solutions of auxiliary equations of 
the form

k  k  k  k
x 1 + ... + x 1 = y 1 + ... + y l (1 *  i *  t ), (1.3)1 s i  s

in which 1 ^ x y Y j  * One ^ ea f°r improving classical estimates, 
in which the x̂  and y  ̂ range over the entire interval, is to 

restrict the variables to lying in intervals of the form 
P < x , y < 2 P for j = 1,..., s,

where P a: P as ... . The use of diminishing ranges does not, 
however, seem well suited to cases where the k  are not all equal. 
The problem is that the method makes savings by exploiting features 
of the real character of solutions, which become less pronounced 
when the k  are not all equal. Vaughan [1989a, b,c] has shown that 
when t = l a  more efficient approach is to impose restrictions on 
the arithmetic character of the solutions. As we shall demonstrate 
in this paper, this approach remains effective when t > 1, although
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there are then a number of algebraic, as well as analytic, questions 
to be answered if we are to take full advantage of the method.

We consider the equations (1.3) with x^.y^ e d(P,R)t for a 
suitable R , where

d{P, R) = { n : n ^ P, p prime, pin implies p  *  R  } . (1.4)
We then relate the number of solutions of (1.3) to the number of

solutions of the simultaneous equations 
k k k k k

x +...+ x  l+ m  1 (u +...+ u 1 .)1 r  1 s - r
k k k k k

= y 1+...+ y l+ m  *(v i+...+ v  1 ) (1 s i 3 t) (1.5)1 r  1 s - r
with X y y ^  P, M  < m  *  MR, and u , v € d { P / M , R ) . By making use of 
homogeneity and Holder’s inequality, we are then able to relate the 
number of solutions of the equations (1.5) to the number of 
solutions of (1.3) with s replaced by a range of values not too far 
from s. Although we shall not describe all possible variations of 
the method in this thesis, since we are primarily interested in the 
equations (1.2), we hope in a subsequent paper to describe some of 
the further consequences of the method.

We use the methods alluded to above on the minor arcs in our 
application of the Hardy-Littlewood method. The treatment of the 
major arcs is complicated in two respects. Firstly, we are dealing 
with an inherently' non-linear problem, which causes difficulties 
even in a classical approach to the problem. Secondly, we have 
restricted the variables to lie in the set d ( P , R ) , and this causes 
complications.

We follow Vaughan [1989a] as far as possible when dealing with 
the auxiliary equations. However, we aim to give a reasonably self 
contained exposition, so that although some of our proofs may be 
obtained with little difficulty from results of Vaughan [1989a] for 
single equations, we nonetheless include most of the details.
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solutions of the systems of equations (1.3) and (1.5). In order to 
make use of arithmetic properties of the equations, we provide sin
estimate for the number of solutions of a certain system of 
congruence equations in §3. In §4 we give estimates for the number 
of solutions of certain diophantine equations, deriving Theorem 1.3, 
and then we go on to use the conclusions of §§2 and 3 to deduce 
Theorem 1.2. In the second chapter of this section we consider the 
additive equations (1.2). In §1 we show that the conditions of 
Theorem 1.1 cannot be substantially relaxed. In §2 we make some 
simplifying observations, and describe the major and minor arcs 
required for our application of the Hardy-Littlewood method. In §3
we consider the minor arcs, where we must take care in dealing with 
any zero coefficients that are present in the equations (1.2). As we 
know rather little about exponential sums over the set d [ P , R ) t we
are forced to hard-prune the major arcs in §5. In §6 we then 
consider the pruned major sires, finally establishing Theorem 1.1.

Throughout, c will denote a sufficiently small positive number.

In §2 we establish the reduction formula relating the number of

2. THE FUNDAMENTAL LEMMA.

We first derive a fundamental lemma which relates the number of 
solutions of the equations (1.3) to that of the equations (1.5). 
This is merely an extension of Lemma 2.1 of Vaughan [1989a], and 
although our proof differs only in the details, we nonetheless give 
it in full, for the sake of completeness. We then go on to show how 
algebraic features of the equations can be used to simplify these 
auxiliary equations.
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With d(P,R) defined by (1.4), let S (P,R) denote the number of

solutions of the simultaneous diophantine equations
k  k  k  k

x 1 + . . . + x 1 = y 1 + . . . + y l (1 £ i £ t),1 s Ji jb (2.1)
in which

0 < t < s, 0 < k < . . . < J c < k = k ,  and x , y e d(P, R ) . (2.2)t  2 1  j  • ' j
(If £ £ s, we can solve the system of diophantine equations by 
elimination to obtain S (P,R) « Ps, so we lose nothing bys
disregarding this case. )

Suppose that r is an integer satisfying 1 £ r < s, and 0 is a 
real number with 0 < 0 < 1. Let T  (P, P, 0;r) denote the number of
solutions of the simultaneous diophantine equations

k  k  k  k  ki  ^  i  I f  1 ^  1 X
x  + . . . +  x  + m  ( u + . . . + u  )

k  k  k  k  k
= y + ... + y + m (v + ... + v )

► (1 s i * t) (2.3)

with

1 ^ x ,y ~  p  * = 1 (1 < J < r), (2.4)
Pe < m  s Min { P, P®P >, u ,v e ^(P^P), (1 *  j  * s-r). (2.5)

The following lemma relates S to 7. (The author is indebted to
S B

Professor Vaughan for the case r > s/2 of the lemma).

Lemma 2.1. L e t 0 = 0(s, k , k^t. .. , k̂ ; r) s a t i s f y 0 < 0 < 1 a n d

s u p p o s e  that 1 s  D  s  P. T h e n , f o r  a n y  1 £  r  < s,

_ ts
S b (P, R )  « | £ (Sg(P/d,f £ (Sg(P/d,P))1/s] + S (D1-V , P )t d>D S J s

+ p‘ ( ld S D
((P/d) eR ) c 1 r ’s) (Ts (P/d, P, 0; r)) 1/sj ,

w h e r e

c(r, s) =
2 - (2r+l)/s for 1 s r ^ s/2
1 - 1/s f o r  s / 2  < r  < s.

Proof: We shall use vector notation to avoid repeated suffices
where possible. Thus, for example, we shall write

k  k i  k
a for (a ,... ,a ) , and dka for (d a ,...,d ),

1 t  —j — J 1 j t

110



with obvious modifications where appropriate. We shall also write li*
for the t-dimensional unit cube.

For a given solution of (2.1) satisfying (2.2), let

d = (x ,y ) for 1 ^ j :£ s.
J J JS J

Now let S' denote the number of those solutions for which d^ > D  for 
at least one j, let S" denote the number for which

dj s D  (2.6)
for every j, and

Maxtx^y^ s d*"V (2.7)
for at least one j, and let S m  denote the number for which d ^  D  

for every j, and (2.7) holds for no j. Then
S (P , R ) * 3.Max{S',S",S~}.s

We consider three cases:
(i) Suppose that S' 2: Max{S", S ~}.
Then

Let
S (P,P) s 3S'.

S

E k  k
eioĉ x 1 + . . .  + oĉ x t ) .

x e d { Q , R )

Then
S' « Y f If(dka ;P/d,R)2.f(a;P,R)2s‘2| da

>” V  “ “
Hence, by Holder’s inequality,

S (P,P) « Y  (S (P/d,P))1/s(S (P,P))1_1/S,8 LI 8 8d > D
and the lemma follows in case (i).
(ii) Suppose that S" 2: Max{S m , S' >. 
Then

(2.8)

S (P,P) s 3S" .8
For a solution counted by S" we have (2.6) for all j  and (2.7) for 
some j, say j = i. Thus
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so that

Hence

^ D and Max{x ,y } =s dj~epe,

Max{Xi,yi> ^ D1-*P*.

S " « [ |f(a;D1"V,R)2.f(a;P,R)2s"2| da
U

Then by Holder’s inequality,
S (P, R) « (S { D 1~‘ep 0t R) )1/s. (S (P, R) )1_1/s,

S S 8

and so the result follows in case (ii).
(iii) Suppose that S m  ^ Max{S',S"}.
Then

S (P,R) s 3S m . (2.9)
Given a solution of (2.1) counted by S", we have for every J,

Let

so that

d  € A { D , R ) and Max{x,y> > d1-<?Pe. J J J

u ss x /d , v = y /d , J J J J J

(u ) = 1 and Max{u , v > > (P/d ) ,J J J J J
and let m  ̂ denote the smallest divisor of Max{u^, v̂ } exceeding 
(P/dj) . Since none of the prime divisors of Max{u^, v̂ > exceed R, we 
have

Thus
oij € 4 { P , R ) and ( P / d ^ f  < m ^  Min{P/djt (P/d^Rl .

S -  « £ ... £ s "(h 1>...,i>b)
1 8

(2.10)

(2.11)

where the summation is over 7j.... tj with n = ±1 and where1 8 j

S /¥( vit. •.. tj ) is the number of solutions of the system of equations
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with

s  k k k ki, i i l
Y  - m y , )  = 0  (i =  l , ..., t ) ,

j t l  J  J  J  J  J

dj € 4 { D , R ) , Xj e M P / d y R ) ,  (x^m^) = 1, y e  idCP/Cd^),i?) 
and m satisfying (2.10).

Let

Then

Z k k
e(a x 1 + ... + a x  t), l t

x € 4(Q, R)
(x,m) = 1

F (a) = f  (r) dka ;P/d ,R) f(-7) d V a  ;P/(dm),F) . 
J =  J = J =  J J = J = j =  J J

s " u i ....... V I  I v H ' 1 2 '1/ d € 4 ( D , R )  m  J J
where £ denotes summation over satisfying (2.10).

mJ
We now divide into cases.

(a) If 1 s r s s/2, then we let
X (a) = |f (d\t ;P/d .K^fCdVa ;P/(d m ),P)2s'2r| , 
j =  = j =  J =J=J= J j

and

Y(a) - I n f  id a  ; P / d . R )  |.
—  11 m = j =  JJ=1 J

Then, by (2.11), 

S' « ! • • • [  r - r j . « S,:-"r n [xj(«)2s'2r ) da .
d d m  m  U1 s i  S t
d e 4{D, R)

By Holder’s inequality we have 
s - 2 r  1J Y(a)s"r [| ^Xj(a)2s“2r j da

U 3 = 1
s - 2 r  
2 s - 2 r  s

s ( J . n =)2 d£) n ( J * /« )  d«]
u 3 <U

(2.12)

(2.13)

(2.14)

(2.15)

2 s - 2 r
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and by (2.8), (2.12) and (2.14), and by considering the underlying

diophantine equations, we have
f Y(a)2 da ^ f Z(a)2 da ,
1/ U

where
Z(a) « | j] f(d*a ; P/d , R) | .

J=i 3 3
Therefore, by Holder’s inequality and (2.13), we have

s - 2 r  1

I '  ••• t  J  .  " s > ~ r ni ( v £ , a“ a r ) d£
m m U1  s  t s - 2 r

2 s - 2 r

(2.16)

U
NCB-ijr

Z(a)2 da l/(P,R,0) ,

U
where

2 s - 2 r - 1  
2 s - 2 r

■ ( r - r  n f J . V i H ]
m m  m m  U1  s

2 s - 2 r

m m 1 8
But by using (2.3), (2.4) and (2.5), and considering the underlying
diophantine equations, we have

l/(P,R,0) « f nL j=i
)*W2s-2,“1 T (P / ds j fR,0;r)J 2 s - 2 r

Therefore, by (2.15) and Holder’s inequality,
s - 2 r

S m  « l —  l  J . * !
d  d  U1 S t
d e  d i D , R )

Z(a) da
2 s - 2 r

l — l J=i
l / s

d d 1 8
d^e d(D,R)

2 s - 2 r

where

By (2.16),

Vid ) = ( (P/d)eR)2s-2r"1 r  (P/d, R, 0; r).8

[ • • ' I  J . 2 ^ * ^
d  d  U1  8  t
d €  A ( D , R )

(2.17)

is the number of solutions of the system of equations
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k k  k k k k  k k
d 1 + ... + d ix i = d iy 1+ ••• + d *y * (1  ̂ i - t),1 1  s  s  l  J i  s ; s

with d̂  € <4(D, R), x^,y^ € 4 { P / d y R ) . Hence, by using the well-known
estimate for the divisor function, it is

PS (P,R).s
Therefore, by (2.9),

S iP,R) « P c (2.18)

d e 4 { D , R )
This, in view of (2.17), completes the proof of case (iii)(a).
(b) If s / 2  < r  < s, then we let

X(a) = If (d'Ja jP/d.M^ffd*ma ; P / l d m ) , J ? ) 2 s ‘ 2 r | ,
J =  »  = j =  j  = J = J =  J j

and
, k  ky(a) = I n f ( d ,2,“ ; M d f f l U ) | .j=i J J J J

Then, by (2.11), 

S M

2 r - s

Z - I  E ' - n . « s )  r n k (“ )2r ] d“
-J _ _ 01 J-ld d ml s idj€ *4(0, K)

ms  t

The argument now proceeds in a manner similar to case (a). By 
repeated use of Holder’s inequality, we obtain

2 r - s  1

r - r  J "S> r TT [xj (£)2r ) d2„ — 0/* J = 1m m V .  l  s  t
2 r - s  

2 r  r  s
( E' y(«)2d“] [ n (CP/dj )^)8-1 ^(P/dj , ^©; ! - ) ]

l
2r

m m V1 s t
Therefore, by using Holder’s inequality once again, as in case (a) 
we obtain

S"  « i - - 1  r n  e - i^ a m o/* . . wd d  m  m  V1  s  1  s  t
d € 4 ( D , R )

2 r - s
2 r

d  d1  s
d  €  * 4 ( Z ) , K )

s
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where
V i d ) = ((P/d)^)8"1 T  (P/d, R, 0; r). (2.19)s

But now

i - i  r  - r / . « £ > ■ ■ «
d  d m  m  U1 s i  s  t
d  <= 4 ( D , R )

Is the number of solutions of the system of equations
k  k  k  k

Cm d x ) l+ ... + (m d x  ) 1 = (m d y ) l+ ... + (m d y ) 11 1 1  S S S  1 1 1  B B S

(1 s i *  t),
with dj € d { D , R ), the m  satisfying (2.10), and

x  , y € 4(P/(d m ), P).J J J J
Hence, by using the well-known estimate for the divisor function, 
this is

« P CS  (P, R ).
B

(In fact a more precise analysis at this point would do rather 
better). Therefore, by (2.9),

Sg(P,P) « Pc  ̂ ^  V ( d )1/ej .
d € d { D tR)

This, in view of (2.19), completes the proof of case (iii)(b).
This completes the proof of the lemma.

Henceforward we shall suppose that 0 satisfies
0 < 0 as 1/k , (2.20)

and put
M  = P G, H  = PW"k, Q  * P M ' 1. (2.21)

We shall suppose that P is large in terms of e, and that R  is at 
most a fairly small power of P. We shall elaborate on this latter 
condition in due course.
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For W €  (Z/m *Z) x ... x ( 2 / m  tI) , define S^(w , m ; k ) to be the
set of solutions distinct (mod m  ) of the simultaneous congruences 

k  k  k
z 1 + ... + z 1 s v (mod m l) (1 ^ i ^ t), (2.22)1  r  i

with the ẑ  satisfying (z^m) = 1.
Also, define T  (P, R, 0;r) tos be the number of solutions to the

simultaneous equations (2.3) satisfying (2.4), (2.5), and in
addition

x s y (mod m  ) J

uVIVI (2.23)
with each so lut ion (x, y, u, y) weighted by counting it with

k
where v = x 1 i 1

k k
(mod m  )multiplicity card($r(w, m; k)), + ... + x 1r

for 1 < i < t.

Lemma 2.2. l/e have

T (P, R, 0; r) « T*(P, R, 6; r).s  s
Proof: For a given m, r and k, write 2(w) for S ^ ( w , m ; k ) . From

(2.3),
k  k  k  k  k
x + . .. + x S y + ... + y (mod m  1) for all 1 s i s t,1  r  1  r

so that each solution of (2.3) can be classified according to the
common residue class (mod m *) of x 1 + ... + x 1 and

k | k 1 r
y + ...
J i

+ y l, forr each i. Let

g  (a,z)m — = = g  (a,z ,in “ i . .. ,z )r

L  • ■ • Z  e(V i (£) + . .. + a s (x))t t =
X SP X ^Pl  , rIt kx h z (mod m  ) x = z (mod m ) 1 1  r  r

k  k
where we write s (x) for (x 1 + ... + x *).i  =  1 r

Then we have
T  IP.R.e; r) s 6 U

P  < m  * Min{P,P R> J
(2.24)
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where
U  -  \ G  (a).|f(mka ;P1"e,P)|2s_2r docm j m = *== =

1/
and

k  k1  tm m

v ^ > =  ! • • •  I
w = 1  w = 11  t

y g  (a,z)L m = =
Z  € 2(w)

Hence, by Cauchy’s inequality,
k  k1  tm m

CM a) - £... card($(w)) ^
z e S(w)w =1 w =1 1  t

(2.25)

(2.26)

This, in view of (2.24) and (2.25), completes the proof of the 
lemma.

Now let
2 = 2  Oc) = Max card(2 (v,m;k)) , (2.27)r r =  r =  =

W, m

k  k
where the maximum is taken over all w  e (Z / m  £) x ... x (Z/ m  l) , 
and all M  < m  *  MR.

Also, let ? (P, k,0;r) be the number of solutions to thes

simultaneous equations (2.3) satisfying (2.4), (2.5), and (2.23).

The following corollary to Lemma 2.2 is often a useful 
simplification.

Corollary 2.2.1. W e  h a v e

T  (P, R, 0; r) « 2*. f (P,P,0;r) .s r s

Proof: Immediate from the lemma.

2r(w, m;k) will be unusually large only when w  admits singular 
solutions to the congruences (2.22). But for such solutions to
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We now consider f (P, P, 0;r), the number of solutions of thes
equations (2.3) satisfying (2.4), (2.5) and (2.23). Put

z =  x  + y  , h = (x - y )ofk (1 s j s r).J J J J 1 JK lcThen for each J we have 2x = z + h m  and 2y = z -  h  m  . But J J J J J J J
plainly

T (P,P,0;r) « T + T + ... + T , (2.28)s  o  1  r
where T = T (P, P, 0;r, s) is the number of solutions of (2.3) subjectn  n
to (2.4), (2.5), (2.23), and in addition

exist, the variables z m u s t  lie in rather restricted sets, and this

car sometimes be exploited when it comes to estimating exponential

sums.

Then
x = y for n+1 ^ i ^ r. i M

T s Pr-n. T*(P, P, 0; r, s) , (2.29)n  n
where

T*(P,P,0;r, s) = V . . . [ T*(P,P,0;r,s;T) ) ,n  u  n  i n•n, t}1  n
and the summation is over 7) with n = ±1, and whereI n  j
T (P, P, 0; r, s; 7) ... . , tj ) is the number of solutions of the system of n  1  n
equations

£ t>$(2 h m)
j = l  J

k  r  k k  k, i  i
+  V  ~  U  s - r  1 r ]

(1 * i s t), (2.30)
with u y v i e d ( Q , R ) (1 * j 2s s-r), 1 ^ ẑ  ^ 2P, 1 2s h s fl,
M  < m  ^  MR, and where

- k  k  k
^(z.h.m) = m u z  + h m )  1 - (z - hmk) *) (1 ^ i s t). (2.31)

We now introduce the exponential sum

FI(£) = I IT [ I £ . (2.32)H<m2sMR 1=1 t h^H 0 < z ^ 2 P  J

where we have written a£ for (a^fz, h,m) + ... + a $ ^ { z , h , m ) ) , and
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where <r denotes (t? , . . . , 1 7 ). Thus, by (2.8), (2.30) and (2.32), we1  n
have

I  Fn(£) * l r t 2ka;Q,K)|2s"2r
a 

t

where the summation over <r denotes that we are 
possible choices of <r = (±1,...,±1). In particular,

I n
y y e(a£) ,

h S H  0 < z —2 P

T*(P,F,0 ;r,s) = j doc ,

to sum over all 
if we define

(2.33)

then we have
T (P,F,0 ;r, s)n f F (a). |f(2ka;Q,P)|2s_2r daJ * n = (2.34)

3. ESTIMATING Br .
*In this section we estimate for the equations (1.2) by using

elementary properties of congruences. 
Consider the simultaneous congruences

-  3  , 3  _
f  -  z + z = u 1 2  1
g  -  z 2 + z 2 =  U*  1 2 2

► (mod ps) . (3.1)

If (zi,z2) is any solution of the congruences (3.1), we define

A (f,g) = 3z2 3z2
1 2

2 z 2 z 
1 2

= 6z z (z - z ) . 
1 2 1  2

(3.2)

We call a solution z of (3.1) (mod ps) singular (mod pr) if
|A(f,g)| = p”r. If |A(/,g)| = 1, then we call the solution

p  P

non-singular (mod p).

120



Lemma 3 .1 .  S u p p o s e  t h a t  p  i s  a  r a t i o n a l  p r i m e  a n d

(u ,u  ) € (Z /p  Z) . L e t  £ ( p , r )  d e n o t e  t h e  n u m b e r  o f  d i s t i n c t

s o l u t i o n s  ( z  , z  ) o f  t h e  s i m u l t a n e o u s  c o n g r u e n c e s  ( 3 . 1 )  w i t h  

( z ^ p )  = 1 f o r  i  -  1 ,2 ,  a n d  s i n g u l a r  ( m o d  pr ) ( r  ^ s ) .  T h e n  w e  h a v e

£ ( p , r )  « Win{ps“r ,p r>,

w h e r e  t h e  i m p l i c i t  c o n s t a n t  i s  i n d e p e n d e n t  o f  p .

Proof: Consider primes p *  2 ,3 .  Suppose th a t the congruences

( 3 . 1 )  have a so lu tion  i z ^ z ^ )  s in g u la r (mod pr ) fo r  some 0 ^ r  ^ s, 

and w ith (z ^ p )  = 1 f o r  i  = 1 ,2 .  Then by ( 3 . 2 )  we have

(zi " z2’pS) = pP*
I f  r  = 0, then by elim inating z g and considering the single  

polynomial equation (mod p ), we see th a t there are  a t most 0 (1 )  

non-s ingu lar solutions to the congruences ( 3 . 1 )  d is t in c t (mod p ) . We 

s h a ll consider a l l  so lutions ( z ' , z ' )  o f  ( 3 . 1 )  non-s ingu lar (mod p ),

w ith z 'i = z  ̂ (mod p) ( i  as 1 ,2 )  f o r some fix e d  so lu tion  (z  , z  ) o f  1 2

( 3 . 1 ) non-s ingular (mod p ), and with (z ^ p )  = 1 fo r  i  = 1,2.

P la in ly , we can w rite  z '  = z  +  k  p 11 i i w ith 0 < r  3 s, ( k ^ k ^ p )  =  1

and 0 < k s p8"T ( i  = 1 ,2 ) .

I f  r  > 0, then z  b z g (mod pr ) .  Considering ( 3 . 1 )  (mod pr ) ,  we 

obtain

o 3 _2 z  =  u  l l
2z2 * * * * * B u

(mod pr ) ,

1 2
and hence, as (z  ,p ) = 1 fo r  i  = 1 ,2 ,  we have z b u-1u (mod pr ) ,  i 1 2  1

2  3  rwhenever 2u e  u (mod p ) and (u ,p )  = 1 ( i f  the la t te r  conditions1 2  2
do not hold, then the congruences are  in so lub le ). Then a l l  solutions

o f ( 3 . 1 )  s in g u la r (mod pr ) are  m utually congruent (mod pr ) .  We s h a ll

consider a l l  d is tin c t solutions ( z ' , z ^ )  o f  ( 3 . 1 ) ,  with

z ' b  z t (mod pr ) ( i  = 1 ,2 )  fo r  some fix e d  so lu tion  (z  »z ) o f  ( 3 . 1 )  

s in g u la r (mod pr ) ,  and w ith (z ^ p )  = 1 f o r  i  = 1,2.  P la in ly , we can
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with T 2s s ,z 7 = z  + k p
i  l  i ( fcl» fc2*P) = 1 ’ 0  <  \  “  Pw rite

( i  = 1 ,2 ) .  We may also  assume th a t t  a r ,  fo r  the uniqueness o f  

z  (mod pr ) implies th a t z 7 = z  (mod pr ) .

In  e ith e r case, we have

(z + k pT)3 + (z + k pT)3 s u l r  2 2F l
(z  + k pT) 2 + ( z  + k pT) 2 h u 1 r  2 2K 2

(mod ps),

so on su b stitu tin g  from  ( 3 . 1 ) ,

3 ( z zk + z 2k )pT+ 3 (z  k 2+ z  k2)p2T+ (k 3+ k3)p3T 2 0 1 1  2 2 ^ 1 1  2 2 ^ 1 2 ► (mod ps) ( 3 . 3 )
2 ( z  k + z  k )pT+ (k 2+ k2 )p2T £ 0

1 1  2 2 ^ 1 2 K

We now div ide into cases:

( i )  Suppose th a t r  + x a s.

As (z  ,p ) = 1, from ( 3 . 3 )  we have k + k 2 0 (mod ps-T) . So we have 1 1 2
a t most 0 (p s~T) d is tin c t choices fo r  ( k ^ k ^ )  (mod ps-T).

( i i )  Suppose th a t r  + r  < s  and t  > r .

From ( 3 . 3 )  we have

3 z2k + 3z2k 2 0 ]1 1 2 2

2 z  k  +  2 z  k  2 0 1 1  2 2
and by e lim ination,

► (mod pr+1)

r + l .6 z  k  ( z  -  z  ) 2 0 (mod p ).2 2 1 2
But (z^ - z z» ps) = pr and ( z g,p )  = 1, so p |k 2, and hence also p |k  . 

This contrad icts  the assumption (k  ,k  ,p )  = 1, so th a t th is  case can 

never occur.

( i i i )  Suppose th a t r  + x < s  and t  = r .

Then since r  > 0, we have r  > 0. Also, z =  z g (mod pr ) ,  and from

( 3 . 3 )  we obtain  k + k 2 0 (mod pr ) .  So we can w rite  z  = z  , 

z2= z  + £pr , k  -  k  and kg= -k  + icpr f o r  some integers k  and C,. So 

from ( 3 . 3 )  we have

3 ( -2 £ z k  + z 2ic)p2 r+ 6zk2p2r 2 0

2 ( z k  -  k < ) p 2 r +  2 k 2 p 2 r 2  0 ► (mod p2r+1)

and hence, by elim ination , k  2 0 (mod p ) , and k (k  -  £ ) s  0 (mod p ).
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But we cannot have k s 0 (mod p ) ,  f o r  th is would co ntrad ic t

U c ^ k ^ p ) = 1. Then k e C (mod p ) ,  which implies th a t

z '  =  z  (mod pr+1) and
1*4*1z '  =  z  (mod p ) .  But in  

2 1 th is  case we may

re la b e l variab les so th a t z '  s z t (mod p ) , and apply the same

arguments as above, but with t 2: r+1.
Thus, f o r  some constant C  independent o f p, we obta in  a t  most 

C  £  0 (p 8”T) = C  Min{ps‘ r ,p r>r=rs-T^r
d is tin c t solutions o f the congruences ( 3 . 1 )  (mod ps) which are  

s in g u la r (mod pr ) .

I t  is  not d i f f ic u l t  to check th a t the re s u lt f o r  p = 2 and 3 

d if fe r s  only in  the constant, and th is  completes the p roo f o f the 

lemma.

♦ Oxf
Lemma 3 .2 .  W e h a v e  $s ( 3 , 2 )  « (.M R) .

P roof: We wish to estimate the maximum number o f  so lutions, d is t ic t

(mod m ) ,  to the simultaneous congruences

with

z3+ z 3 e u (mod m3)1 2 1
z2+ z2 *  u (mod m2)1 2 2

(z ^  m ) -  1 fo r  i  =  1 ,2 ,

( 3 . 4 )

(3 .5 )

as we allow  u and u to  vary  over 1 / m H  and 2 / m l  resp ective ly , and 

as we allow  m to vary  over M <  m s  M R.

Suppose th a t (z  , z  ) is any so lu tion  o f the simultaneous

congruences
3 J_ 3  _z  + z  = u  1 2 1
2 2 _Z + Z S u 1 2  2

► (mod m  ) ( 3 . 6 )

l+c,s a tis fy in g  (3.5). There are  0(m ) solutions (z',z'), d is tin c t

(mod m ) ,  o f  the congruences (3.4) s a tis fy in g  (3.5) corresponding to 

(z ,z ) . These are  given by talcing any o f  the m  possible choices o f
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z '  s z i (mod m ) ,  and then solving fo r  z^ from the congruence

z ' 3 = u -  z /3  (mod m3) .2 1 1
e  3

The la t te r  congruence has 0(m ) solutions d is tin c t (mod m ) .

Thus

S * ( 3 , 2) « i M R ) 1+\ % *  ,
*

where £  is the maximum number o f  solutions s a tis fy in g  ( 3 . 5 ) ,  

d is tin c t (mod m  ) ,  to the simultaneous congruences ( 3 . 6 )  as we allow  

u  to vary  over (Z/m2! ) 2, and as we a llow  m  to vary  over M <  m ^ MR. 

Suppose th a t p ||m , and (z  , z  ) is  any so lution  o f  ( 3 . 6 )  with

( z  -  z 2,p s) = pr and (z ^ p )  = 1 fo r  i  = 1 ,2 .  ( 3 . 7 )

Then by Lemma 3 .1 ,  the number o f  solutions to the simultaneous 

congruences

(mod ps)

s a tis fy in g  ( 3 . 7 )  is « Min{ps_r,p r> ^ ps/2.

Applying the Chinese Remainder Theorem, we deduce th a t there is

2
an absolute constant C  such th a t f o r  each d iv is o r d o f m  , there are  

a t most

S(d) = n C.ps/2
p pr iroe

I  ̂p|m

solutions to the congruences ( 3 . 6 )  s a tis fy in g  the condition  th a t fo r  

each prime p|m, w ith pr||d, the so lu tion  s a t is f ie s  the condition

( 3 . 7 ) .  Denoting the number o f prime d iv iso rs  o f  n by w ( n ) , we have 

o ( m  ) « logm/loglogm (see, fo r  example, Hardy and Wright [1979],  

§ 2 2 .1 0 ) ,  and hence

2

z  + z  = u1 2  12 2 _Z + Z = U

s(d) « c ml+C

Since the number o f  d iv iso rs  o f an integer n is 0 (n £),  

and hence, in  view o f  the aboveg ' « («R)1+2c

2* « («R)2+3c.2
This completes the p roo f o f the lemma.

we obtain  

comments,
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4 .  BOUNDING THE NUMBER O F S O LU T IO N S  O F THE A U X IL IA R Y  E Q U A T IO N S .

For the example in  which we are  in terested, there would appear to  

be no s a tis fa c to ry  method o f provid ing "minor arc" estimates fo r  the 

exponential sum F (a ) , and so we are  forced  to  estimate then  «

in te g ra l (2 .3 4 )  in  terms o f  the number o f so lutions o f  various

diophantine equations. We begin w ith a number o f  prelim inary  

lemmata.

Henceforward a l l  d e fin itio n s  from §2 w ill  assume the obvious

re s tr ic te d  meanings appropriate  f o r  the case t = 2 , k  = 3 said

k  = 2.2

Lemma 4 .1 .  S u p p o s e  t h a t  m a n d  n  a r e  i n t e g e r s  w i t h  m >  n  1. T h e n  

t h e  n u m b e r  o f  s o l u t i o n s ,  S ,  o f  t h e  s i m u l t a n e o u s  d i o p h a n t i n e  

e q u a t i o n s
mX 1 + mX 2 + mX  =  3

m
y i + CM + m

y 3
nX 1 + n

X2 + nX  =  3
n

y i + n
y 3 + n

y 3

w i t h  0 < x , y  s P, ( i  = 1 , 2 , 3 ) ,  s a t i s f i e s
_ 3 + cS « P .

P roof: S is p la in ly  the number o f  solutions o f the simultaneous 

diophantine equations

m m m m . m m t
1 2  3  J 2  J 3
n . n n n . n n
1 2  3  J 1 J 2  J 3  -

with 0 < x j , y i is P, ( i  = 1 , 2 , 3 ) .

Consider any so lu tion  ( x , y )  o f  ( 4 . 1 ) .  We obtain

t  in, m nun f n ,  n  n%n r in. m m«n . n n n Nm( x + x - x )  -  ( x  + x  -  x ) = ( y  + y  -  y  ) -  ( y + y  -  y  )1 2  3  1 2  3  J 2  J 3  J 2  J 3

( 4 . 1 )

( 4 . 2 )

and on fa c to r is in g  each side, f o r  some polynomial Q (t , t  , t  )
1 2  3

homogeneous in  t  , t  , t  , o f  degree nm-2 ,  and w ith integerX 2  o

c o e ffic ie n ts , we have

= (V y3)(V y3)Q(yi - y2--y3) '
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( i )  Suppose f i r s t  th a t the r ig h t  hand side o f ( 4 . 2 )  is zero. 

The number o f solutions o f  the equation

/ in . 0i Oxn / n , n n%o A(yi + y2 _ y3] '  (yi + y2 ‘  y35 = ° ( 4 . 3 )

w ith 0 < y  s  P, is  a t  most 0 (P  ) .  This is  because m  >  n ,  so th a t by

p icking  any one o f  the possible P choices fo r  y  and y  , the le f t

hand side o f ( 4 . 3 )  is  a n o n -t r iv ia l polynomial in  yg (note, fo r

example, th a t the binomial expansion o f  (4 -y “ ) n has few er terms than

th a t o f  (B -yn) m ) .  Hence ( 4 . 3 )  determines y  up to a  m u ltip lic ity  o f  
3  3

a t  most 0 ( 1 ) .

mX + m u X = M1 2
nX + n .. X =  N1 2

Consider any one o f these solutions (y i »y2»y3) ,  and take any o f

the P possible choices f o r  x i n  ( 4 . 1 ) .  Write

u  m m m m , „  n . n  n . nM =  y  + y  -  y  + x  , and N  =  y  + y  -  y  + x  .
J 2  J 3  3  J 2  J 3  3

Then from ( 4 . 1 ) ,  we have

( 4 . 4 )

Then (M  -  x“ ) n = ( N  -  x " )m, and as m >  n, th is  again  determines a  

n o n -t r iv ia l  polynomial in  x ^  Thus we have determined x  ̂ up to a  

m u ltip lic ity  o f a t  most 0 ( 1 ) ,  and hence also xg, from ( 4 . 4 ) ,  up to a  

m u ltip lic ity  o f  a t  most 0 ( 1 ) .

Then the number o f solutions o f ( 4 . 1 )  w ith the r ig h t  hand side o f  

( 4 . 2 )  equal to zero is a t  most 0 (P  .P ) « P .

( i i )  Suppose now th a t the r ig h t hand side o f ( 4 . 2 )  is  non-zero.

Then by p icking any one o f the 0 (P 3) possib le choices fo r  

( y  , y  , y  ) ,  we have fo r  some non-zero integer K ,

( V X 3 ) ( V X3 ) < ? ( X l > X 2 > X 3 )  =  K  ■
Using the d iv is o r fu n c tio n , we have a t  most ( d ( K ) ) 2 « Pc possible  

so lutions o f  th is  la s t equation f o r  x  - x  and x  - x  , say1 3  2  3
x = x + d and x = x  + d .1 3  1 2  3  2
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Substitu ting  into ( 4 . 1 ) ,  as y  , y  , y  have been f ix e d , we obtain fo r1 2  3
some n o n -t r iv ia l polynomial f  in x , f i x  ) = 0. Hence there are  a t3  3

most 0 ( 1 )  possible solutions fo r  x .3

Then the to ta l number o f possible solutions to ( 4 . 1 )  in  th is  case 

is  0 (P3.Pc).

This completes the p ro o f o f the lemma.

Theorem 1 .3  is p la in ly  equivalent to Lemma 4 .1 .  We have the 

fo llow ing  c o ro lla ry .

3+£C o ro lla ry  4 . 1 . 1 .  For a n y  R  £  P, w e  h a v e  S  i P , R )  «  P3

Proof: P la in ly  S  ( P ,  R )  *  S  ( P ,  P )  , and the la t te r  is « P3+c by3  3

the lemma.

Lemma 4 .2  ( s e e  U n a  [1965],  T h e o r e m  4 ) .  L e t  \f> (x )  d e n o t e  a

p o l y n o m i a l  o f  d e g r e e  k  w i t h  i n t e g e r  c o e f f i c i e n t s ,  a n d  l e t
p

T (a )  = £  e ( i p i x ) a) .
X = 1

T h e n  w h e n  1 s  j  <  k ,  w e  h a v e

f |T (a )  | 2^da « A£.P zJ’ J+c,Jo
w h e r e  A i s  t h e  g r e a t e s t  c o m m o n  d i v i s o r  o f  t h e  c o e f f i c i e n t s  o f  ^ ( x ) ,  

a n d  t h e  i m p l i c i t  c o n s t a n t  d e p e n d s  o n l y  o n  k  a n d  j .

For integers m  and y  s a tis fy in g  M <  m ^  MR and 1 < y < 4P 

resp ective ly , define

0 (z ;  m , y )  =  4m z 3  -  3yz2,

and le t  N ^ ( Q ; m , y )  denote the number o f  solutions o f  the diophantine  

equation
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with 1 ss u , v  ^  Q  . A lso, def ine l i
tf,(Q) = Max tf.(Q;m,y) .

m ,  y

0 (1̂ ; m,y) + . . .  + 0(ut ;m,y) = 0(v ;m,y) + . . .  + 0(vt ;m,y)

Lemma 4 .3 .  V e  h a v e

( i )  T * ( P , P ,0 ; 2 , s )  « P M R l f . S  ( Q , R )  + P U e M R H .N  (Q) ,2  s - 2  s - 2* 1 /?
( i i )  T (P, P, 0; 2, s) « P  M R H .S  (Q,P)1 s - 2

+ Pc(PH)1/2WP(W (q ).s (q,p ))1/2,s - 2  s - 2

( i i i )  T*(P,  P ,0; 2, s) « WP.S (Q,P) .o s - 2

Proof: F irs t  note th a t by ( 2 . 8 ) ,  and considering the underlying

diophantine equations, we have

(* | / ( 2 ka ; Q , P ) | 2t da « S (Q,P) ( 4 . 5 )J * “  *■
U2

f o r  each integer t.

( i )  By Cauchy’ s in eq u ality , we have from (2 .3 3 )  th a t

F2(£ } S H 1 I  1 I  e (a £ ) |2,
M<m—MR h ^ H  0 < z ^ 2 P

and hence, from ( 2 .3 4 )  and by considering the underlying diophantine  

equations, we deduce th a t

T*(P, R , 0; 2, s) « H .V  , ( 4 . 6 )

where V  is the number o f solutions to the simultaneous diophantine  

equations

4 ( ( u ^  - v 3 ) + . . . + (u3 - v3 ) )  = 3 M z 2 - 2Z1 1 s - 2 s - 2  1 2
r 2  
(u i  - + ( u 2  -s - 2 v 2  ) = h m i z  -  s - 2  1 Z 2

with

1 s z  yz  -  2P , l  *  h  *  H , M <  m *  MR t 

and e d ( Q , R )  fo r  i  = l , . . . , s - 2 .

The number o f solutions o f the equations ( 4 . 7 )  w ith z  = zz is

« PMPff.S (Q,P) . ( 4 . 8 )s - 2
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Suppose then th a t z j  *  zg , and w rite

x  = z  -  z  and y  = z  + z  .1 2  17 1 2
By elim ination, we deduce from ( 4 . 7 )  th a t the and s a t is fy  the 

equation

0(u ;m,y) + ... + 0(u :m,y) = ^(v ;m,y) + ... + 0(v : m, y )1 8—2 1 8—2
Then given m and y, there are  a t  most N  ( Q ; m , y ) so lutions in thes—2

and v  to the equations ( 4 . 7 ) .  But given u, v ,  y  and m , and by 

using estimates fo r  the d iv is o r fu n c tio n , there a re  0 ( P c ) solutions  

in  h and x  to the equations ( 4 . 7 ) .  We may then determine z^ and 

d ire c tly  from x  and y. Thus the to ta l number o f  so lutions to the 

equations ( 4 . 7 )  w ith x  *  0 is

« P C Y  N  A Q ; m , y ) « p ' ^ M R .N  AQ) . ( 4 . 9 )U s-2 s-2m,y

On co llec tin g  together ( 4 . 6 ) ,  ( 4 . 7 ) ,  ( 4 . 8 )  and ( 4 . 9 ) ,  we reach the

desired conclusion.

( i i )  By the Cauchy-Schwarz in eq u a lities , we deduce from  ( 2 .3 4 )  th a t
* f 11/2f r -\i/2T1(P ,R ,0 ;2 ,s) « [Ss_2«?.W j [ J  IFjtaJI | / ( 2 ka;<?,R)|2*'* dttj

11

[Ss-2(<2’R)] ( J  F2 (£ )- lf (2ka;Q ,R )|Zs~4 daj
i f

1/2

2
by ( 2 . 3 3 ) .  Thus, by ( 2 .3 4 )  and p a rt ( i )  o f th is  lemma, we have 

T*(P,  P, 0; 2, s )  « (S (<?,B))1/2. ( P w V i ^ . S  (Q,P) + P U c ^ R 2 H .N  ( Q ) ) 1/2,1 s - 2  s - 2  s - 2
and the re s u lt  fo llow s.

( i i i )  Here we obta in  d ire c tly  from ( 2 .3 3 )  and (2 .3 4 )  the bound 

T * ( P , P ,0 ; 2 , s )  « M R .S  ( Q , R ) .0  s - 2

This completes the p roo f o f  the lemma.

We now draw together the conclusions o f our analys is  thus f a r  to 

prove Theorem 1.2 .

129



First note that by Lemma 4.2 and Schwarz’s inequality, we have
at3(<?) « q7/2+‘ .

Thus, by ( 2 . 2 1 ) ,  C o ro lla ry  4 . 1 . 1  and Lemma 4 .3 ,  we have 

T*(P, R, 1 /6 ; 2,5) < P14/3 * ‘R + PSS/1Z * CR , 
T*(P,R, 1 /6 ;2,5) « P11/3 * ‘R * P29'8 * CR , 
T*CP, Rt 1 /6 ; 2,5) « P8/3 * ‘R .

Then by ( 2 . 2 8 ) ,  ( 2 . 2 9 ) ,  C o ro lla ry  2 . 2 . 1  and Lemma 3 . 2 ,  we obtain

(4 .1 0 )_  N , . . « x 2 + t  _ 1 4 / 3  + c _  _ 5 + 2 c _ 3Tg(P,R, 1/6;2) « (MR) .P R « P R .
Notice th a t by using t r i v ia l  estimates we have

5  1 0P « Sg(P, R) « P . Then there is  some re a l number fi = p (R ),  with  

5 < n  2 10, such th a t fo r  2 ^ R  £  P  we have

Ss(p, p) « P" •

We now apply Lemma 2 .1  w ith D  = P . We obtain

5
S (P,P) «5 ( l

(P /d ) V/ S
d  >  P

)  ♦ p 10<
220-0 )

+ P ( E . H ' 4
d £ P

( p / d ) ep | . r , ( p / d , p , e ; 2 ) 1/5j  .

With 0 = 1 /6 , the second term on the r ig h t hand s ide o f the above 

expression is o (P  ) .  The f i r s t  term on the r ig h t  hand side is

5/J/60 (P  ) .  This leaves the la s t term on the r ig h t hand side, which by

(4 .1 0 )  is

^ 8 p 3 5 / 6  + 3 c

Then

S (P,P)  « p8p35/B + 3c5

fo r  each 2 ^ R  ^ P, and f o r  any e > 0. Then by talcing R  =  P v with  

1) ^ e /8  , we have

s5(p,pr>) « p35' 6 + 4C.

This completes the proof o f  Theorem 1.2.
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C HAPTER  4 .

P A IR S  OF A D D IT IV E  E Q U A T IO N S , ONE Q U A D R A TIC  AND ONE C U B IC .

1. A  D IS C U S S IO N  O F T H E  CO N DITIO N S O F THEOREM 1.1 O F  C H A P TE R  3 .

In  th is  section we s h a ll show th a t conditions ( a ) ,  (b )  and (c )  o f  

Theorem 3 . 1 . 1  sire in  some sense best possible, in  th a t i f  any one o f  

them is removed, then the equations ( 3 . 1 . 2 )  may f a i l  to have a 

n o n -t r iv ia l  ra tio n a l so lu tion .

( a ) ( i )  the quadratic  equation in  ( 3 . 1 . 2 )  is in d e fin ite .

Consider the equations

where the c are  non-zero, p is a ra tio n a l prime w ith p = 1 (mod 3 ) ,  

c is  a  cubic non-residue (mod p ) ,  and the d  ̂ a re  e ith e r  a l l  s t r ic t ly  

p o s itive , o r a l l  s t r ic t ly  negative. Notice th a t although the 

quadratic  here is d e fin ite , i t  does have a  "sign change". On talcing 

s 2: 14, i t  is e a s ily  v e r if ie d  th a t conditions (b ) ,  (c )  and (d) o f

Theorem 3 . 1 . 1  are s a t is fie d .

Suppose th a t (x , y )  is any ra tio n a l so lu tion  o f  the equations 

( 1 . 1 ) .  Since the quadratic  equation is  d e fin ite , we must have 

x^ -  . . .  -  x  = 0 .  But since c is a cubic non-residue (mod p ), on1 s - 6
s u b stitu tin g  x  = . . .  = x  = 0  into the cubic equation, we fin d  1 s —6
th a t the cubic equation has no n o n -t r iv ia l  so lu tion  over Z , and

p
hence we must have y  -  . . .  = yg = 0. Then the system ( 1 . 1 )  has only  

the t r i v ia l  so lution.

3c  x  + . . . +  cl l t
d x2+. . .  +l l

s - 6  s - 6
3  ,  3  3 % ,  3  3 »  2 ,  3  3 .1X.-6+ + P(V CV  + P (V Cy6) = °

= 0 (1.1)
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( i i )  the quadratic equation in  ( 3 . 1 . 2 )  must have a t  least 5 

variab les  e x p lic it .

This is a lo ca l s o lu b ility  consideration. Consider, f o r  example, 

equations in  10 variab les  o f the form considered in the p ro o f o f  

Lemma 7 .2  o f  Chapter 1. Such equations have no n o n -t r iv ia l

so lutions.

(b ) the cubic equation in  ( 3 . 1 . 2 )  must have a t  leas t 7 variab les  

e x p lic it .

Consider the system o f  equations

( x3 + 2x3 ) + 7 ( x3 + 2x3 ) + 72 ( x3 + 2x3 ) = 0
1 2  3  4  5  6 ( 1 .2 )

-1 4 x 2 + x2 + x2 + x2 + x2 + x2 + x2 + . . .  + x2 = 0 *
1 2 3 4 5 6 7  8

This system s a t is fie s  condition  (c ) o f Theorem 3 . 1 . 1 ,  f o r  we may put 

x = . . .  = x = 1 ,  and then solve the cubic equation f o r  x over IR.1 5  6

The cubic equation w ill  g ive a so lu tion  w ith 0 < |x  | < 1, and we6
may then put x = . . .  = x  = a , and solve the quadratic  equation fo r

7  s

a. This w ill  give a n o n -t r iv ia l re a l so lu tion  fo r  the system o f

equations over IR. Notice th a t conditions (a ) and (d ) o f

Theorem 3 . 1 . 1  are  s a t is f ie d  on taking s a 14.

We now attempt to solve the system over Z. Since 2 is a cubic

non-residue (mod 7 ) ,  the cubic equation has no n o n -t r iv ia l so lu tion

over Z, as in  the discussion o f condition ( a ) .  Then we are  fo rced  to

put x = . . .  = x  = 0 ,  and since the remainder o f  the quadratic  is 1 6

p o s itive  d e fin ite , the remaining variab les  must a lso  be zero. Thus 

the system o f  equations ( 1 . 2 )  has no n o n -t r iv ia l ra tio n a l so lution .
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(c ) the simultaneous equations ( 3 . 1 . 2 )  have a n o n -t r iv ia l re a l  

solution .

This is p la in ly  a  necessary condition fo r  a  n o n -t r iv ia l ra tio n a l  

so lu tion  to e x is t. However, i t  is  perhaps worth noting th a t the 

quadratic  equation may be in d e fin ite , and yet a n o n -t r iv ia l re a l 

so lu tion  to the system s t i l l  f a i ls  to e x is t. To see th is , consider 

the system o f equations

-M3 x3 + x3 + x3 ♦
3

X3 =  0 8

where M > s  

the equation

1 / 4

- x 2 + t f x 2 + fftr2 + . .  . + r f V  = 0
1 2  3  s

is a p o s itive  in teger. On e lim inating x  , we obtain

■ •4 f  2  2 \  # 3  3 . 2 / 3  ~M ( x  + . . .  + x ) — (x  + . . . + x )  = 0 ,2 8 2 8
which has no re a l so lution , since

(x  + . . .  + x ) ^ s . (Max |x  j )2 s 1
< M4 (Max | x ^ | ) 2

^ W4 (x 2 + . . .  + x2) .2 s

2 .  PR ELIM IN AR IES T O  AN A P P L IC A T IO N  O F THE H A R D Y -L IT T LE W O O D  METHOD.

We s ta r t  by showing th a t the conditions o f Theorem 3 . 1 . 1  allow  us 

to assume th a t the equations ( 3 . 1 . 2 )  have a  non-s ingular re a l  

so lu tion  ( t? . . . . , ‘n ) f o r  which no t ) is zero , and also aI s  i

non-singular p -ad ic  so lu tion  f o r  every ra tio n a l prime p. We then 

dispose o f the cases ( d ) ( i i )  and (d)  ( i i i )  o f  Theorem 3 . 1 . 1 .  F in a lly , 

having made these s im p lific a tio n s , we set up the apparatus required  

fo r  our ap p lica tio n  o f the Hardy-Littlewood method.
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Lemma 2 .1 .  S u p p o s e  t h a t  c o n d i t i o n s  ( a ) ,  (b)  and (c )  o f

T h e o r e m  3 . 1 . 1  h o l d  f o r  t h e  e q u a t i o n s  ( 3 . 1 . 2 ) .  T h e n  o n e  o f  t h e  

f o l l o w i n g  h o l d s :

( i )  t h e  e q u a t i o n s  ( 3 . 1 . 2 )  h a v e  a  n o n - t r i v i a l  r a t i o n a l  s o l u t i o n t o r

( i i )  t h e  e q u a t i o n s  ( 3 . 1 . 2 )  h a v e  a  r e a l  s o l u t i o n  ( t̂ ..........T)s) f o r

w h i c h  t h e r e  i s  a n  i  s u c h  t h a t  c  , d and a r e  a l l  n o n - z e r o .1 1 i
Proof: By a rearrangement o f variab les  and change in  notation, we 

may w rite  the equations ( 3 . 1 . 2 )  in  the form

3a  x + . .l l . + a  x3+ b  y3+u u l^l 2c y + r i
. . .  + 
. . .  +

b y3V  V

c y2+ d z2+ ..v^v 1 1 . + d z2w w ii 
ii 

o 
o

«. 
j

T (2.1)

where none of the a  , b  , i i c or i d̂  are zero, and by conditions (a)
and (b ) o f Theorem 3 . 1 . 1 ,  we have u  +  v  £ 7 and v  + w  £ 5. There are  

fo u r  cases:

(a ) Suppose th a t v  = 0.

Since Max{G*(2) ,r*(2 )> = 5 (c la s s ic a l)  and Max{G ( 3 ) , T  (3 ) }  = 7 

(resp ec tive ly  R.Baker [1990] and Lewis [1 9 5 7 ] ) ,  both the quadratic  

and cubic equations in  ( 2 .1 )  a re  independently soluble n o n -t r iv ia lly  

in  ra tio n a l in tegers, and so the equations ( 2 . 1 )  c e rta in ly  have a 

n o n -t r iv ia l ra tio n a l solution.

(b ) Suppose th a t v  >  0 and u  > 0.

By condition (a ) o f  Theorem 3 . 1 . 1 ,  the quadratic  in  ( 2 . 1 )  is 

in d e fin ite  in a t  least f iv e  v a riab les , and so we may solve the 

quadratic  equation over IR w ith a t  leas t one o f the y  non-zero, say 

y . Substitu ting  these values o f and z ^  into the cubic equation, 

we may then solve the cubic equation f o r  the x  ̂ over IR. This gives 

us a n o n -t r iv ia l re a l so lu tion  to the system ( 2 . 1 )  w ith b  , c and 

y  each non-zero .
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(c ) Suppose th a t v  >  0, u  = 0 and w  >  0.

By condition (c )  o f Theorem 3 . 1 . 1 ,  there is  a n o n -t r iv ia l re a l

so lu tion  to the equations ( 2 . 1 ) .  E ith e r a y  is  non-zero , in  which

case we are done, o r else there is  a change o f s ign amongst the d ^ ,  

say < 0 and dg > 0. But then we may solve the cubic equation over 

IR w ith a t  least one o f the y  non-zero, say y j . S ubstitu te  these 

into the quadratic , and solve over IR fo r  the z  , using the fa c t  th a t 

th is  quadratic  is  in d e fin ite . Thus we have a n o n -t r iv ia l re a l  

so lu tion  to the equations ( 2 . 1 )  w ith b , c and each non-zero.

(d ) Suppose th a t v  > 0 and u  =  w  =  0 .

By condition (c )  o f Theorem 3 . 1 . 1 ,  there is  a  n o n -t r iv ia l re a l

so lu tion  to the equations ( 2 . 1 ) .  Then the equations a re  soluble with

a t  least one o f  the y non-zero, and we are  done.

This completes the p roo f o f the lemma.

Lemma 2 .2 .  S u p p o s e  t h a t  t h e r e  i s  a  r e a l  s o l u t i o n  x  = ( tj , . . . , tj )
=  1 S

t o  t h e  e q u a t i o n s  ( 3 . 1 . 2 )  f o r  w h i c h  t h e r e  i s  a n  1 s u c h  t h a t  c ,̂ d̂  

a n d  tj a r e  a l l  n o n - z e r o .  T h e n  o n e  o f  t h e  f o l l o w i n g  h o l d s :

( i )  t h e  e q u a t i o n s  ( 3 . 1 . 2 )  h a v e  a  n o n - t r i v i a l  r a t i o n a l  s o l u t i o n ,  o r

( i i )  l o c a l l y ,  t h e r e  i s  a n  ( s - 2 ) - d i m e n s i o n a l  s u b s p a c e  P  o f  p o s i t i v e

( s - 2 ) - v o l u m e  i n  t h e  n e i g h b o u r h o o d  o f  tj o n  w h i c h  F  -  G  = 0. I n

p a r t i c u l a r ,  t h e r e  i s  a  r e a l  s o l u t i o n  tj' = ( tj' ..........i ) ' ) t o  t h e
=  1 s

e q u a t i o n s  ( 3 . 1 . 2 )  f o r  w h i c h  n o  tj' i s  z e r o .

Proof: I f  f o r  some i  both c and d̂  are  zero, then the equations

( 3 . 1 . 2 )  p la in ly  have a n o n -t r iv ia l ra tio n a l so lu tio n . Therefore we 

may assume th a t f o r  each i  a t  least one o f c and d̂  is non-zero. By 

a rearrangement o f variab les , we may assume th a t there  is a re a l 

so lu tion  ( tj , . . . , tj ) fo r  which c , d and tj are a l l  non-zero.
I s  1 1 1
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Suppose th a t we have a n o n -t r iv ia l re a l so lu tion  ( t) , . . . , tj ) fo r
l  s

which p rec ise ly  v  o f  the 7̂  a re  non-zero (w ith  s £ v > 0 ) .  Notice

th a t as c , and 7^ are  a l l  non-zero, we may assume th a t v  £ 2,

and by a rearrangement o f the variab les  x  , . . . ,  x  , th a t n = 0 fo r
2  s  i

i  = v + 1 , . . . ,  s .

Consider the expression  

A = A ( i ,  j )  =
3c T)2 3c 7)2 

l i  J J
2d 7) 2d 7j 

i  i  J J

= 67J 7) (c d 7) -c  d 7) ) . 
' i  ' j  1 J 1 j  1 J

(2.2)

There are  two cases:

(a ) there e x is t i , j  e  { 1 ..........v> w ith A ( i ,  j )  *  0.

By rearrang ing  variab les , we may suppose th a t i  = 1 and j  = 2. 

Then by the Im p lic it Function Theorem (see, f o r  example,

Apostol [1957],  Theorem 7 - 6 ) ,  there is an (s -2 )-d im ension al

neighbourhood, Tq, Of (7» , . . .  ,7}3 ) and a functions

T  ---- > 1R2,0

such th at

• • • > v '  ) , t) ' ,  . . .  , y ' ) = o8 3 8 ►
. • • ..........y ' ) = o8 3 8 J

f o r  a l l  ( tj' , . .*3 e T o • Then lo c a lly , there is an

( s -  2 ) -dim ensional subspace i f o f pos i t  ive ( s - 2 ) -■vo lume in the

neighbourhood o f  7) on which F = G  -  0. Further, by choosing < with

Itj' - tjJ  s u ff ic ie n t ly  small fo r  i  = 3 , . . . , s ,  we can f in d  7)' and tj' 

w ith F ( tj' )  = G(t? ' ) = 0 .  Since and t>2 are  non-zero , by using 

co n tin u ity  we can also ensure th a t tj' and 7)' are  non-zero , and hence 

th a t i?' is non-zero f o r  i  = l , . . . , s .  So we conclude th a t case ( i i )  

o f the lemma applies.

(b ) A ( i , j )  = 0 f o r  a l l  i , j  e { l , . . . , v > .

Then by ( 2 . 2 ) ,

c d T i - c d i } ^  -  0 f o r  a l l  i ,  J  e  { 1 , . . . ,  v> . ( 2 . 3 )
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There are two cases:
(1 )  both c a n d  d^ are non-zero fo r  every i  € { 1 , . . M

Then by ( 2 . 3 ) ,  we have

c d i J „
d c 

i J
f o r  j  = 2 , . . . , v,

0 f o r  j  -  v+1 ..........s.

Hence we may put tj = 1, and we have a n o n -tr iv ia l ra tio n a l so lu tion

(1) , . . .  t 7) , 0 , . .  , 0 )  to ( 3 . 1 . 2 ) .  Then we are  in  p a rt ( i )  o f  the lemma.1 V

(2 ) there is an i  € { 1 ........v> f o r  which e ith e r = 0 o r d̂  = 0.

As c d T) 7) *  0 , and by ( 2 . 3 ) ,  c d i) -  c d i \  , we obtainl  l l i i l l  i l l

c = d = 0, which contrad icts  the supposition made a t  the beginning 

o f the p roo f o f  the lemma.

This completes the p roo f o f the lemma.

Lemma 2 .3 .  Suppose th a t s  a l l ,  and the sim ultaneous equations

( 3 . 1 . 2 )  s a t is fy  co n d itio n s  ( a ) ,  (b) and (c )  o f  Theorem 3 . 1 . 1 .  Then

the equations  ( 3 . 1 . 2 )  have a n o n - t r iv ia l s o lu tio n  in  ra t io n a l 

in te g e rs  i f  e ith e r  o f  the fo llo w in g  co n d itio n s  hold:

(a )  a t  le a s t  6 o f  the d a re  zero ,

( b ) the re  is  a rearrangem ent o f  v a r ia b le s  such th a t c , . . . , c  are  

zero , and d , .  . .  , d a re  not a l l  o f  the same s ig n .1 4
Proof: (a ) I f  6 o r more o f the d̂  a re  zero , by a rearrangement o f

variab les  we may suppose th a t d -  . . .  -  d = 0 .  By condition (a ) o f1 6
Theorem 3 . 1 . 1 ,  d , . . . , d  cannot a l l  be o f  the same sign. But s 2: 11

7  s* *
and Max{T ( 2 ) ,G  (2)> = 5, so there is a n o n -t r iv ia l in teger so lution  

(a  , . .  . , a ) to the equation
7  6

d x2 + . . .  + d x2 = 0 .
7  7  s  s

Let C = c ( i  = 1 , . . .  6 ) ,  and

C = c a3 + . . . +  c a3 .I l l  s s
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* *Then since Max{T (3),G (3)> = 7, there is a non-trivial integer 

solution (u ) to the equation
C  u3 + ... + C  it3  = 0 .1 1  7 7

This gives a non-trivial integer solution
(u , u a ,ua ,...,u a )

to the system (3.1.2).
(b) If c ....c are zero, and d ,...,d are not all of the same
sign, a similar argument to that in (a) demonstrates that there is a 
non-trivial solution to the system (3.1.2).

This completes the proof of the lemma.

Lemma 2.4. L e t c , ...,c (t 2: 7) b e  r a t i o n a l  i n t e g e r s, and
f(x) = c x3 + . . . + c x3 . (2.4)=  l i  t  t

S u p p o s e  that (tj..... 7̂ ) is a real s o l u t i o n  o f  the e q u a t i o n  f i x ) = 0
w i t h 0 < 7) < 1 for i = 1,..., t. T h e n  g i v e n  a n y  0 < a < 1 a n d  P

s u f f i c i e n t l y  l a r g e, t h e r e  is a  n o n - t r i v i a l  s o l u t i o n  in i n t e g e r s

( y ....y ) to the e q u a t i o n  f i x )  - 0, a n d  s a t i s f y i n g

(1-aU P  < y i s (l+a)7)P (i = 1.... t ) .

Proof: We modify the argument of Vaughan [1989b] so as to deal
with additive cubic equations.

Suppose that c is a sufficiently small positive number, that
t? = T?(e) is a small positive number depending at most on e, and that
P is sufficiently large in terms of c, tj , a and c , ...,c. Let
0 = 1/8, t = 10 10, R  = P\ and let M  is - 1,...,5) be real numbers8
satisfying

„ —0+tP s W < P . s
We consider the number R i M  , tM  ) of solutions of the equation1  5

3 3  3 3 3 3  3 „c p y  + . . .  + c p y + c x + c x + . . .  + c x  = 0 ,
i i  1 5* 5^5 6 6 7 7 t  t

with the p  prime, and
S
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(2.5)
(1-o/3)t) P  < x  ^ (1+o/3)t) P  (r = 6,...,t),r r  r

p  = 2 (mod 3), M  < p  s (l+a/3)W , y € 4 ( P / M  , R ),
S S S S 8  S

(1-o/3)t) P / M  < y  * (1+o/3)tj P / M  is = 1,...,5).
s  S B 8  8

Then, with modifications involving only adjustments of implicit 
constants, and by making the trivial bound

I Y  e(3*3) I « P  ,xsp
the argument of Vaughan [1989b] yields

R ( « ....H ) » Pt_3(logP)'S1 5 w as P to.

Now p  > R, so each solution obtained in this way is unique. ThenS
by (2.5) we have a non-trivial integral solution of (2.4) satisfying 

(1-<x/3)t) P  < x  :£ (1+o/3)t) P for r = 6,. .., t, andr  r  r
(l-a/3)Tfi P  < p  y  £ (l+a/3)27) P for s = 1,..., 5 .8 8 8 8

This completes the proof of the lemma.

Lemma 2.5. S u p p o s e  that the s i m u l t a n e o u s  e q u a t i o n s (3.1.2)
s a t i s f y  c o n d i t i o n s (a), (b) a n d (c) o f  T h e o r e m  3.1.1. T h e n  the

e q u a t i o n s (3.1.2) h a v e  a  n o n - t r i v i a l  s o l u t i o n  in r a t i o n a l  i n t e g e r s  

if at  l e a s t  f o u r  o f  t h e  c  a r e  zero.i
Proof: Suppose that the equations (3.1.2) satisfy conditions (a),

(b) and (c) of Theorem 3.1.1. Then by Lemmata 2.1 and 2.2, we may
assume that the equations have a non-singular real solution
(t? ,.. ., 7) ) for which no tj is zero. Further, we may assume that 1 8 1
0 < < 1 for i = l,...,s, since whenever necessary the c can be

3 3replaced by -c^ and by -7̂ , and by homogeneity can be replaced 
by T^/tMax 7̂ ).

We may plainly assume that for each i at least one of c and 
is non-zero. Suppose that at least 4 of the ĉ  are zero. Rearrange
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variables in (3.1.2) so that c »...,c are non-zero, and so that 
c ,...,c are zero.t+i s

By Lemma 2.3(b), we may assume that d ,...,d are all positive.t+l 8
Then

(d tj2 + ... + d 7)2) = -(d t?  + .. . + d T)2) < 0 . (2.6)11 t t t+i t+l 8 8
But by condition (b) of Theorem 3.1.1 and Lemma 2.4, given any
0 < a < 1, and P sufficiently large, there is an integral solution
(y ,... ,y ) to the cubic equation in (3.1.2) satisfying 1 8

(\ - ol)t) P  < yt as (1+a)t)P (i = l,...,t), 
and with y ,...,y free variables, since c ,...,c sire zero.*'t+i’ >Js t+i 8
Then by (2.6), on taking a sufficiently small, we deduce that there 
is an integral solution y to the cubic equation in (3.1.2) 
satisfying

D = d y2 + ... + d y2 < 0 . l̂ i t̂ t
Then by the classical result Max{G*(2) ,T*(2)> s 5, there exists a 
non-trivial integral solution (v ,...,v ) to the equationt 8

_ 2 , 2 , 2 „
D a + d u + . . . + d u  = 0.t t+l t+l 8 8

But then (yv,yv,...,yv,v ,v ,...,v) is a non-trivial•'l t t t t+l* t+2 s
integral solution to the system (3.1.2).

This completes the proof of the lemma.

We now show that we may assume that there 
p-adic solution to the equations (3.1.2). Let
number of solutions to the simultaneous congruences

3 3
c m  + ... + c m  = 0 11  8 8
d m  + ... + d m  e 0 11 8 8

is a non-singular 
M  (q) denote the

(mod q ) . (2.7)



Lemma 2.6. S u p p o s e  that t he e q u a t i o n s (3.1.2) s a t i s f y  c o n d i t i o n s

(a), ib) a n d (c) o f  T h e o r e m  3.1.1, a n d  s £ 11. T h e n  o n e  o f  the 

f o l l o w i n g  holds:

(i) t h e r e  is a  n o n - t r i v i a l  r a t i o n a l  s o l u t i o n  to t h e  e q u a t i o n s

(3.1.2), or
H i )  f o r  e a c h  r a t i o n a l  p r i m e  p  t h e r e  is a  n u m b e r  u  =  u i p )  < co s u c h  

that f o r  all t £ u,
„  ,  ( t - u )  ( s - 2 )
M  (p ) * p n

Proof: As in previous lemmata, we may assume that for each i, at
least one of c and d is non-zero, i l

By Theorem 1.1 of Chapter 1 we have T*(3,2) = 11, and hence there 

is a non-trivial p-adic solution to the system F = G  = 0. For any 
p-adic solution, a = (a ,...,a ), denote the number of non-zero a= 1 s 1
by v  = v { a ). Then we may clearly choose a so that v i a ) is maximal 
amongst all the p-adic solutions to the system F  -  G  - 0. We
rearrange variables so that â  = 0 for i = v+1....s, and consider
the expression

A = A(i,j) = 6a a (cda-cda).J i J i J i J i J
There are 2 cases:
(a) there exist i,j € <l,2,...,v> with A(i,j) * 0.
Rearrange variables so that i = 1, J = 2, and write

3  3  2  2
A i y  ,y ) = c y + c y , and B i y  ,y ) = d y  + d y  , m  ^  r i  i  £  r i  2^2 ’

and for fixed y ,..., y , put3  s

Cr(y3’ *“ ,ys ) = o 8 3  ,
c  y  + 
3J3

. . .+ 3c yB B
and

D('y3 " ' " yJ  = day3 + •••+ d y ? •O 8 O O 8 6
Suppose that |A(1,2)|2 = p1-u > 0. Choose y (i = 3,.p i

ŷ  s a i (mod pfc) (t u).
., s) with

(2.8)
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(mod pu)

Then we have
3  3  3c a + c a + c y1 1  2  2  S ' 7 3

, 2 . 2 . 2 d a  + d a + d y 1 1 2 2 3^3
But then

+ d y2 + .v 4

3
+ v «  + •

3  «  >+ c y = 0Ŝ S
+ d /  s 0s J s  ^

Max{ U(a ,a )+C(y ,... ,y ) | , |B(a , a )+B(y ,..., y )| } s p ‘1 2 3 8 p 1 2  o 8 p
< |A(1,2)|2P

so by Lemma 1.3.1 there is a (b ,b ) € Z x Z with1 2  P  P
A ( b  , b ) + C(y , ...,y ) = 0 and B(b ,b ) + B ( y ....y ) = 0. But by

1  2  3 8  1 2  o  8

(2.8) there are pt-u choices for each y (i = 3,...,s), and hence at
least p(t_u) (s_2) possible solutions to the simultaneous congruences
(2.7) with q  = p1. Then M  (pfc) 2: ^(t-uHs-2) ^or an  t &  u.n
(b) for all i,j e {1,2,...,v> we have A(i,j) = 0.
Then

c d a  - c  d a  = 0 for all i,j € {1,2....v>. (2.9)
i  j  i  j i  j  J

There are 3 cases:
(1) there is no i € {l,2,...,v> for which either = 0 or d̂  = 0.
Then by (2.9) we have

c  d x. • 1i J for j = 1.... v

a = - d c J i J
‘ 0 for j = v+1, ... ,s

and we plainly have a non-trivial rational solution to the equations
(3.1.2).
(2) there is an i € <l,...,v> for which c = 0 .
By a rearrangement of variables we have i = 1. Then by (2.9), 

c id 1a i ~ 0 **or every j e {2,3,...,v>, and as djaj * 0, we must have 
Cj = 0 for every j € {l,2,...,v>. Then by condition (b) of

3  3c x  + . . . +  c  x  - 0v + l  v + 1  s  s

Theorem 3.1.1, the equation

(2.10)
must have at least 7 variables explicit, and so in particular we

*have v  *  s -7. Also, T (3) = 7, and so the equation (2.10) has a
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non-trivial p-adic solution (b ,...,b ), say. Letv+l s2 2
D - d  b + ... + d b . Then we shall have found a non-trivialV+l V+l 8 8
p-adic solution to (3.1.2) with v+l variables non-zero provided that 
we can find a non-trivial (u ,...,u ), with no u zero, such that

d  u 2 + ... + d  u 2 + D u 2 =0. (2.11)11 V V v+l
Now, we know that this equation has the non-trivial solution 

u  -  (a ,...,a ,0), with none of the a zero. Then as d * 0, we have= 1 V 1 1
for some w £ 0,

12d a |2 = p"w > 0.l  l  p  ^
Put

(2.12)

Then,
d a2+ d a2+ d a2+ . . . + d a2+ Du2 = 0 (mod pw+1). (2.13)1 1  2 2  3 3  v v  v + l

Fixing » a standard application of Hensel’s Lemma for a single
equation in the variable u^ gives us a p-adic integer u satisfying 
the equation

d u2+ d a2+ d a2+ ... + d a2+ D u 2 = 0, (2.14)1 1  2 2 3 3  v v  v + l
and further, u is non-zero, since we havel

d  u 2 = -(d a2+ d a2+ ... + d a2 + Du2 )1 1  2 2 3 3  v v  v + l
= d ^ 2 (mod pw+1)
* 0 (mod pw+1)

respectively by (2.14), (2.13), and (2.12). Then we have a solution 
(u , ...,u ) to (2.11) with no ti zero, and hence a p-adic solution1  v + l  i  r

to (3.1.2) with v+l variables non-zero. But this contradicts the 
maximality of v, and so this case can never occur.
(3) there is an i for which d̂  = 0 for some i € {1,... ,v>.
A similar argument to that in (2) applies.

This completes the proof of the lemma.
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N o tic e  th a t  Lemmata 2 . 3  and 2 . 5  p ro v id e  a  p r o o f  o f  cases  ( d ) ( i i )

and ( i i i )  o f  Theorem 3 . 1 . 1 .  H e n c e fo rth  we may th e r e fo r e  assume th a t

s  & 14 , and

the number of zero d is i 5l ►
the number of zero c is s 3

(2.15)
i

and hence that there are at least 6 values of i for which both
and are non-zero. Suppose that for 1 s i s s precisely m  of the
d̂  sire zero, precisely n of the c are zero, and let h  = s - m - n . Then
we may rearrange the variables with indices 1 ,...,s so that d̂  = 0

for i = 1....m , c * 0  and d * 0 for i = m+1,..., m + h , and c = 01 i  ’  i
for i = m+h+l,..., s.

By Lemmata 2.1 and 2.2, we may assume that 
the equations (3.1.2) have a non-singular real solution

(2.16)
(t) , . . . , 1 7  ) such that 0 < y  < %  for i = l,...,s , I s  1

since whenever necessary the can be replaced by -c^ and
3-ijj, and by homogeneity can be replaced by y / { 2 .  Max tj ).

by Lemma 2.6, we may assume that
for every rational prime p there is a u  = u(p) < «

such that for all t u, H  (pfc) p(t-u)(s-2 )n
Let P  be large (in terms of e, c ,..., c , d ,..., d , ti ,.1 s i  s i

and let a (i = 2,3) be real variables. Also, let

3  ,^  by
Also,

(2.17)

• • ,T7 )s

and
t = Max |d | 2 ISuSs i t =3 lSi I c ls  i (2.18)

5 = 10-2, 0 < 7) < V Q (e) and R  = P n. (2.19)
Here y Q is sufficiently small so that it satisfies the conditions 
necessary for both Theorem 3.1.2, and also Theorem 4.4 of 
Vaughan [1989a] to hold.
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W rite

€ = -T) , C = 27) ,2 V V
F (a) = F (a , a ) = V e(c a x3+d a x2), l = 1 2  3 L„ 13 12?  P < x ^ C  P  1 1

f  (a) * f (a ,a ) = l  =  1 2 3 V e(c a x3+d a x2), L. 13 12
K P

X  €  4 (P ,P )
F(a) as Y  e(ax3+ax2),=  L«  3  20<xSp

(2.20)
(2.21)

(2.22)

(2.23)

(2.24)/(a) sb V e(ax3+ax2).* = L  3  2
x € 44(P,F)

When we wish to stress the presence of zero coefficients, we shall
write

g^oc) - f^O.a), H O )  = F i0,0) , (2.25)
g(a) = f(0,a), HO) = FO,0) . (2.26)

Our objective is to estimate the number P(P) of solutions of 
(3.1.2) in rational integers x̂  which satisfy

^ P  < x̂  ^ <^P and xt e <4(P, R) (i = 1,. .. ,m+7i—4), and (2.27)
£ P < x ^ C P (i = m+h-3....s).n l ^i (2.28) i

We shall show that F(P) — > oo as P — » oo, using a variant of the 
Hardy-Littlewood method, thereby completing the proof of 
Theorem 3.1.1. Let

4-1 .-l . . .-l - . «-i
Q i = 18tP‘ \ (i = 2,3), T£a .s (Q2M+(?2x) x (03 ,l+03 )•

Then,

P(P) = JJ ?(a)£(a)tt(a) da ,

(2.29)

(2.30)

where
U

m+h-4 m+h
y(a) = y] » ^Ca) = [J Fj(a)

1 = 1 ^  = l=m+h-3 1 "6
and S’(a) = jj F^a) . 

l=m+h+l

(2.31)
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The open s q u a re  is  d is s e c te d  in  th e  fo l lo w in g  way. When

(a2>a3»g) = 1 and 1 ^ ^ q i P (i = 2,3), we denote a typical
major arc by

.-l5JT(g, a) = 5Jl(g, a , a ) = { a : |ga-a | < Q  for i = 2,3 >. (2.32)“  2 3 ® 1 1  1
The 5Jt(q,a) are disjoint, since whenever i a ^ a ^ q )  * (a',a',g') (as

ordered triples), g,g' ^ P  and (a ,a ,g) = (a',a',g') = 1 (as2 3 2 3
highest common factors), we have

i
q' ——7- > f -  + i 1 Q" 1 , for one of i = 2,3.qq [ q q J i

Let Sit denote the union of the major arcs, and define the minor arcs, 
m, by

m = U  \ 5Jt . (2.33)2
1 /2Now let 2 < W 2£ P , and define the pruned major arcs,

51 (g,a) = { a : |ga - a | < WP- 1 ^ 1 for i = 2,3 >, (2.34)
and let 5t denote the union of the 5t(g, a) with 1 £  a^ £  q  £  W,

*(a ,a ,g) = 1. Plainly, 5t(g,a) c 5JUg,a) and 5t c 5H. Let u = 'll \Jt, so2 3 “  — 2
that

u = (511 \  5t) u m . ( 2 . 3 5 )

Throughout, e is a sufficiently small positive number and the 
implied constants in the 0, «, and » notations depend on a t  most e, 
c , . . . , c , d , . . . , d , 7} , .  . . , 7 ) .1 8 1 B 1 8
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3. THE MINOR ARCS.
As usual, our minor arc estimate depends on bounds for the number 

of solutions of certain systems of diophantine equations. By use of 
the trivial inequality

Izz Z I S Iz |n + ... + Iz |n (3.1)1 2  n  1 n

and Holder’s inequality, we are able to put these equations into 
standard forms, the number of solutions of which may be easily 
estimated.

From Theorem 3.1.2, we have

JJ |*Ta)|10 da « P35/6 + e , (3.2)
U2

Also, by considering the underlying diophantine equations we deduce 
from Theorem 3.1.3 that

JJ | ̂ (a) |6 da « P3+c.
U*2

By considering the underlying diophantine
Theorem 4.4 of Vaughan [1989a] we have.1f  I t  ̂ 16 . —13/4+c|g(a)I da « P J o
Also, using classical estimates we have

J |tf(a) |4 da « P2+c .

(3.3)

equations, from

(3.4)

(3.5)

We shall obtain a suitable minor arc estimate for /(a) using the 
following lemma:
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Lemma 3.1 (R. B a k e r  [1986], T h e o r e m  5.1). W r i t e  

0(x) = a^x + ... + ô x,
N

S (0) = y e(m0(n)),I D L an = l
a n d  K  = 2k-1. Let N  > C(Jc, e), and let M  b e  a  n a t u r a l  n u m b e r  a n d  T  a 

p o s i t i v e  n u m b e r  s u c h  that

(MN T " 1 )*** s W . (3.6)
S u p p o s e  that M

V IS (0)| a: r.
La  mm=l

T h e n  t h e r e  e x i s t s  a  n a t u r a l  n u m b e r  q  a n d  i n t e g e r s v, ...,v s u c h  

that

q  < (MJVT'1 (q,^.... v j  = 1, (q,^.... V ] ) £ MW8,
la q - Vj| < «‘1tM«T"1)lt.AfE‘J for J = 1,2....k.

Lemma 3.2. S u p p o s e  that m +1 s i < m+h, 
Di+h+1 £  k  £  s. T h e n  w e  h a v e

(i) JJ If (a)|4|g (a3)|6 da « J>s,21/4+c

(il) Jf |fl(a)|e|Hk(a2)|4 da « P21/4t£,
*u2

( H D  JJ I ̂  j C Otg) I6|̂ k(a2) I4 « p21/4+ĉ
'll2

(iv) JJ lf(a)|10 da « P3376 *

1 s  j < m, a n d

Proof: The first three results follow in a manner typified by
case (i).

(i) By considering the underlying diophantine equation, we have that
JJ If (a)|4|gj(a3)|B da
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is bounded above by the number of solutions to the simultaneous 
diophantine equations

, 3 , 3 3 3% , . 3 ,3% , , 3 ,3 ,3%c (x +x ) + c  ( y  + y  + y  ) = c (x +x' ) + c (y' +y +y )i  1  2  J  J1 J2 J3 1 1  2  j  M  ^ 2  J 3« / 2 2* d (x +x )i 1 2 = d (x/2+x/2)
(3.7)

with
x ,x' € d ( P , R ) , £ P  < x ,x' ^ £ P  , (r = 1,2), and r  r  i  r  r  1

y ,y ' e ^(P.R) , € P  < y ,y ' * C.P (r = 1,2,3).r  r  J  r  r  J
By (3.5), and considering the underlying diophantine equation, the
number of solutions of the quadratic equation in (3.7) is at most

.1
J |H(«)|4 da « P2+£

Given any such solution, let
TT , 3  3  « 3  /  3 \X = c ( x + x - x '  -  X  ) .1 1 2  1 2

Then the number of solutions of the equation

C J ( y i  +  y 2  +  y 3  ■  -  y 2  -  y 3  )  =  - x  •

with y ,y' e d ( P fP TI) and £ P  < y  ,y' ^ C P  (r = 1,2,3), is at mostr  r  J  r  r  j

J |gica.) 16e(aX) da ^ J |g(ca)|6 da

« P1 3 / 4 + c

by considering the underlying diophantine equation, and using (3.4). 
Thus the number of solutions of (3.7) is

€  p 2 + C  p ! 3 / 4 + c  __ p 2 1 / 4 + 2 c

(iv) By (2.22), (2.24), and considering the underlying diophantine
equations, we have by using (3.2) that

J*J I^Ca)!10 da s JJ |f (a) |10 da « P35/6 + \
U2 2 

This completes the proof of the lemma.
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Lemma 3 . 3 .  Me have

JJ \ 9 ( a ) $ ( o ) \  d a  « P’s - 8 - 2 6

2
Proof: By (2.31), we have

m + h - 4[ m+h-4 m > r s ^
n !*;<«)i n i ^ « 35i n i W 1

i = m + l  J  j = l  J  J  k = m + h + l  J

By (3.1), we obtain
m + h - 4( m+h —4 w  n *v r b •»

t  w q  l  ' W ' jl = m + l  J  L  J = 1  J  J  k = m + h + l  J
m + h - 4  m  s

• I I I  'V£>l ' W "  ' W " -i = m + l  J = 1  k = m + h + l
Hence,

JJ |?(a)£(a)| da « Max JJ If^a) |h’4|gj(a3) |m|Pk(a2) |n da ,
i , J,k u2 2 

where the maximum is taken over the ranges of i, j, k in the
previous equation. Then there are integers I, J, K  such that

JJ |y(a)*(a)| da « JJ If^a) |h"4|gj(a3) |m|HK(a2) |n da . (3.8)
U U2 2 

By (2.15), we may assume that m s  5, and n s  3. For the moment
write, for convenience’s sake, fh_4gmPn for

l / I( a ) | h‘V I(« ) f | H ( a j r .JL J O Jv 2
Then using (3.1) we can simplify the expression in (3.8) to a form 
in which we can use Lemma 3.2. First note that by bounding f, g  and 
H  trivially, we can always write

A V f l " « p8-i4f y v ‘ ,
where L s h-4, M  s m, N  s n, and L + M + N  - 10. Then by repeated use of 
(3.1), we obtain

150



« Ps'14(f10 + f V  + f4gB + g V )  .
Then from Lemma 3.2, we have

n , - ,  ,  ,  - s - 1 4 / .  - 2 1 / 4  +  c  - 3 S / 6  ♦  e .|?(a)£(a)| da « P (P + P )
*
2

—S-8-2 6« P
This completes the proof of the lemma.

Lemma 3.4. W e  h a v e

JJ |y(a)S(a)tt(a)| da « PS‘B"6.
m

Proof: Using inequality (3.1), we have
Sup |H(a)| « Max Sup |F(a)|4.
a s m  m+h-3^i^m+h a € m ~~

Suppose that the maximum in the above expression occurs at 
and let t' =  c and t' =  d  .3 1 2 1

Suppose that P(t'a2, i'a3) p3/4+c Then by Lemma 3.1,

sufficiently large, there exist integers a , ag, and q  with

1 *  q < P1’*, (a2,a3,q) = 1,
and such that

Iqt'a - a | < P1_l"c, for i = 2,3.M i i i
Put

q' =  lit' , t ' ] \ q  , and a' = t'~ra  \ [t' ,t' ]\ , for i « 2,3.2 w X X X Z w
Then since a € 11* , we have from (2.29) that 1 s a' £ 
i = 2,3. Thus for P sufficiently large, we have

1 s a', a' 5 < p * (a2 ,a3 ,q/) = lf

and
Iqr'otj - a; | < Q"1 (i = 2,3).

f h- V f l "  « P8- 14( / 10- V  + f s - HgsflN)

« ps"“ ( f 10 + feH* + fgBH* * fBg B )

i = I,

for P

■' for
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Consequently, if F i t 'a , t'a ) a P3/4+c, then by (2.32) we have2  2  3  3
a e SIT, and hence if a € m, then we must have

F(d a , c a ) « F12  13 3 / 4 + c (3.9)
Then for a e m, we have

Y  e i c  a  x3 + d a x2) « | V e(c a x3+ d a x2) | L„ 13 12 L 1 3  120 < x s ?  pI
V e(c a x3+ d a x2) L 13  12o < x S i ;  P

so from (3.9), F^ioc) « P , and hence by Lemma 3.3,
JT |?(a)S(a)tt(a)| da « f Sup IF^a)! Y  IT |?(a)S(a)| da
1J ' • a e m  J J Jm = _ *

« P3+4c. Ps-8"26
S-S-6« P

This completes the proof of the lemma.

4. GENERATING FUNCTIONS.
Here we give estimates for the various generating functions that 

arise in our treatment of the major arcs. For the F , we are able to 
use classical estimates, similar to those found in Vaughan [1981b], 

§7. However, the / are more difficult, requiring a treatment based 
on Vaughan [1989a], Lemmata 5.3 and 5.4.

Let
q

S (q, a) = S  i q , a , a ) = y e((d a x2 + c a x3)/qr) . (4.1)1 =  1 2 3  u  1 2  1 3
X=1
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Lemma 4.1. S u p p o s e  that (g, a ,a ) = l. T h e n2  3
,  * 1 / 3  2 / 3 + c  _  .  .r (a3,qr) .g for i = l,...,m

S(g,a) « - 2 / 3 +  c for i = m+1,... , m+h
,  * 1 / 2  1 / 2 + c  ^  .  , .  , «(a2>g) .g f o r  l - m+h+l,...,s .

Proof: There are three cases.

(i) i = 1....m.
Then d̂  = 0 and * 0, so by R. Baker [1986], Lemma 4.2, we have 

SjCg,a) « (c a ,g) g « (a3,g) g
(ii) i = m+1,... ,m+h.

Then c * 0 and d̂  * 0, so by R.Baker [1986], Lemma 4.2, we have 

S^g .a)  « { c a ^ d a ^ q )  <7 « <7
(iii) i = m+h+1.... s.

Then c = 0 but * 0. The proof proceeds as in (i). 
This completes the proof of the lemma.

When a e SR(g, a) , let
Pj = oCj - a / q  , (j = 2,3),

and
k pJ i

eCc^r3 + d p y2) dy .
* pi

Lemma 4.2. S u p p o s e  that 1 *  i £  s, a n d  that g, a2, and a 
i n t e g e r s  w i t h (g,da ,ca ) * d. S u p p o s e  a l s o  that a € 9R(g,a) . 
with /3j d e f i n e d  b y  (4.2), and w r i t i n g

VjCa.g.a) = g"1Si(g, a)Vj(g) ,
we have

F (a) - Pj(a,g,a) « d g
Proof: This follows from Lemma 4.4 of R. Baker [1986].

(4.2)

(4.3)

are3
T h e n

(4.4)
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Let p(x) denote Dickman’s function, defined for real x by 
p(x) = 0  when x s 0, 

p(x) = 1 when 0 < x £ 1, 
p is continuous for x > 0, 

p is differentiable for x > 1, 
xp'(x) = -p(x-l) for x > 1.

We further define
V(|) = J 1 p[ l£i| ] e ( c p / + d p / )  dr .

i
With defined by (4.2), write

W^a, q, a) = g^S^g, a) v^g) .
We have the estimate:

(4.5)

(4.6)

(4.7)

Lemma 4.3 (V a u g h a n  [1989a], L e m m a 5.3). L e t  t b e  a f i x e d  p o s i t i v e  

n u m b e r , a n d  s u p p o s e  that R  £  X  £  R r. T h e n

c a r d ( d ( X ,  R )) = X.pf 1 + 0 ( X / l o g X )  .

We also have a result analogous to Lemma 2.6 of Vaughan [1981b].

Lemma 4.4. L e t  c 1 »c z * ... b e  a n y  s e q u e n c e  o f  c o m p l e x  n u m b e r s , and 
s u p p o s e  that F  h a s  a  c o n t i n u o u s  d e r i v a t i v e  o n  [0,X]. T h e n

l
F { m )  =i

m  € 4 i X , R )
Proof: We have

* * pX * •
y  c F i X ) - y  c
L ^  m L ^  m» • 0 » •

F'(y)dy .
m  € d i ? , R )

F i m ) = F(X) - ^ F ' M d y  .** m
Therefore

^  CoF(m) = 
m € diX,R)

* ■
y  c F i X )  - Vm• m

L  J
m  e 4(X, R) m  e d i X , R )

c F'(y)dy ,mm
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and the result follows on interchanging the order of summation and 
integration.

We prove the next lemma in rather greater generality than is 
strictly necessary for our purposes.

Lemma 4.5. L e t  R  = P n f o r  s o m e 0 < tj < T7Q(e,k) < 1, a n d  let

e(a x + ... + a x) ,k 1 (4.8)
x  € A { P , R )

(4.9)
x=l

e ( p /  + ... + By) d r  .k 1 (4.10)

L e t  (3 = - a / q  f o r  i = 1....k, a n d  w r i t e

V(a, q , a )  = q"1S(q, a)w(§) . (4.11)
S u p p o s e  that q  ^  R, a n d (a ,...,a ,q) « 1. T h e n

Proof: As in the proof of Vaughan [1989a] Lemma 5.4, we have

1 1 + 0(P/logP) (P < m  * P).
x  € d ( m , R ) x  € A ( m , R )

x  =  r (mod q)
Therefore

x  € A ( m , R ) x  e  A ( m , R )

by Lemma 4.3 and (4.9). Then by using Lemma 4.4, we have

x € 4(P,R)
where
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= e(/3 Pk + ... + BP) y  e ( ( a  x k + ... + a x ) / q )
O k  1 k 1

X € d ( P , R )

= e(P/ + ... ♦ P lP).,-1S C « . « > . H p [ ^ )  ♦ 0 [ 1g J ] , (4.15)

by (4.13), and

S =l 0 E
e i i a ^ x +.. . + a ^ x ) / q )

X  € d ( r , R )

| [ e ( / i / +. . . +^ ) ]  dy

But we have

J0 I
x  € d i r , R )

e( (afcx +. . .+aix)/q) y e ( f i A . . . ^ i r ) ] dr

r
” J + ••• + ^I3k lyk”1) d7

[  I*,« r | o . ip + . . .  + IPkIP )■
Then by (4.13) we have

S1 = ?'1S(<J.£)JPyp{ ) £?[*«/*• • -+V > )  dy - A , (4.16)

where

A « P|J0_ |P + . . .  +

qP

[ iPi i p + . . .  ♦  ipk iPk) i y e(p/ + • • • +

« , Dl ir, |P + ... + |0 |P logP| ^1 *k )■
Then by (4.8), (4.14), (4.15) and (4.16), we have

-l.
hi a) = q  S(q, a) ( v " *  • * v )  " ( 3 )

J R

+ A + 0(qP/logP) ,

d r

and integrating by parts, we obtain

Ma) = q“ s(q.«) / e O / +. ..+ 0 ^ ). (p[^||) + ^  P' [ ^ § ] ]  Or

+ A + 0(qP/logP) .
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is aBy using (4.5), and observing that for y e  [P, P], p ^ | ~ j
monotonic decreasing function of y, and further 

1 « P E % )  « 1 » we deduce that

r  * < » / * ■  ( i i » ) « *  r  u f e  -  > ] «

d r
logy

« P/logP .
Then by (4.10) and (4.11), we have

Ma) - W U . q . a )  « (1 + |0tIP + ... + IPJP*) .
This completes the proof of the lemma.

that

Lemma 4.6. W e  h a v e

a n d

v ( g ) « p a  + p2ip2i + p3ip3ir1/3,

v(g) « PCI + P2|02l + P3|03l)-1/3.

Proof: The first bound follows from Vaughan [1981b] Theorem 7.3 
on making a change of variable. The second bound follows on noting 

that P [iQgft] *s a m°notonic decreeing function of y, and futher

that 1 « P [ * g ]  « 1 for y e [P, P]. Hence the argument of the proof 
of Vaughan [1981b] Theorem 7.3 may be applied with only trivial 
modifications.

This completes the proof of the lemma.

157



5 .  P R U N I N G  T H E  M A J O R  A R C S .

Since our knowledge of the behaviour of the generating functions 
associated with the set d ( P , R ) is rather imprecise, we are forced to 
hard prune the major arcs. Here then, we show that the contribution 

from JJtMt to the integral P(P) is comparatively small.

Lemma 5.1. S u p p o s e  that m+1 3 l £  m+h, 1 £  j  ^ m, a n d  

m+h+1 ^ k  :£ s. T h e n  w e  h a v e

(i) JJ |8|flk(a2) |8 da « P8,
*

U2
(ii) JJ |gj(a3) |8|Hk(a2) |5 da « P8,

*
2

(iii) JJ |fi(a2,a3) |6|gj(a3) I8 da « P9.
Proof: (i) First note that a s a simple application of the

Hardy-Littlewood method, we have.1
f 1̂ (0;} |s doc « P3, (5.1)

for each I for which d is non-zero.i
Let S i be the number of solutions of the equation

3 , 3 3 
1 4 J l

with x ,r y  € d(P, R) and £ P < x , y s  r 1 r r

HnKS* Then we can
plainly extend the range of the variables, and apply
Vaughan [1986a], Theorem 2 to obtain

S « PS.1 (5.2)
Also, we have

r1 8 r1J If^all da3 = J £ e(£?3(x,£)a3 + s ^ x . y ) ^ )  dag ,
J 0 J 0 x , y

where the summation over x, y  denotes summation over the variables
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x , y € d { P , R ) with £ P  < x  , y * < P  (r = 1,... ,4), and wherer  r  i  r  r  i
s (x,y) = (x“ - y“) + ... + (x“ - y“) .

m  =  —  1 1  4  4

Write c(x, y) for e(s (x, y)a ). Then = = 2 — — 2

f I f ( a ) 1 8 da = £ c (x ,y )J  e (s3(x ,^)a) da , 
J o  1=5 x , y  "  J o  =

= £ c(x, y)6(x,y) ,
x , y

where

S(x,y) = ( 1 if X i + + X4 " yl +
= '-0 otherwise.

+ y.

Hence
l

J  ^1^=^ I8 da3 * I  5(x,y) = Stc0 = ’ =  

Thus by (5.2) and (5.3), we have

(5.3)

JT lfI(«)l8W kt«!)l’ da « PS J |Hk(a)|S da
V

P8,

by using (5.1).
Case (ii) follows in a like, though simpler manner.
(iii) j f |f (a ,a )|6|g (a )|8 da is the number of solutions of the

J J 1 2  3  J  3  ®*
2

simultaneous equations
c (x3+x3+x3)+c (y3+.. .+y3) = c (x/3+x/3+x/3)+c (y/3+.. .+y'3)1 1 2  3  j  J 1 J A 1 1 2  3  j  ' ' l  J  4. , 2 2 2% d (X +X +X  ) 

1 1 2  3
= d (x/2+x/2+x/2)1 1  2 3

(5.4)

with
x  ,x' € d ( P tR), £  P  < x  ,x' ^ < P for r = 1,2,3, andr r 1 r r i
y ,y7 € d ( P , R ) , £ P < y  ,y' £ C P  for r = 1,... ,4. r r j r r j

The proof now follows the pattern of Lemma 3.2(i), using the 
estimates
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o u
obtained respectively from (5.1) and (5.2).
This completes the proof of the lemma.

Lemma 5.2. S u p p o s e  that b o t h  c  a n d  d  a r e  n o n - z e r o ,  a n d  t > 9.
T h e n  w e  h a v e

Jf |F((a) |l da « PlB,
a n d  f o r  s o m e  <r > 0,

JJ ' W 1 d£
3Jl\3t

Proof: Define ^(a) for a € 5H by putting ^(a) = V {a, q, a) when 
a e 5Jt(q,a), 1 < a s q < P ij - 2,3) and (a ,a ,g) * 1. We shall
™  •—  J  2  3

write M  for either 511 or 5Jt\5t, and M ( q , a ) for either 5Jt(q, a) n 3H or 
(5Jt(q, a) n 5H)\(51(q, a) n 50. In addition, we let 7 = 1  if M  - 5H, and 
Y  =  W  if M  = 5Jt\5t . Also, we write 0 for a - a  / q  (i = 2,3) 
whenever a € M ( q , a ) .

Suppose that 1 *  a ^ *  q  *  P  (j = 2,3) and { a^,a^,q) = 1. Then by 
Lemma 4.2, for a € 5JUq,a) we have

iF^a) - V i( a , q , a ) \ « q 2/3*c (5.5)
Then for a € M ( q , a) , we have

IFU)!4 - IF (a) |l « . (5.6)
where

or /  2 /3+ £  v t  • fgr r 2/3+Ci • . .  + * * t “ l9^ = (q ) and y = (q Jll^a)!2 / 3 + c . t

Now
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JJ y, da « pl-sy-°.
M

for some <r > 0.

by (2.29), (2.32) and (2.34). Hence, provided 2t/3 - 2 < t - 5 (that

is t > 9), we have

(5.7)

Also, by (4.4) and Lemma 4.1,

rry <ta« i  i  i  q(q-i/3te)1 jj iv^r'da (s.8>
i( <&> ia.*q labs, M ( q a , b )

( a ,  b , q )  = 1
But by Lemma 4.6, we have

JJ lv (£ )lT da « PT JJ (1 + P2|pz l + P3IP3I)"T/3 da .
M ( q , a, b) M ( q , a , b )

Then if T  > 6, the right hand side of the last expression is, by 
(2.29), (2.32) and (2.34),

PT‘sMin< 1 , (g/y)T/3"E > ,
1/2

(5.9)

Now, for t > 9, recalling that M  ^ P , we have
3 - t / 3 + t c  w . ,  „ ,  , „ . ( t - l ) / 3 - 2  ,  v 2 - ( t - l ) / 3  r  2 / 3 + t c

q  Mini 1 , (q / Y ) > « Y ) q

« py‘a,
q - Y

for some <r > 0, and
3 - t / 3 + t c

q — y

Y < q —P

Mini 1 , (qr/Y) ( t - l ) / 3 - 2 > « P  £ qr
q > Y

« py"CT,

2 - t / 3 + t c

for some o* > 0. Then by (5.8) and (5.9) (with T  = t-1), we have
JJ sr_ da « pt_5y"CT.2 = (5.10)

Finally, we have

f f  \Vla)\tdat€ Y Y Y iq~1/3+C)t IT |v (0 )|\ ta . (5.11)
i J  q - P  l S « S q  l i b S q  M i q , a , b )M q s p  i s a ^ q  l ^ b ^ q  

( a , b , q ) = 1
But for t > 9, we have

q — y
q2-t/3+U Mini 1 , (g/y)t/3“2 > « y2"^3 Y  4

q - Y
« y"*,

tc
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for some <r > 0, and

E2 - t / 3 + t t  .  .  / v . t / 3 - 2  ,  ^  P  2 - t / 3 + t cq Min{ 1 , (q / Y ) > « ^ q
q > Y  q > Y

« Y ~ \

for some cr > 0. Then by (5.9) and (5.11), we have

Jf H,, ( a ) | l  da «
M

The results follow on collecting together (5.6), (5.7),
(5.12).

This completes the proof of the lemma.

Lemma 5.3. S u p p o s e  th a t cjf d  ̂ a n d  d  are n o n - z e r o ,

T h e n  w e  h a v e

JJ |F1(a)|t|HJ(a2)|S da « f>\
a n d  f o r  s o m e  or > 0,

JJ |F[(a)|t|H («2)|S da « l/"V.

Proof: Adopt the same notation (as regards ^(a), M, 

in the previous lemma. Now by Lemma 4.2, we have
f |F C a ) |t -  |F ( a ) | l l !H (a2) | s « ^  + ?2 ,

where

and

Then

^  = (g2' 3^ ) 1 |H (a2) | 5

*2 = (q2/3+£m i( a ) | t '‘1|ff (a2) | 5.

I t ’ , * *  L J ,  i . J J  ' W *
i i  q^P lS«Sq l^b^q

(  a , b , q ) = 1 M ( q ,  a, b )
But by (2.29), (2.32) and (2.34), we have-l .1a/q+(qQ2>

£ J lflj(a2)|S da2 S J |Hj(a)|B da « p3-l^a^q '  -1a/q-(qQ2>

(5.12) 

(5.10) and

a n d  t > 6.

and 0) as 

(5.13)

(5.14)
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by (5.1), and hence from (5.14), (2.29), (2.32) sold (2.34), we
b / q + ( q Q 3 >-1

IT y da « j  J  (g2/3+c)\p3 f
q - P  l ^ f c s q  ,  -1

M  H  b / q - ( q Q  )o
da

P ( q Z / 3 * c)t

<{3p

So provided 2t/3 + 2 < t (that is t > 6), we have

Jf d£ 4
M

for some <r > 0.
Also, by (4.4) and Lemma 4.1,

JJ
M

%  d o t  «  2 = E E I  q(q ) .^(t-1)pp l^a£q l^b^qqsp l̂ â q lPb̂ q
(  a  , b , q )  = 1

where
H T )  = JJ |vi(g)|T|fl (a2)|S da .

M ( q , a , b )

But by Lemma 4.6, we have
J (D  « P T JJ (1 + P3|P3l ) 'T/3|HJ(a2) | S da .

M ( q , a , b )
Then if T  > 3, by separating variables and making use of (5.
obtain

JJ iv 1(£) iT|ffJCa2)|B di
 ̂M ( q , a , b )

PT"3Min{l,(q/y)T/3‘1 } (  j ’ l " / ^ ' 5 ^ ]

« PTMin{l,(q/y)T/3"1> .
1 / 2Now, for t > 6, recalling that W  *  P  , we have

r y - t / 3 . u  M i n { 1  _ ( ^ ( t - 1 , / 3 - ^
q — Y  q S Y

« py"a,

for some <r > 0, and
_ 2 - t / 3 + t c  ,  „ ,  _  ( t - l ) / 3 - l  ,  ^  r  l - t / 3 + t £

Y < q — P
Min{ 1 , (q/Y) > « P £ q

q > Y

« py"c,

have

(5.15)

(5.16)

1), we

(5.17)
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fo r  some <r > 0. Then from (5.16) and (5 .17), we have
J  da « pV ° ,2 = (5.18)
M

fo r  some <r > 0.
Finally, we have
JJ H'i(«)|t|flj(a2)|s da

« I  X  I  J J  ivl( | ) i t i»J(«#) i8 d2 .
q \ : ; u > = \ q Miq-a' b)

As in Lemma 5.2, but using the resu lts  above, we again deduce in 
th is  case that fo r t > 6,

J J  lVri( a ) | t |tfj (a2) | 5 da « pV " , (5.19)
M

fo r  some <r > 0.
Collecting together (5 .13), (5 .15), (5.18) and (5 .19), th is

completes the proof of the lemma.

Lemma 5 .4 . Suppose that both and are non-zero. Then we have

JJ lf i(a ) l 14 da « P9.
2

Proof: The integral is the number of solutions, S, of the 
simultaneous diophantine equations

1 1  7  i  J 7
d (x2 + . . .  + x2) = d (y2 + . . .  + y2)1 1  7  1 J 7

with, x , y € d(Pt Pv) and £ P  < x ,y  £ C/5 ( r  = 1..........7). But byr r 1 r r 1
allowing xg, x?, yg and y7 to range throughout the interval 
(£ P ,C P ], and considering the underlying diophantine equations, we 
plainly have

S s JJ |f (a)|10|F(a)|4 da .
u2

We can estimate th is integral by using the Hardy-Littlewood method.
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IT If (a)|10|F («)|4 da « [ Sup IF (a) I I ff If (a) |10 da
 ̂a e m Jm u*2

€ (p3/4+Cj4 p3S/6 + c
9-a« P >

for a <r > 0, and hence by Holder’s inequality and Lemma 5.2, we have

s  « p3~° * ( JJ | f i (£)|14 ds] ( JJ ' W * *  d“)

Thus, by Lemma 3.2(iv) and (3.9), we have

V.2
P9“CT+ S5/7(P9)2/7,

jn

giving us S « P , as required.
This completes the proof of the lemma.

Lemma 5.5. For 2 £ [0,1]2, let

1(8) = IT \ $ ( a ) $ ( a m < x ) \  d a  .

8
S u p p o s e  that s £ 14. T h e n

m o . i i 2) « ps‘s,
a n d  t h e r e  is a  p o s i t i v e  n u m b e r  or s u c h  that

Hit) « PB‘V".

Proof: By Lemma 3.4, we have
Km) = JJ |Kama)tt(a)| da « Ps_5_6.

m
Adopt the same notation (as regards M  and Y) as in Lemma 5.2. Then 
by using inequality (3.1) in the same way as in the proof of
Lemma 3.3, we have

Jf |S(a)S(a)*(a)| da « JJ fh ~ig mHnF l da ,
M  M

for some indices I, J, K, L and integers h, m, n, where we have
abbreviated IfJ to f, |gj| to g , |PJ to H, and |FJ to F, and 
where h £ s-8, m  * 5, and n ^ 3. By using the inequality (3.1) once
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again, and by making the tr iv ia l bound f  « P, we have
A y # " « ps-14( f 10* v  + .

and
f 10' nfln « f 10 + f V ,

fS~x‘gSHa « / f l 5 + f BgS-
Then
J J  |y(a)& (a)K (a)| da « P8"14  ̂ J J  f 10F4 da + J J  f SHSF4 da
M  ^ M  M

+ J J  g5P5P4 da + J J  f 5gBP4 daj (5.20)
M  M

But by Holder’s inequality,
J J  f ‘V  d a .  ( J J  f 14 d«)B/7[ J J  F1* ^
M  u * M2

« (p9)5/7(p9y -a)2/7
« P9y"T, fo r  some t > 0, (5.21)

by Lemmata 5.2 and 5.4. Also, by Holder’s inequality,
J J  f ¥ F 4 da * ( J [  f V  da)S/9( J J  da)* '9
it M2

« (P9)S/9(P9y"CT)4/9
« P9y T, fo r  some r  > 0, (5.22)

by Lemmata 5.1 ( i) and 5.3 , on making the tr iv ia l  bound fo r  f. 
Further, by Holder’s inequality

J J  g W d a  « ( J J  A Sda]S /9 [ J J  f fV d a )4/9
M  u * M2

« (p9)s /9 (p9y"a)4/9
« P9y”T, fo r  some x > 0, (5.23)

by Lemmata 5.1 and 5.3 , on making the tr iv ia l bound fo r  g. Finally,
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by Holder’s inequality

ji [ jj '“- c  t Ji ' ’ ^ n  u
M V* V* M2 2

« (P9)5/S6(P9)5/8( P V " ) 2/7
« P9y"T, for some t > 0, (5.24)

by Lemmata 5.1(iii), 5.2 and 5.4.
Then by (5.20)-(5.24), we have U M )  « ps_5y’T for some t  > 0, and 

hence
I([0,1]2) = Km) + Ksn) « P8"5,

and
I(u) = J(3H\5t) + J(m) « P8" V T + P8-5-6

_s-5.« P W  .

This completes the proof of the lemma.

6 .  D E A L I N G  W IT H  T H E  P R U N E D  M A J O R  A R C S .

When s £ 14, from (2.33), (2.35) and Lemma 5.5, we have for some
<r > 0,

JJ Ka)SKa)tf(a) da = JJ Ka)iKa)K(a) da + 0(P8" V ) . (6.1)
V.

We now obtain an asymptotic formula for the term
JJ ?(a)£(a)tt(a) da
51

in (6.1), and this will permit us to complete the proof of 
Theorem 3.1.1. The treatment we give mostly follows familiar lines, 
although the details are complicated by the nature and treatment of 
the problem.
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Jt
w h e r e

Lemma 6.1. S u p p o s e  that W  £  R. T h e n  

JJ ?(a)£(a)H(a) da = V S(g)J*(g,P,l/) + 0(Ps"V/2ogP)J J = qSH (6.2)

Siq) = J  J  f IT (g ,a ,b ) l ,
a = l  b = l  ^  1 = 1  *

(6.3)

a n d

( a ,  b , q )  = 1

- 1  - 3  - 1  - 2* r q WP q  WP / O + h - 4  I f ®  ^
r ( g>p,v) = J J  n V E M  n Vi(£ ) d2

J  - 1  - 3  j  - 1  - 2  (■  1 = 1  j  M = m + h - 3  '
(6.4)

- q  W P  - q  W P
Proof: Recall the definitions (4.2), (4.6) and (4.7). Suppose 

that 1 ^ a s g < V (j = 2,3), (a ,a ,g) = 1, and a € 5t(g,a). Then
J 2 3 — *—

by (2.34) and Lemma 4.5, for i = l,...,m+h-4 we have

f l(£) " « l ^ p [i + <fVl « VP/logP , (6.5)

and by Lemma 4.2, for i = m+h-3, ... fs we have
F^a) - ^(a,g,a) « V.

Therefore, by (2.31), (2.34), (6.5) and (6.6), we have

IT |^(a)§>(a)#(a) - f jj l/(a,g,a) If jj V (a,g,a) II da
LJ I '■ 1=1 J l=m+h-3 J ■31

' l l  d2 + i^ p - pB" J I  d£

(6.6)

« VP
5t

« T 5 p  ( W a > .( W 3>
= Ps"5.I/4/logP .

Then,
JJ £(a)^(a)Jf(a) da = JJ f J\ ^ ( a ,  g, a)l f J] V'i (a, g, a)j da
n i L 1=1 J 1 i=m+h- 3 “  = J

+ 0(Ps“Sl/4/logP)
The result now follows by factorising out in the usual way, using 
definitions (4.4) and (4.7).

This completes the proof of the lemma.
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Lemma 6.2. Let

J  = r 00 r 00 f m+h-4 1 f 8 1
J  J  I n »,<£)! I n v .tg jJ d 2

-00  -00  ^ 1 =  1 J  l = m + h - 3  J
(6.7)

8—g
T h e n  f o r  s  > 8, J  c o n v e r g e s  a b s o l u t e l y, J « P , and

J*(qr,P,W) - J « (g/W)1/3Ps"S. (6.8)
Proof: By Lemma 4.6,

J « PsJ  f (l+IP2IPz) 'n/3(l+IP3IP3)""/3(l+IP2IP2+l$3IP3) 'h/3dgJ -00 J -00
By (2.15), n ^ 3 and m  * 5, so for s > 8 we have

( i + i p j p 2 ) ' n / 3 ( i + i p i p V ^ u + i p  , i p 2 + i p j p 3 r h / 3
b  J  6  O

s  (1+IP2 IP2) '4/3(1+IP3IP3) '4/3.
We therefore obtain

J  « PS.P"2.P"3 = Ps"5, for any s  > 8.
s ~ 5So the integral converges absolutely and J  « P . Also, by (6.4), 

sind using the same argument as above, for s > 8 we have
J  (q,P,W) - J  « Ps(Ii + I2) ,

where 00 00
J, = J J (l+ l32IP2) '4/3(l+IP3IP3) ' 4/3d |  ,

and
- 1  - 3  0

q  WP

L = f f (i+ ip  ip2) '4/3(i+ ie  |p3)‘ 4/3dg .J 0 J -1 -2 2 3 
q  WP

But
« P‘2((q/W)1/3P'3) ,

and
I2 < P‘3((q/W)1/3P‘2) , 

sind this completes the proof of the lemma.
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Lemma 6.3. Me have

J  = £Ps‘S + 0(Ps"5/logP) , 
w h e r e  £ is a  p o s i t i v e  c o n s t a n t .

Proof: Making a change of variable in (4.3), we have

V(g) = pj e(dt0 2Pz)r2 + ct(P3P3)r3) dr ,

and by making a change of variable in (4.6), we have

■  ' f ' » ( S  * i l i ) • “ .«/>»■  * *  •1
By making a change of variable in (6.7), we deduce that
J  = £(P).PS”5, where £(P) is given by 

00 00
e(P) = f J J P(r).e(F(g)P3 + G(r)$z) dg dg ,J -00 J -00 J _$

P(y) = n P( log(Py )/logP ) ,i=l
and y = (y ,...,y ) , 2 is the box defined by £ <y <<— i s  i l l
(i = l,...,s), and where F  and G  are as defined by (3.1.2).

By (2.16) (see Lemma 2.2(H)) the equations F(y) = G(y) = 0 
define an (s-2)-dimensional subspace if of 2 which passes through the 
point (tj....1) ) in the interior of 2. Further, the ( s - 2 )-volume of

l  s

if is positive. Then applying Fourier’s integral formula twice to the 
integral £(P), in the form

Lim f V( t ) . e( to) do = F(0),
X -----> 00 -x

we obtain £(P) = f 2(y) dif a 0. But since R  = P8, we have 
Jif ~

p( log(Py )/logfl ) = p(T)-1 + Tj”* logy /logP)
= p(T7-1) + 0(l/logP) .
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Thus, on noting that I dif -  if) >0, we deduce that
J if

S(P) = (p(D"1))m+h‘4 f dif + OCl/logP)Jy
= S + 0( 1/logP) , 

with £ a positive constant.
This completes the proof of the lemma.

Lemma 6.4. S u p p o s e  that (a , a , q) = (b ,b ,r) = (q,r) = 1. Then,
2  3  2  3

S,( qr, a2r + b2q. a3r + b j  ) = S ( q . a ^ )  ^ ( r . b ^ )  .
Proof: This is essentially Vaughan [1981b] Lemma 2.10, the presence 
of the and making no difference to the proof.

Lemma 6.5. T h e  f u n c t i o n S(q) is multiplicative.

Proof: This is essentially Vaughan [1981b] Lemma 2.11, combined 
with Lemma 6.4.

Lemma 6.6. S u p p o s e  that s £ 12. T h e n

and further, by (2.15) we have m  s 5 and n ^ 3. But for £ 1, by
using properties of the divisor function, we have

Proof: By (6.3) and Lemma 4.1, we have

a = l  b = l  
( a , b , q ) = l

(c,q)1 £ y (q/d)dt « qt+£, 
d|q

and for t < 1, we have
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Hence
S(g) « (g”1/3+c)s £ ^ (a, q)5/3j. £ ^ (b,g)j

(8-s)/3+2s c
« g

Then for s i 12, we obtain for any e > 0,
S(g) « g-4/3+c (6.9)

and by using Lemma 6.5 to factorise into prime powers,

Y g 1/3|S(g)| s n f 1 + f  (pV^lSCp1)!] qSW p̂ W t 1 = 1 J
^ JJ (1 + C p c/ p )pSW

for some constant C = C(s). But then
J V /3|S(q)| « V2' .jSW

This completes the proof of the lemma.

Lemma 6.7. S u p p o s e  that s £ 12. T h e n  f o r  s o m e  or > 0 we h a v e  
Y  S i q ) J * ( q , P , V ) = J.GO/) + 0(1/"V B) ,
q—w

w h e r e

g o /) = V S(g) .
q— W oo

F u r t h e r , 6 = £ S(g) c o n v e r g e s  a b s o l u t e l y, and GO/) - G « l/~T for
q=l

some t > 0.
Proof: By Lemmata 6.2 and 6.6, we have

7 S(q)(/(q,P,V) - J) « PS" V 1/3 7 q1/3|S(q)|
q S H q5W

p’- V ’,
for some <r > 0. Also, if s ^ 12, we have by (6.9),

-4/3+cMg; « c00 S(g) « g
Hence G = £ S(g) is absolutely convergent, and G « 1. Further,

q=l

GO/) - G « Y  7 « t/"T,
q> W

fo r  some t > 0, and this completes the proof of the lemma.
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Combining the conclusions of Lemmata 6.1, 6.2, 6.3 and 6.7 with 
(6.1), we deduce that for s fc 14, provided that V  £  R, we have

R i P )  = JJ 5(a)£(a)tf(a) da = G£PS”5 + 0^Ps"5(V4/logP + l/"a)j ,
U

where <r is a positive constant depending only on c ,...,c ,
1 s

d  .... , d and y .... y  . By taking V to be a suitable power ofI s  I s
logP, we obtain

P(P) = G£PS'5 + o(Ps"5) ,
and hence Theorem 3.1.1 will follow provided we can show that 6 > 0.

8 - 5For then P(P) » P  — » co as P — » » , and hence there must be a
non-trivial rational solution to the equations (3.1.2).

For each prime p, define formally00
T i p ) = £ S i p " )

h=0

Lemma 6.8. S u p p o s e  that s 12. T h e n  T i p ) c o n v e r g e s  a b s o l u t e l y,
s o  d o e s  n n p ) ,  a n d G = j| Tip). F u r t h e r ,  t h e r e  is a  p o s i t i v e  n u m b e r  

p P

p  . d e p e n d i n g  a t  m o s t  o n  c ,..., c , d ,..., d , s u c h  that
0 1 s 1 s

! <  n n p )  < |  •
p-p„

Proof: For s a 12, by (6.9) we have S(ph) « (p”4/3+c)h, and oo
therefore £ S i p  ) is absolutely convergent. So T i p ) converges

h=0

absolutely. The rest of the lemma is essentially Vaughan [1981b] 
Theorem 2.4.

Lemma 6.9. F o r  e a c h  n a t u r a l  n u m b e r  q, w e  h a v e

£ S i d ) = q2_s M ^ i q ) . 
d | q
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Proof: R ecalling ( 2 .7 ) ,  th is  is  only a  s l ig h t  m odification  o f
Vaughan [1981b], Lemma 2.12.

Given a rational prime p, put q  = p in Lemma 6.9. Then 
T i p ) = Lim pt<2‘B)« (p1)t--->00 n

provided that either this limit exists, or that in Lemma 6.8 exists. 
Then by (2.17), T i p ) 2: p-«(p>-(*-2) > q   ̂ so Lemma 6.8 we

have 6 > 0. In view of the above remarks, this completes the proof 
of Theorem 3.1.1.
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P A R T  III.

ON W ARING 'S  PRO BLEM .

M o d i f i e d  v e r s i o n s  o f  C h a p t e r s  5  a n d  6  h a v e  b e e n  s u b m i t t e d  

publication, r e s p e c t i v e l y  to t he L o n d o n  M a t h e m a t i c a l  S o c i e t y  

A n n a l s  o f  M a t h e m a t i c s .  T h e  f o r m e r  is a  p a p e r  j o int 

P r o f e s s o r  V a u g h a n .

f o r

a n d

with
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C HAPTER  5 .

ON W ARING 'S  PRO BLEM : SOM E REFINEM ENTS.

1. IN TR O D U C TIO N .

Let G(k) denote the least number s such that every sufficiently 

large natural number is the sum of at most s kth powers of natural 
numbers. In this chapter we introduce a number of refinements to the 
methods described in Vaughan [ 1989a, c]. In certain circumstances 
they permit an upper bound G(k) ^ H(k) to be replaced by 
G(k) ^ H(k) - 1, with more substantial savings being possible for 

k > 12. Thus we are able to establish:

Theorem 1.1. M e  h a v e  G(5) s 18 and G(6) ss 28.

Table 1.1.
k 10 11 12 13 14 15 16 17 18 19 20
F(k) 92 108 124 139 153 168 183 198 213 228 243

Theorem 1.2. W h e n  10 s k :£ 20 w e  h a v e  G(k) ^ F(k), w h e r e F(k) is 

g i v e n  b y  T a b l e 1.1.

These bounds may be compared with the upper bounds G(5) ^ 19, 
G(6) * 29, G(10) s 93, G(ll) s 109, G(12) s 125, G(13) £ 141,
G( 14) ^ 156, G( 15) s 171, G(16) £ 187, G(17) £ 202, G(18) £ 217, 
G( 19) £ 232, G(20) £ 248 of Theorems 1.1 and 1.7 of Vaughan [1989a]. 
We note that Briidern [1990] has also established G(5) £ 18 by a 
refinement of the arguments of Vaughan [ 1989a,c].
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We d efin e
d ( P , R ) = { x s P  : p  prime, p \ x  implies p  *  R }  (1.1)

and when k  is a positive integer, let S (P , R ) denote the number of
S

solutions to the equation
k  . . k  k  . . kx + . . . + x = y + . . . + y  (1.2)
1  S  U  * 8

with x , y € s d ( P ,  R ) . The proof of Theorem 1.1 is motivated by the 

observation that by simply combining the methods of
Vaughan [ 1989a,c], one can show that for each c > 0, there is an
V  > 0 such that Ss(P,Pn) «£ P13+c (k = 5) and S  i P 9P n) P22+c
(k = 6). Moreover the dominant contribution in these estimates

arises from the "major arcs". We therefore develop an argument based 
on just one more iteration of the method, but relative to minor arcs 
only, similar to that contained in Vaughan [1989b]. This is embodied 
in the following theorem.

Theorem 1.3. L e t  k  * 5, 0 = (2k‘2-l)/(k. 2k‘2+l), and t 2k-2.
S u p p o s e  that X  a n d  p  a r e  p o s i t i v e  r e a l  n u m b e r s  s a t i s f y i n g

p  > 2t-2-k, X  > 2t-k , (1.3)
p ( 1—0) + 1 + (2t-2)0 = X , (1.4)

a n d

X(l-0; + 1 + 2t0 < 2 t + 2 - k , 
a n d  that f o r  e a c h  e > 0, t h e r e  is a n  t) > 0  s u c h  that

(1.5)

S
t - i

T h e n  G(k) ^ 2t+2, 
2t+2 £ 4k.

(P,P*) « P"+c, S (P,Pn) « P X* \ I
'  • (1.6)

and S (P,P°) «
t +  1  C

p r o v i d e d  o n l y  that w h e n  k  is a  p o w e r  o f  2  o n e  h a s

We note that the additional condition on t when k is a power of 2 
is required only to guarantee the positivity of the "singular
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series", and could be relaxed under a suitable local solubility 
hypothesis.

With regard to Theorem 1.2, an inspection of the proof of 
Theorem 1.7 of Vaughan [1989a] reveals that one of the kth powers in 

the representation is present solely to facilitate the estimation of 
the contribution from the "major arcs". To prove Theorem 1.2, 
therefore, we develop a new treatment of the major arcs which makes 
the extra kth power superfluous.

To describe the main conclusion of this analysis we shall require 
some notation. Let

1/2 x  4> * k/(k+1) ,
and

m = { a : if q € IN and ||qa|| ^ P*~k then q  > P* > ,
where ||x|| denotes Min | x-y | . We suppose that the positive number

y  € Z
<r = <r(k) has the property that for each e > 0, there is a set
£ = £ c [ 1, P] n Z such thatc,k

card £ P/logP
and the exponential sum

hi a)

satisfies

£ e(axk)
X  € £

i w  % i  - l - C T + Csup |h(a)| « P m c

Theorem 1.4. S u p p o s e  that k 3, t £ 2k+l,
A + k < 2t + tru ,

a n d  that f o r  e a c h  e  > 0  t h e r e  is a n  i) > 0 s u c h  that

St(P,P*) «£ px+c.
T h e n

G i k ) s 2t+u .
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In establishing Theorem 1.2 through the use of Theorem 1.4, a 
further improvement over the methods described in Vaughan [ 1989a, c] 
is wrought by the use of estimates stemming from Vinogradov’s mean 
value theorem. When k > 12, the use of such estimates proves more 
effective than Weyl differencing in all but the initial phases of 
the iteration process.

We give the proof of Theorem 1.3 in §§2-5, and in §6 the special 
cases k -  5, 6 are considered, thereby establishing Theorem 1.1. We 
then provide two "major arc" estimates in §§7 and 8, these enabling 
us to prove Theorem 1.4 in §9. In §10 we describe the estimates 
arising from Vinogradov’s mean value theorem. Finally, in §11 we 
combine the approaches of Vaughan [1989a, c] with the conclusions of 
§9 and §10 to deduce Theorem 1.2.

2 .  PR ELIM IN AR IES T O  THE PRO O F O F THEOREM 1 .3 .

We shall prove Theorem 1.3 by using a variant of the
Hardy-Littlewood method. We suppose that e is a sufficiently small 
positive number, that t\ - t»(e,k) is a small positive number 

depending at most on c and k, that t = x(e,7),k) is a small positive 
number depending at most on e, T) and k, and that n is sufficiently 
large in terms of e, tj and t .

Let
P  = n1/k, cr = 21"k, 0 = (l-2<r)/(k+2<r) , and K = p \  (2.1)

Also, let M ,... ,M be real numbers satisfying
P e =s M  *  P e+r, (2.2)8

and write

Q  = P t f 1 . (2.3)8 8
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For t, X and p  satisfying the hypotheses of Theorem 1.3, we 
consider the number r(n;M) = r(n; M  , . . . , M  ) of solutions to the 
equation

k k .  k k kkx + x + p y  + p y  +
1 2 M M  * 2 M

k k
+ p  y  =  n2t

with the primes p  satisfying 8
p = -1 (mod k), M  < p  £  2 M  ,S 8 8 8

and with
x ^ P for r = 1,2 , y e  4 { Q  , P) for s = 1,... ,2tr  s  s

We shall show that

(2.4)

(2.5)

(2.6)

£  . . .  £  r (n ;M)  »  n
(2t+2)/k - 1 (2.7)

1 2t
where the multiple sum is over all choices of M of the form8

M = 2 V  8 (2.8)
and satisfying (2.2). Since p  > R, each solution of (2.4) gives8
rise to a unique representation of n  as the sum of 2t+2 kth powers
of positive integers in the sense that the ordered (2t+2)-tuple
x.x .py...... y is unique. Hence the verification of (2.7) is
sufficient to establish Theorem 1.3.

We henceforth assume that the M  are of the form (2.8). Let82"i ae(/3) = e  
F ( a) = 7 e(axk) ,xsp

g  (a) = 8

Hi

7 e(axk) ,
Q 8

a;L) = V t
xsl

x e d i Q  ,P) 8
e(ax ) .

Then

where

r(n;M) = J ^(a)e(-an) da

?(a) = Fi a ) Z  n ( l  •8=1  ̂ p J

(2.9)
(2.10)
(2.11)

(2.12)

(2.13)

(2.14)

and the p satisfy (2.5). 8
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We sh a ll  require the in eq u a lities contained in the fo llow ing
lemma.

Lemma 2.1. M e  h a v e

(i) A + 2( l-o*) (1-0) + 0 < 2t + 2 - k,
(ii) A + 1 - <r + k Q  < 2 t  + 2 - k,
(iii) A + 1 + (1/2 - 1/k) (l-cr+kG) < 2t + 2 - k,
(iv) A + 4(l-cr) < 2t + 4 - k.

Proof: Each inequality is deduced by repeated use of (1.5).
(i) We have
A + 2(i-o0(i-e) + e * A(i-e) + 2te + (A-2t)e + 2(i-o*)(i-e) + e

< 2t + 1 - k + (l-k)e/(l-e) + 2(1-0*) (1-8) + 0
s 2t + 1 - k - (l-2o*)/( l+o*) + 2 (1-0*) (1-0) + 0
<2t + 2 -  k + o* - 2( l-o*)0 + 0 

and o* - (l-2o*)0 < o* - l/(2k) < 0.
(ii) Similarly, we have

A + l - o * + k 0 < 2 t  + 2 -  k +  (l-k0)0/(l-0) - o*
< 2 t + 2 - k + 4o*0 - o*

and 40 < 1 for k a 5.
(iii) In a manner similar to (i), we have

A + 1 + (1/2 - 1/k)(l-o*+k0) < 2t + 2 - k + (l-k)0/(l-0)
+ (1/2 - 1/k) (1 - o* + k0)

< 2t + 2 — k — 1 + 3o*
+ (2-0*) (1/2 - 1/k)

< 2t + 2 - k - 2/k + 3o*
and 3o* < 2/k.
(iv) In a manner similar to (i), we have

A + 4(1-0*) <2t + 5 -  k - 4 o * +  (l-k)0/(l-0) ,
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and
1 - 4<r - (k-1) (l-2<r) 

k - 1 + 4cr -2cr + 4<r( l-2<r) 
k - 1 + 4<r

< -2<r + <r(l -  2<r) < 0
since k - 1 + 4<r > 4.

This completes the proof of the lemma.

3 . A U X IL IA R Y  IN TEG R A LS .

The following lemma is particularly useful, and may be compared 
with the inequality Sfc(P, P*1) « P X*C.

Lemma 3.1. L e t

w h e r e  t he s u m m a t i o n  is o v e r  all p r i m e s  p  s a t i s f y i n g

p = -1 (mod k), and M < p s 2W . (3.1)
S  S

T h e n  w e  h a v e

I  € PX+kT+C.1
Proof: For the sake of convenience, in the proof of this lemma we 

write M  for M  , Q  for Q  , and g  for g  . Also, let H  = PM**k.S B  S
kLet u be any positive integer with 1 ss u ^ t(2P) , and consider

the number of solutions, J2Cu), to the equation
p ^  + . . . + pt*t = u , (3.2)

with the p satisfying (3.1), and x  e  J C Q , R ) for r = 1....t.r  r
Let R ^ u )  denote the number of solutions of (3.2) for which there 

is an i e {l,...,t> such that for each j € {l,...,t> with j * i, we 
have p *  p  .
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Let R  (u) denote the number of solutions of (3.2) such that for 
2

each i e {1,.. ., t}, there is a j * i in {1,..., t> such that 
p  = p  .

Then plainly

and
I2(u) « R^u) + Kgtu) ,

I (u)2 « R  (u)2 + R  (u)2 . 2 1 2
But then, by considering the underlying diophantine equations, we 
deduce that

Jt = l  y u ) 2 « I, ♦ I4 , (3.3)
u

where

I3 = £ R (u)2 and I4 - [ R2(u )2.
U  U

We first consider I . We have I « ) I (s) , where I (s) is the4 4 _ L _  5  s

number of solutions to the equation
2s^t

k ,  k , k v , k ,  k k %P, (* +. . . +X ) + . . . +  p (X +...+X )1 1 , 1  l , r  8 s , 1 s , r1 s

= p'k(x'k +...+x'k ) + ... + p/k(x/k +. ..+x/k )1 1 , 1  l , r  8 s , l  s , r1 s

with r ,..., r integers satisfying 1 8 r a 2i for each i, and
r + .l .. + r = t, and with the ps  r and p' r satisfying (3 . 1 ) , and
x , LJ x' € d ( Q , R ) for i = l,...,sM j and j = 1....r, • Then by
us ing the trivial inequality

I z . .. z | * 1 z | “ +1 m 1 * \z rm » ( 31.4)
we deduce, by considering the corresponding integral representation 
of the number of solutions to this last equation, that

V s) « £ • • • !  ! , • • •  I ,  J  ( I  + i«(“p ;k) i 2t] l  <tep p p ' p '  ^ i = i L J J1 S l  81« t r e J | g ( o ) | 2tda .
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Thus, by considering the underlying diophantine equation, and 

recalling (1.2) and (1.6), we have

V I (s) « MtS (Q, R) « ffV+C « P X* \ (3.5)La _ 5 t2s^t
since by (1.3) we have \  > t.

We now consider I . We have I « I , where I is the number of3 3 6 6
solutions to the equation

k , k k k k .k , ,k ,k , . ,k ,k

with the p satisfying (3.1) and
t-i" t-i

(x,p ...p ) ® (x',p'...p' ) = 1,*i *t-i *t-i
and x,x' ^ 2P ,

Let
y ,y' e M Q , R )  for s = 1....t-1.8 8

F(a;m;I) = ) e(ax ) .
vkh

(x,m)=l

(3.6)

Then

Je s I f I ••• 1  \F (a ;p  . . . p  ;2P)|. lg(ap*)l] da .
0 Pi pt-i S=1

By Cauchy’s inequality and inequality (3.4), the integrand is
t-i

i2 n \ g U p \ ) \ *

pi pt-i E=1
t-1

Wt_1 £ • . . £ |F(a;pi. . .pt i;2P) |2 £ lg(apk)|2t-2
s=l1 t-1

Then, by considering the underlying diophantine equations, we have

I « W2̂ 3 f £ |F(a;p;2P)|2|g(apk)|2t"2 da 
Jo p

€ .
where 1^ is the number of solutions to the equation

k k k, k k ,  , k k vx - y = p (x - y + . . . + X  - y  ),K l t-i ■'t-i ’
with p satisfying (3.1),

1 s x,y s 2P, (xy, p) = 1,

(3.7)

(3.8)
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and
X y Y j  € d ( Q , R ) (j * 1,..., t-l) .

By (1.6), the solutions with x  = y contribute
« PM.</+C .

1c lc 1cFrom (3.8) we have x  e y (mod p ), so that since p s -1 (mod k)
and (xy, p) = 1, we have

{
2 2 k

x  s y  (mod p ) when k is even 
x  s y  (mod p ) when k is odd.k kWhen k  is even we therefore have x  =  ± y  (mod p ). If x = y (mod p ),

Mk kthen we may write h = (x-y)p and z = x+y. If x  s - y  (mod p ), then 
we may write h  = (x+y)p and z = x-y. When k is odd only the first 
of these cases arises.

In this way we see that the number of solutions with x  *  y  is at
most 41 , where I is the number of solutions to the equation 8 8

$ ( z , h , p ) = 2k(xk - yk + ... + xk̂  - y*^) (3.9)
-kwith h 2= 4P M  , z 2S 4P and p, x̂ , y^ as before, and where we have

put
$(z,h,p) = p'k((z+hpk)k - (z-hpk)k) . (3.10)

Let

Fi(a) = £ V y e(a$(z,h,m)) .
M <m ^2H  h S 4 H  z ^ 4 P

Then by considering the underlying diophantine equations, we have
l

I « f F  (a). |g(2 a)| da .8 Jo 1
Now F  is as in Vaughan [1989a], definition (2.35), but with P 
replaced by 2P, H  by AH, and R  by 2. Therefore the argument of 
Vaughan [1989a], Lemma 3.6 together with (1.6) now gives

J? « ( P M + P H M ( P M ) ~ 2° ) Q ^ C + P 1+cH M Q ~ W t Q n ~Wt)X+c. (3.11)
But from the definition of 0, we have

P H M ( P M ) ~ 2° *  P M  , (3.12)
and from (1.3) and (1.4), we have

« Px*kr*e . (3.13)

185



Also,
{ P H M p"k/t+(1“1/t)x)jj2t"3 - (p(2t-k-x)/t M(l-l/t)(2t-k-x)^x

« P X (3.14)
since by (1.3), we have 2t - k - X < 0. We conclude from (3.7), and

(3.11M3.14) that I « PX+kT+c, and hence from (3.3) and (3.5) that6
i « pltkT+e.1

This completes the proof of the lemma.

Lemma 3.2. L e t

1 = I  [ l  lss(aPk)l] da •0   ̂ p J

2t

w h e r e  the s u m m a t i o n  is o v e r  all p r i m e s  p  s a t i s f y i n g  

p  b -1 (mod k ) and M  < p  *  2 M  .
S  S

T h e n  w e  h a v e

J « M P X+kr+e1 6
Proof: Adopt the same notation as in the proof of Lemma 3.1. By 

Cauchy’s inequality, we have
J  « M tJ  ,l 2 (3.15)

where
J 2

We now observe that J2

: J  f ][ lg(apk) | 2l doc .
o  ̂ p J

is the number of solutions of the equation 
t

(3.16)
i=i

with the satisfying (3.1), and *^3^ € d(Q, R).
Let denote the number of solutions of (3.16) for which there

is an i € {l,...,t> such that for each j € {l,...,t> with j  * i, we
have p  *  p  . Also, let J  denote the number of solutions of (3.16) i  j  4
such that for each i € {1,..., t>, there is a J  *  i in {1,..., t> such 
that = p . Then plainly

J2 = J3 + Jt . (3.17)
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i
. „t/2 f , , . . 2t . -.t/2-X+c _ -X+eJc - 3t/2
J  « M  |g(a)| da « M  Q  *  P  n  ,
4 Jo

since X > 2t-k, and hence, as  t & 2k-2, we deduce that
J « W1-V +c. (3.18)
4

Also, we have J « J , where J is the number of solutions of 
3 5 * 5

the equation

By an argument akin to that used to estim ate I in the proof o f
Lemma 3 . 1 ,  we have

k k , k, k k% , ^ k , k  k »  _x -y + p (x -y ) + ... + p  (x -y ) = 0J *i l Ji  ^t-i  t-i  •'t-i
with the p satisfying (3.1) andr

(xy,p .. .p ) = 1, x,y ^ 2P and xi>yi € M Q , R )  for i = 1,..., t-1.
Then by an argument similar to that applied to I in the proof of6
Lemma 3.1, we find that

where is as in the proof of Lemma 3.1. Thus, by (3.11) — (3.14), we 
find that

«tMJ « PWkT+e. (3.19)
3

Collecting together (3.15), (3.17), (3.18) and (3.19) completes the
proof of the lemma.

4 .  TH E  MINOR A R C S .

We now introduce a suitable choice for the minor arcs m and 
proceed to estimate

da .

Our plan is to follow the argument of Vaughan [1989b] §5, and to
attempt to convert the integral over tn to one in which we may apply 
arguments similar to those used in the proof of Lemma 3.1. However,
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we have less room to spare than in Vaughan [ 1989b], and so in
general a more precise argument is required. We shall give most of
the details for the sake of completeness.

22 k kWe write = k  3 . For p a rational prime, write d  -  p  , and
define

G(a;p) = £ £ e(2“ka$(z, h,p))
h £ P / d  h d < z^ 2 P -h d  

z= h (m o d  2 )
where $(z,h,p) is defined as in (3.10). It transpires that G(a;p) 
plays a fundamental rdle in the treatment of the minor arcs. We 
provide estimates for this sum for later use.

Let
M  =  P 6* \  Q  = PM”1, (4.1)

and when M satisfies (2.2), write s
H  = PM“k . (4.2)s  s

Our first step is to simplify the ranges of summation in the 
expression for G(a;p). This we achieve by using a variant of the 
argument of §5.2 of Vaughan [1981b].

Lemma 4.1. L e t  a  a n d  d  b e  n a t u r a l  n u m b e r s  s a t i s f y i n g 1 
let U  a n d  V  b e  r e a l  n u m b e r s  s a t i s f y i n g 1 £  U d + a  £  V, a n d

that a e C for 1 s v s 7 . T h e n
V U

l ud+au = l
Proof: We have

« d l o g V supa e [0,1]
▼

£ a ^ e i a v )
V = 1

U p1 f v *1 uE a ud+a ~ J a y C ( a v )  Y e ( - a ( u d + a ) )  d a
u = i  u +a J o   ̂ v = i  v  J u = l

.1 I v |
« J £ ave(av) min{ U  , ||ad||-1 > da ,

o  1 v = l
and the lemma now follows

£ a £ d, 
s u p p o s e
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By a p p ly in g  Lemma 4 . 1 ,  we deduce th a t

V G (a;p ) « Pc F*(a) , (4 .3 )L B 1p8
where

F*(a) = V V sup |T (a ,0 ,h ,m )| , (4 .4 )H <m̂2M hSH 0 € [0,1]S 8 8
and

T (a,0 ,h ,m ) = V e (2 -ka$ (z , h, m) + 0z) .ZS2P

Lemma 4 .2 . Suppose th a t  a  is  a  r e a l  number in  (0 ,1 ] w ith  th e

—I —k
p r o p e r ty  th a t  w h enever a e Z, q  € IN, (a ,q )  = 1 and |a q -a | :s C PQ ,k s  —kthen one has q > 2 P. Then we h ave

iy  G (a;p ) | « {PM K ’2a+Ctf ,U S  8 8
w h ere  th e  sum m ation is  o v e r  p  s a t is f y in g  (2 .5 ) .S

Proof: I t  is  seen ra th e r  eas ily  th a t we may t r e a t  F (a) by using 
v ir tu a lly  the same re fin ed  d iffe ren c in g  argument a s  is  applied in 
Vaughan [1989a], §§2,3 to  the exponential sum

F (a) = y 7  V e (a $ (z , h,m)) .
MCm^MR h s H  z —2 P

In  order to convince ourselves o f th is , we s h a ll  req u ire  some 
notation . Let Ai denote the forward d iffe ren ce  opera to r 

Ai ( f (x ) ;h )  = f ( x + h ) -  f (x )  , 
sind define Â  recu rs iv e ly  by

V ' (x)8hi ........ v  = W f U ) :h t ......... V ; v  •
We define

¥ = ¥ (z ;h ,h  , .  . .  ,h  ;m) “ m“kA (f(z);2hm k,h  ,
J J 2 J J 2

where f ( z ) = (z-hmk)k.
•V

Now define the exponential sum F l a )  by
V “ > = E l i  sup

M < m ^ 2 M  h S H  h  S 2 P  0 € [0 ,1] 8 8 8 2
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where

T = T (a .p .h .h  ,m) -  T  el2~ka i + ph ) ,
b  6  b  f c j  b  b

0<z^2P-h

and define F^(a) fo r  j  £ 3 by

F> )= I E l  ■■■ l  Tj
M < n £ 2 M  h S H  h  S 2 P  h  S 2 PM <n>£2M h- . „
s s s 2

where
T  = T (a , h,  h .........h . m )  = V e ( 2 a * ) ,
J J 2 J Lt J

Z  € $

and S = S ( h ......... h )  is  the s e t o f z sa tis fy in g
2  J

0 < z s 2 P - h - . . .  -  h .
2  J

Then by combining Holder’s inequality  with the standard  Weyl 
d iffe ren c in g  technique (see, f o r  example, Lemma 2 .3  o f 
Vaughan [1981b]), we deduce th a t fo r  j  s  2 we have

F*(a) « P1_2JFW + P1-2JJ(tf M )1-2J| F*(a) | 2J,
1 8 8 8 8 j

where we have w ritten  J  = 2 J. Here, the im plicit constan t may 
depend on j .

Notice, in p a r tic u la r , th a t the d iffe renc ing  procedure elim inates 
a l l  dependency on the au x ilia ry  v a riab le  0 fo r  j  ^  3. Thus our 
functions F (a) a re  the same as Vaughan’s functions F^Ca) fo r  j  £ 3 
(see Vaughan [1989a], equation (2 .3 5 )) , save th a t we have R = 2.

We th ere fo re  deduce th a t
F*(a) « P1-4<Ttftf  + P1"4(k"2)<T(P M )1_4a|F* ( a ) |4CT,
1 8 8 8 S k-2

(4 .5 )

where by Lemmata 3 .1  and 3 .2  o f Vaughan [1989a], we have
IF* (a) | 2 s  fl(ct)E(a) , 

k-2
(4 .6 )

-2and 0 (a) is an exponential sum which, whenever | a - a / q \  :s q  and 
(a ,q )  = 1, s a t i s f ie s

0 (a) « Pc
Pk ~ 1H
—-----—  + P H + q  + <?k |a q -a |k i , s  sq+Q \a q -a \  8

(4 .7)
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and £ (a) is an exponential sum which, whenever M1* £  X  ^ QkM~k,B 6 S
( a , g) = 1, g ^ X, and |a - a /g | s  g_1X_1, s a t i s f ie s

£(ot) « Pc Pk-3£ W2---------- =-=— + Pk-3P jy
(g+Qk |a g -a | )1/k s s8

(4 .8 )

Suppose th a t a  s a t i s f ie s  the conditions o f  the lemma. By 
D irich le t’ s  theorem we may choose a and q  with (a ,g )  = 1 and 
q  C P_1Qk so th a t |a g -a | :£ C-1PQ~k . Then q > 2 -kP, and by (4 .5 ) ,k s  k s
(4 .6 ) , (4 .7 ) and (4 .8 ) , we have

F * (cO  «  P ‘ ( P l ' ACH  H  +  p 1 -(k -2 )4 t7 ( ^  f l ) 1‘ t<’( p k‘ 2 ff p k- 3 M H  ) 2 “ )1 8 8  8 8  8 8 8
« (PM .8 8

The lemma follows on noting (4 .3 ) and (4 .4 ) .

Lemma 4 .3 . Suppose th a t  (a ,g )  = 1, ^ = a -a / q ,  and

k()c-l)3k<jrPk~2£ .2 k(k"1)|p | s  1 .8
Then we h ave

PH M q
lY G (a;p ) | « ------ ------------
p 8 (q+Q k \ a q - a \ )

■ + H M ql / ( k - l )  8

k - 2
k - 1

Proof: We a re  able to use e sse n tia lly  the same Van der Corput
an a ly sis  fo r  the sum in question as  was used in Vaughan [1989a] fo r  
the sum F^(a) defined in proof o f the previous lemma. We write 
G (a;p ) in the formS Y S (a ,h fp ) ,hSH/d S
where

S(a,h ,m ) = V e (a $ (z ,h ,m )) .
h d < zS 2P -h d  
z= h  (mod 2)

I t  is  the exponential sum S (a, h,m) to which we apply the Van der 
Corput an a ly sis , making a  su b s titu tio n  o f the form z = 2z '+ a  to 
account f o r  the p a rity  condition in the summation over z. This leads 
to a  power o f 2 appearing in our ana ly sis , re la t iv e  to th a t o f
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summations over h and p in iV G (a;p ) |  cause no fu r th e r8 Lt 8
p 8

d if f ic u l t ie s  in the end-game an a ly sis . The r e s u lt  now follows from 
Lemma 3 .5  o f Vaughan [1989a].

Vaughan, w h ich  we have acco u n ted  f o r  in  th e  c o n d it io n  on |0 |  . The

We le t m denote the s e t o f r e a l  numbers a  in
(C'”1P1_t7( r k, 1 + C~1Pl ~aQ~*] with the p roperty  th a t whenever a € Z,k k
q  e IN, (a ,g )  = 1 and lag -  a | ^ then one has g > i f p 1

Plain ly , we have m e  (0 ,1 ) . By (2 .14 ) we have
2 t

l* (a ) | = n I  \F io L ) \1 / t \g BU p ]CB) \  ,8=1 p8
and by (2 .1 0 ), (2 .12) and (3 .6 ) , we have

F(a) = F ( a ; p  ) + H(apk;fVp ) ,8 8 8
where fo r  the sake o f b rev ity  we have w ritten F(a; p^) fo r  F(a; p^; P ) .
Therefore, by Holder’ s inequality  we have

2 t2 t  r r r - j 2 t  -s i / 2 t

Km) 2= J| j  V |F (a ) 11 /t |g g(apk) | da
s = i  J m  p  s s j  j

and
IF(a) | I / t |^‘s(aPs  ̂ ']  * [ l  IF (a;Ps) |1 / t |g s (aPs ) l ]8

+ f y |H(apk;P /p  ) \ X / t \ g  (apk) |1 .I U 8 8 8 8 J
P s

Thus, by Holder’ s inequality ,
2 t

where

j(» )  « n I + j  I8=1 L J

I  = y  f |P (a ;p  ) | 2 |g  (apk) | 2t da , 8 Li J 8 8 8

(4 .9 )

(4.10)

and
, 2 t

rB = J  ( [  I p/ pJ  11/11 IJ d« •m p J8
(4 .11)
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F ir s t  consider the in teg ra l J  . Suppose th a t a  € m and8
M < p *  2M , and choose b , r  with (b, r )  = 1, Qk-1, and

s  s  s

|ap kr  -  b | s  Q1-k. Then by Weyl’s inequality  (see Vaughan [1981b],S
Lemma 2 .4 ) and a  standard  major a rc  estim ate (Vaughan [1981a], 
Theorem 2 ), we have

tf(apk;P /p ) « <^"a+* (4.12)
when r  > Qk<7 o r |apkr  -  b | > Q_k(1”a). Moreover, when r  ^ Qka and 8 8 8
|apkr  -  b | s  Q-k(1-CT), we have by (2 .1 ) , (2 .2 ) and (4 .1 ) ,8

rpk s  2kQkV  < mV "*7,8 8
and

I k , I n\-o -\lI ap r  -  b | as Cfc P Q ,
since  f o r  k a 5 we have k+1 < 2k_1, and hence Qk<7 ^ C~1P1”<T . So inb k
th is  la t te r  case  there  a re  a, q  with (a ,g )  = 1, q  < li*P l ~a and
|aq  -  a | *  C ^ P 1~°Q~)t. This co n trad ic ts  the d e fin itio n  o f m, so we
may conclude th a t (4 .12) holds uniformly fo r  a l l  a  € m and a l l
primes p with M < p s  2M . Thus by (4 .1 1 ), and Lemma 3 .2 , we have 8 8

J s « q2' 2o+2cm  px+kT+c. 8 8
Hence, by Lemma 2 .1 (1 ),

J8
€ p 2 t + 2 - k - 6 (4.13)

fo r  some 5 > 0.
Now consider the in teg ra l I  . Let u denote the s e t o f re a l8

numbers a  in (0 ,1 ] with the p roperty  th a t whenever a € Z, q  € IN, 
(a ,g )  = 1 and I ag -a  | s  C~1P1-aQ-k, then one has g > 2”kP1"’CT, and put

tt = { a  : a -c  € u > .
c

For a  given prime number p with M < p £  2M and p s  -1 (mod k ), we8 8
w rite

d-1
S = Uu ,d c

c = 0

£ = { a  : ad e $ > .d d
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We use an argument o f  Vaughan [1989b] to show th a t m e g  . Letd
a  € m and choose c so th a t 0 £ c < a d £ c + l £ d .  Suppose th a t 
ad u . Since 0 < ad -c  s  1 there  e x is t b, r  with (b ,r )  = 1,c
1 ^ r  ^ 2-kP1-a, and

I (a d -c ) r  -  b | :£ k
Thus

lad r -  (cr+b) | ^ C f V 'V * .k
and so there  e x is t a , q  with (a ,q )  = 1, I a q -a  | js C ^ P ^ C f *  and
g ^ d r  s  (2W )kp1_cr/2 k s  P1"’<TWk. This co n trad ic ts  the d e fin itio n  o f 6
m, and hence we conclude th a t m e g  .d

We th ere fo re  have
f |F (a ;p )  | 2 |g  (ad) Ist da s  [* |F (a ;p )  | 2 |g  (ad) | 2tda ,

J m s  J g  s

and by a  change o f va riab les ,
f |F (a ;p )  | 2 |g  (ad) | 2tda = d’ 1 f |F (|3 /d ;p ) | 2 |g  (£) | 2 td0J ^  s  J CD ss d

d - 1
= d '1 Y  f |F O / d i p ) |z |e  ( p ) |2 tdp

c  = 0  J Tt 8cd - 1
= d”1 £  J |F( (a+ c )/d ;p ) | 2 |g g(a+c) | 2tda

Thus
J d-1

|F (a ; p) | 2 |g  ( a d ) |2tda s  | d"1 V |F( (a+ c)/d ; p) | 2 |g  ( a ) |2tda . 
m 8 J  it  c=o 8

By (3 .6 ) and the orthogonality  o f the additive c h a ra c te rs  e (cx /d ) 
modulo d, we have

d - l
d”1 £  |F( (a+ c )/d ;p ) | 2 = £  £  e (a (x k -  yk)/d )  ,

c= 0  x y

where the double sum is  over x, y with (xy ,p ) = 1, x, y s  P,
k k kx S y (mod d ). Since d = p and p = -1 (mod k) we have
2 2x s  y (mod d) i f  k is  even, and otherwise x s  y (mod d ). Thus,
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adopting the no ta tion  o f  w riting %r fo r  r  i f  k  is  odd, and fo r  ±r i f  
k  is  even, the double sum in question is  a t  most

y y e(axk/d )
2  d

s  E 2 E y e (ax k/d )
w=*r xsp r= l w=*r xsp

( r , p ) = l  x=w (mod d )  x=w (m od d )

s  4[P] + 8Re e (a (x k-  yk) /d ) .
y < x s p

x = y  (m od d )

We may make the su b stitu tio n s  h = (x -  y ) /d  and z  = x+y, and then 
the la s t  double sum becomes

G (a;p) = y  y  e (2 -ka$(z , h, p ) ) .
h ^ P /d  h d < z—2 P -h d  

z = h ( mod 2)
Therefore, by (4 .1 0 ),

I  S 4 f V UP] + 2 Re G (a;p ) ) |g  ( a ) |2 t daJ « p » =S
« «  PQl * ‘  + f  |V G (a;p ) | .  |g  ( a ) |2 t da . (4 .14)S B  J u  s  sTt P s

We subdivide u into two se ts  f  and \  . We le t f  denote the se ts  s  s
of re a l numbers a  in u with the p roperty  th a t whenever a € Z, q  € IN, 
(a ,g )  = 1 and lag  -  a | ^ C“1PQ~k, then one has q  > 2_kP. P lainlyk s
f c n . We then put f = u \f  .s  s  s

I f  a  € f  , then by Lemma 4 .2  we haves
17 G (a;p ) |  « (PW )1_2CT+Ĉ  . (4.15)U S  s  sp s

I f  a  e f , then a  €  f  , and so there  e x is t in tegers a and qS B
sa tis fy in g  1 ^ g < 2~kP and (a ,g )  = 1 with |a g  -  a | ^ C"1PQ~k. Thenk s
since  a  € u, e ith e r

lag  -  a | > C jV ‘V \
o r e lse

<7 > • V  1 - j2 P .
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We may th e r e fo r e  deduce fro m  Lemma 4 .3  th a t

|V G(a; p ) |  « P ^ 'f lM  (P1'" '^ )  L b bb
l - < r - k T . - l / ( k - l )

« (PM )*-2' +‘H8 S
since  fo r  k  £ 5 we have (l-< r)/(Jc-l) > 2(r(l+0) .

Then by (1 .6 ) and (4 .1 5 ), on rec a llin g  th a t ti = f  u T ,S 6

f I f  G (a;p ) I . |g  (a) | 2t da « (PM )1_2” ‘ff . <?*" .
J L  S B 8 8 8

*  P 8
Then by (4 .1 4 ),

we have

I  « (PM + (PM ) )<3X“  ,8 8 8 8 8
and so by (4 .13) and the d e fin itio n  o f 0, f o r  some 5 > 0 we have

M2"-1!  + J  « P2t*2-k-6.8 8 8
We may then conclude from (4 .9 ) th a t

f I e r f  \ i J  _ 2 t + 2 - k - 6|^ ( a ) |  da « P 
*  in

5. THE MAJOR ARCS.
Thus f a r ,  we have concluded th a t

r(n;M ) = 1(50 + 0 (P2t+2"k"6) , (5 .1 )
f o r  some 6 > 0, where I(5J0 is  the con tribu tion  to

1 + C '1P1_aQ"k
9c(a)e(~ an) da

C“ 1P1"aQ"kk
from the major a rc s  (C'"1P1”<7Q“k, 1 + C~1P1~°Q ~*]\m  ; th a t is , fromk k
the union 5Jt o f the in te rv a ls

3Jl(q, a) = {a : | a q - a | ^ C”1P1"’<rQ~k>
with 1 £ a £  q  £  P1 and (a,qr) = 1. We now ob ta in  a  su itab le  
estim ate fo r  th is  con tribu tion , using ideas from Vaughan [ 1989a, b ].
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Define V(a) on 51 by taking
-l

where

and

V{oc) = q  S (q f a )v (o c -a /q )  (a  € JJt(g, a ))

v(p) = V k“1x1/k“1eO x) , 
x * n

S (q ,a )  = ^  e (a rk/q )  .
r = l

Then i f  A(a) = F(a) -  V(cc), we have by Vaughan [1981a], Theorem 2 
th a t

A(a) « qc(q + Pk|a q - a | ) 1/2 (a  e 5Jl(q, a ))  . 
Hence, f o r  a  € Sit we have A (a) « Pe(P1~aMk) 1/2. 
Lemmata 2 .1  ( ii)  and 3 .1 , we have

(5 .2 ) 
Then by

f |A(a) |2 V g  (apk)
J 3It fe* 8 8

2 t
, _ l - d + 2 c . Ik  - X + k r + cda « P f r .P

« P2 t + 2 - k - 2 6 (5 .3 )
fo r  some 5 > 0.

Next, by appealing to Vaughan [1981b], Lemma 4 .6 , we obtain  
V(a) « P(g + Pk|a q -a | )”1/k (a  € JJt(g ,a)), 

and hence, by (5 .2 ) ,
V(a)A(a) « P ^ f P 1"0̂ ) 172 “ 1/k (a  e 5Jt(qr,a)) . 

Therefore, by Lemmata 2. l ( i i i )  and 3 .1 , we have
2 tf | V(a)A(a) | Y g  (apk)Jun % 5 *

doc « P1+c(P1-a+V ) 1/2-1/V +kT+C

« P2t+2_k“26 (5 .4 )
f o r  some 5 > 0. Thus, by using (5 .1 ) , (5 .3 ) , (5 .4 )  and Holder’s
inequality , we have

2 t  r ■ v2t+2-k-5,
y  r ( n ;  M) = J  V(oc)2 J\ f V V gs (apk) le ( -a n )d a  + 0 (P
m J 5Jt s=i m p 8 8 J= 8 8

) (5 .5 )

f o r  some 5 > 0.
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We a re  fo rced  to hard prune the major a rc s . Let V  denote a 
param eter to be chosen la te r , and le t 51 denote the union o f the 
in te rv a ls

5t(g, a) = {a : |a g -a | £ WP”k> , 
with (a ,g )  -  1 and 1 s  a  s  g s  W . We assume th a t

1 *  W *  P1/2,
so th a t 51 c 5Jt . Let

P = 5n\5t .
Then, by the methods o f Vaughan [1981b] §4.4 (c f . Lemma 5 .1  o f
Vaughan [1989a]) i t  can be shown th a t there  is  a  positive  constan t 8 

such th a t
f | V(a) | t+2 da « Pt+2' V 6. (5 .6 )J p

In addition , i f  we write
K = J  I « s(ap*) i2tt< da •O M p S 8

then by considering the underlying diophantine equations, we have
l

K «. J |t f ( a ;2 P ) |4. |£  £ g s (apk) | 2t doL •Jo m p 8 88 8
But now we may once again apply the Hardy-Littlewood method.

Define
5B(g,a) = {a : | 

fo r  1 s  a  ^ q  -  P and ( a ,q )  

these a rc s , and to = ( (2k)”1 
inequality , we deduce th a t 
Hence, by Lemma 3 .1  we have

k « p4_4a+4c. pi+kT+2c + rJS3

Iqa -  a | ^ (2k)”1P1_k>
= 1, and define S3 to be the union of 

P1_k, 1 + (2k)”1P1”k]\$3 . Then by Weyl’s 
f o r  a  € to we have |H (a;2P )| « P1_<7+c.

|H (a;2P) | 4. |£  £  g (apk) | 2tda . 
m p 88 8

But from Vaughan [1989a], Lemma 5.1  and an app lica tion  o f Holder’s
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inequality , we deduce th a t

J |P (a ;2 P ) | 4. |jT £ g ( a p k) | 2tdaffi M p 8 8 2_
t  + 2  r JL

( / , . — >'“ ‘H  ir . ' f  i8 8
g(apk) | 2t+4daj

t

t  + 2

, _2t+4-k.2/< t+2) j,t / (t + 2)4. { r  ) .A
Then by Lemma 2. l ( iv ) ,  we deduce th a t K « P . Hence by Holder’s 
inequality  and (5 .6 ) , we have

2  t
2 tr k(a)2n [ I I s  («p‘)l| d« « (^*V )t+a.(p *̂-k)t*iJ j) ' 8=1  ̂ M p S S J '

€ P2t+2“V P,
P8 8

fo r  some v  > 0.
By the methods o f Vaughan [1989a], §5, when W ^ logP, q  ^ logP, 

and (a,qr) = 1, we have
£ g s (ap*) = q^SCq, a )us (a -a /q )  + 0̂  ^ ^ ( q + P k |a q - a | ) j

and
, - l / k

lo g (x 1/k/W )S
l o g P

e(0x)

< T l p d + n f l ) '
where

I “ M  7 m  C 1' 10’’21
I t  r  °  e

X — ( 2 P )

and p is  Dickman’s function , defined by (4 .4 .5 ) .
In  p a r tic u la r , when x  £ 0, p ( x )  is  pos itiv e  and decreasing. Thus 

i f  we take 4> su ff ic ie n tly  small, and
V = (logP)*,

then in the usual way we obtain

f V (a)2 TT f V g  (apk) le ( -a n )d a  = G (n)J(n) + 0(P2t+2”k(logP)“2t_v)
J 3t s = i^  p 8 B J8

where G(n) is  the usual s in g u la r  se r ie s  in Waring* s problem,
oo q

G(n) = £  £  ( q  1S ( q , a ) ) 2 t* Ze ( - a n / q )  ,
q = l a = l  

( a , q ) = l
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and
1 r  2 t  >

J ( n ) = J v (p )2 j] u O ) le ( ^ n ) d0 ,Jo  ̂ s=i s J
and y is  a  positive  constan t. Now by hypothesis, 6 > 0 (see, fo r  
example, Vaughan [1981b], Theorem 4 .6 ) ,  and a  simple counting 
argument shows th a t

J i n )  » n  (logn)
Thus

]T r (n ; M) = Y J V (a)2 j| f Y gs (apk) le ( -a n )d a  + 0(P2t+2”k(logP)"v)
m  m  J Jt s = i ' *  p  s  s  J

» n ( 2 t + 2 - k ) / k

and th is  completes the p roof o f Theorem 1.3 .

6. THE PROOF OF THEOREM 1.1.
The proof o f Theorem 1.1 follows d ire c tly  from Theorem 1.3 on

checking th a t the in equ alities  (1 .3 ) - (1 .6 )  hold. We use ex isting
methods o f Vaughan [ 1989a, b] to  provide values o f A which, when R8
is  no la rg e r than a  sm all power o f P, give bounds o f the form

A +e
S (P,P) « P s .s

For th is  purpose, the methods im plicit in the in equ alities ( j l ) ,  
(J2) and (k-2) o f §4 o f  Vaughan [1989a] a re  ava ilab le  to us. For 
s  -  3 and 4 the estim ates given by Theorem 1.4  o f Vaughan [1989c] 
(which we sh a ll c a l l  method "*") a re  always su p erio r to the 
estim ates given by Vaughan [1989a]. When s  = 5, the second o f the 
estim ates o f  Lemma 2 .2  o f  Vaughan [1989c] (which we denote by " j-2 " , 
where j  is  the param eter used in the method) sometimes leads to  an 
improvement over the methods o f Vaughan [ 1989a].
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In  Table 6 .1  we l i s t  the optimal values o f Â  f o r  those s’ with 
A > 2s - k  which a r is e  from one o f the above mentioned methods when

s

k * 5 sind 6. We a lso  l i s t  the corresponding values o f  0 used inS
these methods, and in column j  we l i s t  the method giving the optimal
choice o f A . The tab le  o f  values was computed to  16 s ig n if ic a n tS
f ig u re s  by using an e lec tron ic  computer, the f in a l  s ig n if ic a n t
fig u re  being rounded up.

Table 6 .1 .
k s J 0 As
5 3 * 0.0681285335 3.136258

4 * 0.1055957693 4.438657
5 3 0.1516954796 5.978896
6 3 0.1655871346 7.644740
7 (k-2) 0.1707317074 9.388321
8 (k-2) 0.1707317074 11.175681

6 3 * 0.0454545455 3.090910
4 * 0.0833333334 4.333334
5 3-2 0.1204041621 5.774816
6 3 0.1346926697 7.343917
7 4 0.1467086118 9.027005
8 4 0.1510124478 10.777989
9 (k-2) 0.1546391753 12.585517

10 (k-2) 0.1546391753 14.422808
11 (k-2) 0.1546391753 16.285260
12 (k-2) 0.1546391753 18.168983
13 (k-2) 0.1546391753 20.070687

We now complete the p roof o f Theorem
t  = t(k )

1.1. 
k = 5 
k  -  6

Let

and
0 = 0(k) f 7/41 

v. 15/97
k  = 5 
k = 6 .

Then fo r  k = 5 o r  6, we take = A to be as given by Table 6 .1 .
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Then on noting th a t
x = A ( i-e )  + i + (2 t-2)e ,t  t-1

the conditions o f  Theorem 1.3 a re  e a s ily  v e rif ied , and we conclude 
th a t

G{ k )  *  2 t+ 2  .

7. A MAJOR ARC ESTIMATE.
As our f i r s t  s tep  towards the proof o f Theorem 1 .4  we e s ta b lish  a  

"major a rc"  estim ate fo r  g (a ) . We sh a ll f i r s t  req u ire  some notation .
We suppose th a t e is  a  s u ff ic ie n tly  small p o s itiv e  number, and 

th a t P is  s u ff ic ie n tly  large in terms o f k  and e. We sh a ll use the 
le t te r  p to denote a  ra tio n a l prime. Im plicit constan ts  w ill depend 
a t  most on k  and c.

Lemma 7 .1 . Suppose th a t  X > 0, J  > 0, and  0 < 0 < 1. Then  

(1 + jX )~ °  as 2e( l - 0 ) " 1J ( l  + XJ)"e.

Proof: When 0 < X s  J -1, the sum in question is  bounded above by
J  *  2 ° 1  + XJ)_e,

sind when J  < X, i t  is  bounded above by
x“7  f B < x"*(i-e)“V ~e * 2e(i-e )“1j ( i  + x j)'e.

J5j

This completes the proof o f the lemma.

Define
g ( a) = £  e (axk) .

X  € d ( P , R )

Also, f o r  the sake o f conciseness, write
£  = log? aind = loglogP .

202



Lemma 7 .2 . 
and  (a ,g )  = 1.

gU) « r y

Suppose th a t  2 s  R s  B s  P, la  -  a / q I s  ff/(Jcg(2P)kP ), 
Then

fp(g ♦  P ^ o g  -  a | ) - 1/2k ♦  (PHP)1/2 ♦  <j1/4P(P/M)1/2] .

Proof: For each p £ R, le t
2 = { v :  M < v  *  Mp ; p \ v  ; p ' \ v  implies p  s  p ' s  P } .p

Then by Lemma 10.1 o f Vaughan [1989a], we have
g i  a) = SQ + 0(W)

where

Let

So £ e(aukvk)' . 
U € d ( P / V ,  p )

W » {(2J,2 iW) : i = 0 ,1 ,2 ......... j  = - 1 ,0 ,1 ,2 .........
2 1 < and 2i+JW < P> .

Then

where

IS0I S l  St l U . V )  

I V , V )  € W

S (CMO = V J] I £  e ( a u V ) |  .pSR V < v ^ 2 V  ^  .
, U € d ( P / V , p )lv r r ^ . — o r rU<U*2U

C learly card(NO « £ 2 . Thus on choosing (l/, V ) € IT so th a t S {U t V ) is
maximal, we obtain

g ( a) « M + (17,10 .

For fu tu re  refe rence , note th a t
M s  V < MR and 1/2 22 U < P /V .

On noting th a t

(7 .1 )

(7 .2 )

l  l  1■ >SR V < v ^ 2 V
« V Y  P 1 * V. loglogR ,

p—K  V < V = s Z V  pSR
p | V

we obtain  by Cauchy’s inequality
S (I/, F) « VIE S 

1 ’ 2 2
(7 .3 )
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where

S = 2 l  lpS R  v < v :v^2V 
P  I v

I , k kv ,2e i . a u  v  ) I

u e d ( P / v ,  p ) 
U < u s 2 U

- I I Itv tv l
. k, k k* k«e i a p  i u  -  u ) w )  2 1p ^ R  u  u  V / p < w ^ 2 V / p

uediP% ,p) w*P /(u i p)
U<u *2(7 wSp / < u2p )l

For each p, u , u under considera tion  we have
k, k k, , , , ^ pk(P /F )kW i p / R ) ( M / V )p |u a -  u \ . \ a  -  a /q | s  f — j —  = _  ^

k q i 2 P )  R  2 k q i 2 V / p )
Thus, on w riting

and
D  -  (g ,p k(uk -  uk) ) ,

/  k /  k k \  /  / n  /  k# k k%a ' = ap (u -  u ) / D  , q = q / D  , a 7 = ap (u -  u ) 2 1  2 1
we have

|a '  -  a ' / q ' |  :£ (2 k q '(2 F /p )k“1)"1.

(7 .4 )

Hence, by Lemma 2 .8  and Theorems 4 .1  and 4 .2  o f Vaughan [1981b], the 
innermost sum in the expression fo r  Sg in (7 .4 ) is

« (IV p).(q ' + (V/p)k|a / q/ - a / | )”1/k + q , 1 / 2  *  c .

Hence, by (7 .4 ) we have
1 / 2  + cR l f q " * '  T ~ + £ _ U V  +  S_ (7 .5 )

where

S =
3 l  l

irf k, k k .» l/kV i q , p  ( l ig - i^ ) )

p§r iku  <u sS2U p i q  + 7 k (u k-u k ) |a q -a | ) 1 /k

By considering the cases p |q  and p jq  sep a ra te ly  and by bounding
k k Jt—1u -  u in the denominator in terms o f  (u - u  ) u  , we ob tain2 1

l  l

it t k k % 1 /  kV i q ,

u<u <u ^2U i q  + l/k™1Vk (u 2- u i ) |a q -a | ) 1 /k

So by (7 .1 ) , and ( 7 .3 ) - (7 .6 ) ,  we deduce th a t
g i a )  «  M + <e2 ( £  P $ ? V q / 2  + £ + <e2 UV2  +  £ • V2 q t / 2 s  ) 1/22 2 2 4

(7 .6)

(7 .7 )
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where

* 4 "  I I
,  k k . l / k^ • v V

U<u <u £2U (g + l/k"’V k(u -u  ) |ag -a | ) 1/k 1 2  2 1
On w riting d = (q , uk-u k) , 0 = |a - a / q | ,  and then pu ttin g  m = (u , u ) 2 1 1 2
and = u /m  ( i  = 1 ,2 ) , we obtain

s  V (d /g )1 /kV £ £ (1 + l/t"Vm(w2-wi )p)
d | q  n>S2U U/m<w <w ^2U/m

- 1 / k

1 2
< V V =1

. k k k d | m ( w -w  )2 1
For a  given d and m le t  d = (d,m ) and le t  e = d /d  . Thus0 0 0

S4 S F C d/g)1"  l  I
d | q d , e  mS2U0 0

(7 .8)

where
i *d e  =d d m  0 0 0

S = 7  7  (1 + l /^ V W v  -W )0)5 La La 2  1U/m<w <w ^2U/m  1 2
- 1 / k

‘V V ”1
. ni ( « X >0 2 1

Now we put w = w , h = w2 -  vt , e4 = (h ,e 0), t x ~ e / e  and 0 1
J  = h /e  . Thusl

Ss S I l £ (1 + Uk"V kmjeiP r 1/k. (7 .9)
e ,f  1 1 j^U/me1 U/m< ŵ 2U/m

X 1
e f =e 1 1 0 C J.fj)**! (w, Je^)=l

c f I((w+ Jei)k-wk)

Suppose th a t it | ( ^, w). Then tt| ( f^ w ) and ir|w+je^ so ir |v  and irlje^ 
which is  impossible. Thus (w, e /  ) = 1. Also,

(w+Jei )k s  wk (mod e ^ ) .
Hence

e”*( (w+Jei )k-wk) = 0 (mod /  ). 
Choose w so th a t ww s i  (mod / “ ) . Then

((1 + je  v )k -  l ) / e  b 0 (mod f  )l i  l
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and so
(l+jeiw)k s  1 (mod e f ) .

The congruence y b 1 (mod e f ) has at most v solutions, y , ...,y
c/4say, with v  « (e f ) . Hence

1 + j e  w  *  y  (mod e f  ) 

for some i. Therefore y s l (mod ) and

jw e (y^-D/Cj (mod f j  .

Moreover (j, f^) = 1, so there are at most v  choices for v modulo f* , 

and hence likewise for w. Thus the number of choices for v in the 

innermost sum in (7.9) is

« { U / m f + l)(ef )£/4.i l i
Hence

S « q C / i V 7  (C//mf )(1 + ^"Vmje /3)“1/k + q c /2 U / m  .5 L  ̂ L 1 1e  f  =e J^U/me 1 1 0 ^  1
By Lemma 7.1, we have

S « qc/4 y { U / m f  U U / m e  )(1 + l/k" Vm(t//me )e £)~1/k + q c /2 U / m
5 L  1 1  1 1e f  = e  1 1 0

c/2fTT2. 2 , ..k.-k^x-1/k £/2rr.
q  k U  / m  e  ) (1 + U  V £) + q  U / m  .o

Thus, by (7.8) we have

S « 4 q c /z  y  ( d / q ) i / k  y  y  i f u a  j-Vi+oVp)-1̂  + </
d |q  d  , e  nS2U

£72 .
0 0 l *d e =d d m 0 0 0

,2  ,kBy writing dQ = d ^ . .. dfc , where dt... . dk are square-free, we

see that d . . . d | m, whence1 k
S « q e~ 1 / k l ? i l  + l/Vk̂ )“1/k + q U £  .

Therefore, by (7.7) we deduce that

g k a ) « M + i^q^M/Vq1'2 + U V 2 + t/Vtq + t/Vk|aq-a| )”1/kj

On noting that t/2(1 + U ^ X ) 1/k is an increasing function of £7, we

1/2
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deduce that

g { a) « M + g V ^ P p V V ' 2 + iV + P2(g + P^ag-al )“1/kj .

Therefore

g M  < qVfplq * ^|aq-a |)-1/(2k’ + (PUR)1'* * H f ‘' V ' V ' 4] •

This completes the proof of the lemma.

8 .  ANO THER M A JO R  ARC E S T IM A TE .

Here we establish a further major arc estimate, useful on a 

rather narrower set than the previous estimate. We shall first 

require a few preliminary lemmata.

Lemma 8.1. L e t

N (X) = V X \ and A (X,Y) = V 1 .q X4?x q L
y e A { X , Y )

(y,g)=i<x,q)=l

T h e n

ru-i
A (X,y) = X.AT (X) + X p'(u-v).tf (7V) d v  (X € IN) 

q q J 0 q

(X * IN)a (x,y) = a (x+,y)
q q

w h e r e

u  = (l o g X ) / { l o g Y )

and p is D i c k m a n ’ s  f u n c t i o n , d e f i n e d  b y  (4.4.5).

Proof: Suppose that X * IN. Let R (X) = // (X) - #(g)/g . Then by
q q

equation (1.15) of Fouvry and Tenenbaum [1990], we have

where

a (x,y) = xi(x,y),
q

oo
I ( X , Y )  = f p(u-v) d R  ( Y v )  .

2 0 7



By the definition of p, we have
_u+ , ( u - D -

i(x,y) = J  dKq(yv) + J  p ( u - v )  d/?q(yv)(u-l)- • ’ 0-
and on integrating by parts we obtain

r u_1
U X . Y )  = R  (X) + p(u)0(<j)/g + p ' U i - v ) R  ( Y  ) dv q J0 q

= H (X) + q
ru_1
J p,(u - v ) N  (y ) dv . q

When X € IN the result follows by one-sided continuity, and this 

completes the proof of the lemma.

Lemma 8.2. S u p p o s e  t h a t 0 ^ X *  Y  a n d  iff : [X,y] — » IR i s

m o n o t o n i c  a n d  d i f f e r e n t i a b l e  o n  (X,y), iff* i s  c o n t i n u o u s  o n (X,y),

a n d  iff' (X+) a n d  0'(y-) e x i s t .  T h e n  

YI 0(v)e(yvk) d w « ( 10(X) | + \ i f f ( Y ) \ )  . M i n i  Y - X , |y |”1/k > .
J x
Proof: It suffices to show that when jr > 0 we have 

Y
j 0(w)e(ywk) d w « (|0(X)| + Itfr(y) I) • 3r“1/k.

Moreover it suffices to treat the situation when X > y 

integrating by parts the integral on the left is
ny

i f f iw )

-l/k Now by

2 n i y k w
k -1 e ( y v k )

JX

J  £( l - l / k ) w " 1ty(w) -  k ’1w1”k0 / (w) je (y w k)/(2 7 riy )  dw .

This completes the proof of the lemma.

Let

n X , Y ; q , a )  = £ 1
x e A ( X . Y )  

x = a  (mod g)

(8.1)

208



Lemma 8 .3 .  L e t  A  b e  a  r e a l  n u m b e r  w i t h  A  > 0. T h e r e  a r e  a b s o l u t e

c o n s t a n t s  c  a n d  c  s u c h  t h a t  i f  1 2

e x p C c ^ C  I o g l o g ( 3 + X ) )z) a y a X , 

g a (JogY)\ a n d  (a,g) = 1,
t h e n

’H X , Y ; q , a )  = 0(g)'1 A (X,y).(l + 0.(exp(-c (iogY)1/Z))) .
q A 2

Proof: This is Theorem 5 of Fouvry and Tenenbaum [1990].

Lemma 8.4. L e t

W ( q , a ) « ^ e(ark/q) . (8.2)
r=l

(q,r)=l

If (a ,q ) = 1, then W(q q ,a) = W(q . aqk_1). W(q . aqk_1), and1 b 1 b A 6 b 1
f u r t h e r , if pfa, then

V(p ,a) « p .

Proof: This follows from the proof of Lemma 8.5 of Hua [1965] .

We now prove the lemma alluded to at the start of this section.

Lemma 8.5. S u p p o s e  t h a t  R = P v w i t h  0 < tj < 1/2. S u p p o s e  a l s o  

t h a t  a  a n d  q  a r e  i n t e g e r s  w i t h  (a, q) = 1 and q ^ (l o g P )A. Then 

g(a) « qcP(q + Pk I aq-a |) “1/k + P. exp(-c3(logP)1/2) (1 + Pk|a-a/q|) 

w h e r e  c  m a y  d e p e n d  o n 7) and .4, and the i m p l i c i t  c o n s t a n t  m a y  d e p e n d  

on tj, e and A .

Proof: For brevity we write 0 =  o c - a / q  . Then
d

g ( a) = V £ e i i q / d ) k ’ 1 t ka / d ) . ' H P d / q t R ; d f t , p { q / d ) k )
d|q t=i

q/d e 4(P,P) (t,d)=1
where

< H Q , R - , d , t , r ) = J] e(rmk) .
m e d i Q ,  R )  

n m t (mod d)
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¥(<?,fl;d, t,y) = e(yQk ) . < H Q ,  R ; d ,  t )  - f ^ T r i y k X ^ e ^ m x ,  R ; d, t) dX
Jo1/2and so by Lemma 8.3, when <? a P we have

4 > ( d m < 3 , R ; d , t , r )  =  #  + ® ,a
where

Q
jK_ = e(r<Jk).A (<?,«) - f 2niykXk'1e(yXk)A (X,P) d X  d d Jo d

and

Write Q  -  P d / q  and y = 0(qr/d)k. Then by (8 .1 )  we have

£ « Q( 1 + Qk|y|)exp(-c (logQ)1/2) .4
The main term M is independent of t. Thus, by (8.2),d

g ( a) = Y  W ( d , a ( q / d ) k^ ) . M d /< f> (d )  

d | q
q / d  € 4(P,fl)

+ 0(P(1+Pk|8l )exp(-c (logP)1/z)) (8.3)5
Moreover, by Lemma 8.1, we have

•« -  * < » " ) ( « ,« ! )  * ° f _  P , [ S  -  . ) » , ( « ' »

- f 2rc iykXk"1e(y Xk)[x.«dCX)+ xJ_ Pl( ^ g -  v j ^ d v ) dX

where

Thus

p ^v ) 0 for w ^ 1

-p(w-l)/w for w > 1 .

M = / /  -  X +d 1 2 (8.4)

where

•V, = e l r C H Q N  «?) ,l  a

^ = f 27TiykXk"1e(yXk)XJV (X) dX ,2  J d

and

N  = / V V) [•<»*<*, [ i i i  - -)

- J 2iriykXk-1e(yXk)Xpi " vj dxj dv
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Since N (X) = < f > { d ) / d + 0(dcX 1), we haved Q
N  -  ^  = d‘V d ) f  etyX1') dX + 0(dc(l + <?k|y|)) ,Jo

and by Lemma 8.2 we find that

N x - « Q i l  + Qk|y|)"1/k + dc(l + Qk|y|) . (8.5)

Now consider the integral

J°2nJykXk"1e(yXk)Xpi^||^ - vj dX .

v+lWhen X < R the integrand is zero. Thus the integral is zero when 

Q < Rv+1, and when Q as Rv+1 it is

J«?,R) = j 2itirJcXk*1c(rXk)Xpj|̂ i||g - vj dX .

Let

PzM  = w
-2

p(w-2) + p(w-l)
w(w-l) 2w

w ^ 1

1 < v * 2 
w > 2 .

Then on integrating this last integral by parts we obtain 

J I Q . R ) = [•Crxk)*.1[gj ( -  v]]® - * Cv) ,

where

N 4(V) = J etyx*) [ptg g  - v) ♦ (logJO-y.gsg - vj] dX .V+1 , R +
Thus

J(Q, R ) = e(y<f)Qp fl2S£ - v )
l [togR VJ

,  _.kv+k. _ v+ l
e ( y R  ) R -  ^  (v)

4

and hence
l o  g ( Q / R )

J 1<>9R Wd(Rv)[^(v) - e(yfikv+k)Rv+1j dv .

By Lemma 8.2, we have

^ 4(V) « <?(l + 0kl y i r 1/k .
Also, 0 s Af (Rv) s 1, sind (log(Q/R))/logR « 1. Thus a

= -AL + 0(0(1 + 0kl y i r 1/k) (8.6)
3  5
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where
l o g ( Q / R )

Af = f l09R «.CKv).e(yRkv*k)Rv+1 d v  . s  J o  d

Again using the fact that if (X) = < p { d ) / d  + 0(d'x_1) , we obtaind
N  = <t>(d)

5 d .logR
rQ ,  k ,  . ^ „rRdeiog(0/R)lj e (y v  ) dw + ------J

provided that Q R . Moreover we can once more estimate the integral 

above by Lemma 8.2. Therefore, by (8.4), (8.5) and (8.6) we have 

M " « 0(1 + Qk|jr| )"1/k + Rd'(l + Qk|y|) .

Hence, by (8.3) we have

g i a) « P.y(q,a).(l + F * \ p \ ) ~ 1 / k + P( 1 + Pk^| )exp(-cg( logP)1/2)

where

a) = ) |W(d,a(g/d)k'1)| .i?,
It remains to estimate 5?(q, a). Given d dividing q, for each prime 

p define i = i(p,d) and j  = j(p,q) by p^d and pJ||q . Then by 

Lemma 8.4, for some constant depending at most on k , we have 

d(0(d)q)"1|l/(d,a(q/d)k“1) |

^ „ ,1 (J-i)(k-l) .1/2 i/2 — j ,, . .* n c J p  > p  ) p j.p/(p-D .

When ik £  j(k-l), the general term in the product is

ckp!’J.p/(p-l) ,

and when ik > j(k-l) it is
J(k-3)/2 - i(k-2)/2

V p/(p-1) . 
-J/kIn either case this does not exceed c ^ p  y  .p/(p-l) . Thus

y*(q, a) « qc“1/k.

This completes the proof of the lemma.
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9 .  TH E  PRO O F O F THEOREM 1 .4 .

Suppose that <p, ra, <r, £ , 7), k, t and u satisfy the conditions
c »k

of Theorem 1.4 and the suppositions preceding it. We consider the 

representation of a large natural number n in the form
k k k k” * X1 + ‘ * + X2t + yi + * * ‘ + yu

with x € d ( P , Pn) (1 £ i £ 2£), y € &  ( l £ j £ u ) ,  and P  =  n1 J
1/k

Assume that Afc = A^(k) has the property that for each e > 0 and

each T) with 0 < y  £ (e,k), whenever P > P Q( . T ) , e , k t t )  we have
A +e

St(P,P")<Pt .

Let 5Jt(g, a) denote the set of a € IR with |a-a/g| =s g_1P̂ "k and let

5Jt denote the union of the 5H(g, a) with 1 < a ^ g  s  P and (a,g) = 1. 
Further put U = (P0_k, 1+P*”k] . By Dirich let’s theorem on

diophantine approximation, U\5JT c m . Hence, on choosing e so that

2(u+l)e < 2t-k-At+<ru and 7) = 7)Q(e,k)/2, we have

J g(a)2th(a)ue(-an) da
X +c+u(l“«y+c)< p t < p2t+u-k-6

u\m
where 6 is a sufficiently small but fixed positive number.

Now let X = (logP)10kt, p(g, a) = { a : |ag-a| ^ XP”k >, and

define !p to be the union of the p(g, a) with 1 ^ a ^ q i X and 

(a,g) = 1. Clearly p c 3It . We take p = 5R\p, and M  =  k 2 kR P * in

Lemma 7.2. Thus for |a-a/g| £ g-1P*“k, (a,g) = 1 and g ^ P0 we

obtain

*(<*) « (logP)V/<2tl[p(g + Pk|aq-a| )'1/(£k) + j f -  - ) •
Thus

f | g(a) 12tda « (logP)6t[ P t f  3_t/kd0J p ** q̂ X J

I  *
^  *

q  X P

«+l-t/kp2t-k + p2t-2t/(2k+2)
X<q^P

“ *2 t 1 p*-kl  .<h J
q-P
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Then s in c e  t £ 2k+l, we obtain

[ lg(a)|2tda 
V

« P‘fc •(logPr^ £ XA 

« P2t‘k(logP)elf(logP)

« p2t-k(iogp)et r  x1. l - t / k + c +  ^ c + 2 - t / k +  p 2 « - t / ( k + l )  + c ^ 2 t

_2t-k, , -10« P (logP)

Let r > 0 be sufficiently small in terms of e and tj, and let 

V - (logP)2kT. Let St(qr* a) » { a : |aqr-a| ^ WP~k > , and define 5t to 

be the union of the 51 (q, a) with 1 £ a s g £ V and (a,g) = 1. 

Finally, let u = p\3t . Then by Lemma 8.5, much as we used Lemma 7.2 

above, we deduce that

Finally, by applying the method of the latter part of §5 of

Vaughan [1989a], we obtain

f g(a)2th(a)ue(-an) da » P2t-kh(0)u.
J5t

This completes the proof of Theorem 1.4.

Let e be a sufficiently small positive number, and let 0 be a 

real number with 0 < 0 < 1/k, and tj = 7?(e) be a small positive 

number (a matter on which we shall elaborate later). Let P be a 

large real number, and define

t t

Thus we obtain

J |g(a)2th(a)u| da « P2t’kh(0)u( logP)”T.
U\Jt

10 . U S E  O F V IN O G R A D O V 'S  MEAN V A L U E  THEOREM.

M = P 9 , H = PM“\  Q = PM’ 1 , R = P77.
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Define
^(z.h.m) = ufk((z+hmk)k - (z-hmk)k) . 

Then for some integers c^ with c^ « 1, we have
k-l

¥ (z,h,m) = V c zJh(hflik)k’J"1 1 L jj=0
Note that c = 2k .k-l

Let T  (P, P, 0) denote the number of solutions of the equation
s

k . k ,  k ,  k v k , k, k , . k ^x + m (x + . . . . +  x ) = y + m ( y + . . . . + y  )1 B-l j  •'s-l
with

x, y s P, x s y (mod mk), H  <  m ^ Min{P,MP> ,

X y y ^  € *4(<?,P) (J = 1,... ,s-l) .

A bound for S (P, R ) may be obtained from a bound for T  (P, R , 0) by6 S
using Lemma 2.1 of Vaughan [1989a] (see Vaughan [1989a], §4). Let

Pi(a) = V £ S(a,h,m) ,
h=H M<mSMR

where

S(a, h,m) = \ e(a'iri(z, h, m)) . zfep
Then by Vaughan [1989a], equation (2.36), we havel

T (P,P,0) « P M R . S  ( Q , R ) + |F (a). |f (2ka; <?, P) |2s~2da . (10.1)S B - l  J  10
One approach to bounding T  (P, P, 0) is through estimates forS

I C s ) = (* |P (a)|2sda .Jo
In Vaughan [1989c] §2, estimates for J(2J_1) are obtained by

adopting a Hua’s lemma approach, giving
J j  ©

I(2J_1) « P2 ~J+c(tfPP)2 -1(MP) J for j  = l,...,k-2,

in which for k a 9 we have

{0 for k odd and j = 2 
1 otherwise.

Motivated by this idea, we now use estimates arising from 

Vinogradov’s mean value theorem to improve on this estimate for 

k £ 12 and s not too small.
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Let J (P) denote the number of solutions to the simultaneouss ,k
diophantine equations

xJ + ... + xJ = vJ + ... + yJ ( 1  & J  *  k )1 S 1 8
with l ^ x . y ^ P  (1 s i £ s). Estimates available for J  (P) are i M  s ,k
of the form

2 s - k (k + l) /2 + 6J  (P) « P's ,k
where S -  8 ( s , k )  is small for s large compared with k . We shall 

explore the available estimates after the following lemma.

Lemma 10.1. S u p p o s e  t h a t  k  2: 3. T h e n

U s )  « P2s-(k-1He(s-k-m e (MRH)Zs/ B,

w h e r e

i f  s  i s  e v e n  a n d 25(s/2,k-*l)+l-k0 as 5(s,k-l)+k-l 
o t h e r w i s e  .

Proof: Suppose first that f = -1, say with s  -  2 t . Then by

=  { _ 1  L 0

Holder’s inequality, we have
.1

its) = J I l0 M<m-
=s (MP)28"1#28”2 £ J t (t, m)

0 M<m^MR h^H z^2P 

, 2 s - l „ 2 s - 2
M<m^MR

eCa'iP (z,h,m)) |4t da

(10.2)
where 1 /• >2 

J (t.m) = J Y  I Y  e(a^(z, h,m)) |2t da .J 0^ ĥ H zS2P J
Now is the number of solutions of the diophantine equation

Y  ( z  , h , m ) - ¥ (zL I 1 2i-l * 1 21 Ji = i L J

with z fz' £ 2P (1 £ i s t) and 1 s h,h' as J/ .

For a given integer n, let P(n, h,m) denote the number of 

solutions to the equation

’  V Z21lh ' “ )] = " ’
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with z t £ 2 P fo r  i  = l , . . . , 2 t .  For each i  we have h l^ fz ^ , h, m )  , so
that h \ n , and hence we have

J  ( t , m )  ^ f V P(0,h,m)12 + 2 V f V P(n,h,m)l 
1 *■ I> 3 h  J lsfcsM>- hTn J

(10.3)

where

N  =  t  Max ¥ ( z , h , m )  « H(PPk)k"\z, h , m 1
By Cauchy’s inequality, and by using the well-known estimate for the 

divisor function, we have

(10.4)£ f V £(n, h,m)l « H c V y P(n,h,m)‘
lS n S S H '-  h | n  h ^ H  l ^ n ^ N

But

y R ( . n , h , m Yl^n^H
is bounded above by the number of solutions to the equation

I K lZ21-l’h’”) _ V Z2l'h’m)] = l  k (Z21-l*h’n) ■
i = l v- J  i = l ' *  J

with z ,z' ^ 2P . Thusi i
y R { n ,  h ,  m ) 2 s y J z ( t , m , h t A ) , (10.5)l^n^N

where A ) is the number of solutions of the simultaneous

equations
2 t

y -  yj) = it (1 * J *  k -l)
1=1 3

with 1 2£ x , y ^ 2P, and where ) denotes summation over all A
i  i  Ld j

A J

satisfying
M  l ^ 2t(2P V  (1 *  j  *  k - 2) , and

ck-A-a = - l  o  .
J = 1

Then we have

J A t , m , h , A ) = f |G(a) |2se(-il a -  . . .  -  A u a  ) da ,2  — J  ^  — 1 1  k —1 k - 1  —
nk-l

where 1/ = [0,l]k_1, and
k - l

G(a) = 7 e(a x + a x2 + ... + a xk-1) . -  4- 1 2  k - lxs2P
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Then
J ( t , m , h . A ) a f |G(oc)|2s da - J (2P) 2 = J * = = s,k-l

V.k-1
and hence

£ A) « P(k-l)(k-2)/2.J (2P) .s,k-l (10.6)

Ue may treat R ( 0 , h , m ) in a similar way, obtaining 

P(0, h ,  m ) « p(k-1)(k"2)/2j (2P) .* * t,k-l
Thus, by (10.3)-(10.7) we have

J (t,m) « (HP J C2P))l t,k-l+ )(k-2)/2 j (2p)
s,k-l

and hence by (10.2),

H s )  « (WP)2sP2s"1+cP<k‘1)(k"2)/2J (P) ,s,k-l
provided that

H p<k-l)(k-2)/2(J (2P) )2 « J (2P) .
t,k-l s,k-l

The lemma now follows in the case that f  = -1.8
When f  = 0, we use Holder’s inequality to obtainS 1

U s )  *  (HWP)28"1 £ V J | y eCa^fz.hjin)) |2s da ,M<mSMR hSH J0 z^2P
and the result now follows in a similar, though simpler manner.

(10.7)

This completes the proof of the lemma.

We now turn to the matter of the available estimates for 

5(u,k-l) . The simplest result to use is what might be termed the 

"classical" mean value theorem of Vinogradov. Thus, by Theorem 5.1 

of Vaughan [1981b] it is permissable to use

5(wk,k) = Xk2(l-l/k)M for v € IN .

A slight improvement may be obtained by using some of the more 

recent refinements of this estimate. For example, Turina [1987], 

Theorem 1, gives the following scheme.
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Recursively define the sequences r , s  and A = A(s ) as
n  n  n  n

follows. Set s  = A -  k . For n  1, we define r to be the integer 1 1  n

nearest to the number

(2A + k(k+l))/(2k+l) ,
n

and define

A = A (1 - 1/r ) + r - (2r -k-l)(2r -k)/(2r ) ,
n + l  n  n  n  n  n  n

S = S  + r . 
n + l  n  n

We are then able to take 5(s ,k) = )£k(k+1) - A for each n £ 1.
n  n

When Tj is sufficiently small, the bound given by Lemma 10.1 may 

be converted, as in §4 of Vaughan [1989a] and §2 of Vaughan [1989c], 

into an inequality for X , where X satisfies8 S
X +£

S ( P , F )  « P s .s
We find that X is permissable whenever for some r with r £ s, there

S

is a 0 satisfying 0 < 0 ^ 1/k such that

X  *  (2 s - 2 )0 + 1 + X (1-0)
S 8 - 1

(2 s - 2 - k - k f  /2r)0 + 2 - ((k-l)-d-f )/2r + X (1-0)(l-s/2r)
A * --------------- ------------------------------------------------ — --------------------  .

1 - (1-0)(s-l)/2r

where 5 = 5(r,k-l).

Define m to be the set of points a in [0,1] with the property 

that whenever a € Z, q  € IN, (a,q) = 1 and

k (k-1) 3kqPk”2PPk( k”2) | a . - a / q  \ s 1 , 

then we have q  > P. Further, let

m = [0, l]\m  .
We now give a minor arc estimate for F^a) which for large k 

improves upon that of Vaughan [1989a], §3. We do this by using

estimates given by Vinogradov’s Mean Value Theorem.
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Lemma 10.2 (see V a u g h a n  [1981b], T h e o r e m s 5.2 a n d  5.3). D e f i n e  

g ( a) = V e(a x  + ... + a xk) .lSx:£H k
S u p p o s e  t h a t  t h e r e  e x i s t  j , a, q with 2 as J ^ k, 1°̂  - a/q| s q , 

(a,q) = 1, q s£ N * .  T h e n  f o r  e a c h  n a t u r a l  n u m b e r  w ,  w e  h a v e  

g(a) « ff(N6(<7W"J + N'1 + g'1) )1/<2(k_1>“)Jog(2W) ,

w h e r e

S = X(k-1 )2[ | |  ) ’ .

- 2

We define

°-(k) = “S* 2 i m (  1 -  « k - 1 ) 2 [ ^ f ] T  *
and write <r for <r(k- 1) .

Lemma 10.3. S u p p o s e  t h a t  k  3, and a € m. Then

Fja) « P1“<7+ctftfPk .

Proof: Let C =  Max |c|, and let L = C.2k2Pk"2Pk(k-1). WeO^JSk-l j
define

51(q,a) = { a : |aq - a \  *  L_1>

and we write 3t for the union of the 5t(q,a) with (a,q) ® 1 and 

1 < a s q < p. Also, we denote the minor eyres by u = [0,1]\5t .

We start by considering S(a, h,m) for fixed h and m satisfying 

1 =£ h H and M  <  m ^ WP.

Suppose first that ha € u . By Dirichlet’s theorem on diophantine 

approximation, we may choose a and q with (a,q) = 1 and 1 =s q < L so 

that |2khqa - a| ^ L-1. Then since ha € u we must have 2kq > P, so 

that by Lemma 10.2, we have

S(a,h,m ) « p1-<7+£flk(k-1).

Suppose now that ha € 51 . Then there exist integers a  and q with 

(a,q) = 1, 1 < q < P, and

|ha - a/q| == (ql)"1.
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But then, for J  = 1....k-1 we have

|cj(hmk)k’J’1.ha - cj(hfl2k)k-J-1a/q| ^ | | . (qL)”1 (PPk)k”J~1

^ (2k2r 1g”1J>1”J.

On noting that

(q, 2ka, 2(hmk)a,..., ci(hmk)k"2a) ^ (q,2ka) « 1 

we deduce from R. Baker [1986], Lemma 4.4 that

S ( a , h , m )  = q-1S(q, a)v(0) + 0(q1“1/(k’1)+c) ,

where

j5 = a - a/q ,

S(q,a) = ^ eC^Cr, h, m)a/q)
r = l

and

v (0) = eC^Cr,h , m ) p )  d y .

By Theorem 2 of Hua [1965] and Theorem 7.3 of Vaughan [1981b], we 

have

l - l / ( k - l ) + e

and

Thus

S(q,a) « q

v(0) « P(1 + |2khj3|Pk_1)"1/(k"1)

S ( a , h , m )  « p1-1/(k"1)+c + p1+c(q + pk_1||2khqcx||)- l / ( k - l )

S(a,h,m) « p1“a+cpk k̂-1>+ p1+£f V ( q + Pk’1

Then on noting that for k £ 3 we have <r ^ l/(k-l) , we have 

uniformly for a  e [0,1] the estimate
-i n i/(k-i>
1|| 2 k h q a \ \ ) *J

By using Holder's inequality we deduce that

V |S(a, h ,  m ) | « PP1"a+cPk<k'1) + Pl* V " 1/(k“1)T1/<k_1\ (10.8)ĥ H
where

T  = ' 7 t <r + Pk'l|| 2khqa|| )‘V
H q s phSH q
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Suppose that a € ra . Choose b and r with (b,r) = 1 ,

1 r s k(k-l)3kPk"2PPk(k_2)

and

| a r - b  |.k(k-l )3kPk~2PPk(k2)^ 1 .

Then by the definition of m, we have r > P. But by using Lemma 2.2 

of Vaughan [1981b], we obtain

Pk_1T « Pc £ Min { 2JcPk~1P.x"1, Hax^1 >xS2kPH
r,k-l+2e„ f -1 . „2-k , , nk-l„x-K« P P. (r + P + r(P P) ) . 

k-2 _k(k-2)Thus, because P < r « P PIT , the last expression is

« pk-2* V k-2\

and hence

7 « p-,+2‘™ k(k-2).

Then by (10.8), we have

l  l  \ S l a , h , m )  | < + P1-1/(k-IH3eflMR2k.McfeuR ĥ H
On noting that for k 3 we have <r s l/(k-l), this completes the 

proof of the lemma.

It may now be readily verified, as in §4 of Vaughan [1989a], that 

when 7) is sufficiently small, the minor arc estimate given by 

Lemma 10.3 may be converted into a bound for X , where X satisfies6 S
X +e

S (P,P) « p s .
s

We find that when s 2k-2, we have

X = Max { (2s-2)0 + 1 + X (1 - 0) , 2s-k > ,
s  s - 1

in which 0 = (l-<r)/k .
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11. THE PROOF OF THEOREM 1.2.
In  Table 11.1 we l i s t  the optimal values o f  A ,̂ fo r  se lected  

values o f s , which a r is e  from one o f the methods o f §10 o f th is  
chap ter, o r from the methods o f Vaughan [1989a, c ] ,  when 10 :£ k ^ 20. 
We note th a t Turina’s  improvement on Vinogradov’s  estim ate was used 
only in the case  k = 14. This was the only case  in which the 
improvements in the estim ates proved worthwhile, Turina’ s 
improvement being in a l l  cases ra th e r  marginal. The add itional 
saving obtained by taking f  = -1 instead o f  f  = 0 ,  when

S  S

perm issable, in Lemma 10.1 a lso  proved to  be inconsequential, and so 
was dropped so as to sim plify  the computation.

I t  may be he lp fu l to  sketch  the course o f the i te ra tio n  process 
when k > 12. For each value o f s , each method ava ilab le  to us was 
te s ted  in tu rn  to find  the optimal perm issable choice f o r  A . For

S

s  = 3 and 4, the estim ates given by Theorem 1.4  o f Vaughan [1989c] 
a re  always the best availab le . For s  re la tiv e ly  small (up to about 
% k ) , the estim ates o f Lemma 2 .2  o f Vaughan [1989c] a re  usually  
su p erio r to  the estim ates given in §4 o f Vaughan [ 1989a]. The la t te r  
estim ates take over f o r  s  up to  about k, a f t e r  which estim ates 
stemming from Lemma 10.1 prove su perio r. In  the very f in a l  stages o f 
the i te ra tio n  process, estim ates a ris in g  from Lemma 10.3 prove the 
b e s t ava ilab le  to us. The tab le  o f values was computed to 16 
s ig n if ic a n t f ig u re s  by using an e lec tron ic  computer, the f in a l  
s ig n if ic a n t fig u re  being rounded up.
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Table 11.1
k sr X k s Xs s

10 32 54.226509 11 38 65.213049
39 68.086265 45 79.098077

12 44 76.201666 13 48 83.224720
52 92.094246 58 103.096585

14 54 94.210152 15 60 105.199880
64 114.096388 70 125.097201

16 66 116.191810 17 72 127.185564
77 138.091507 83 149.092824

18 76 134.203397 19 82 145.197918
90 162.088867 96 173.090628

20 88 156.193804
103 186.087721

Let P =  n1/k, X = P*7*2*-15, Z = PX_1, and define  the generating 
function  h by

£  = { x : x = pz, X/2 < p  ̂ X, z € d ( Z , Z n) > ,
h (a) = £  e (axk) .

x € £

Table 11.2.
k s(k ) <r(k, s ) k s(k ) (r(k , s)

10 32 0.00654723 16 66 0.00320695
11 38 0.00555735 17 72 0.00295264
12 44 0.00483284 18 76 0.00273350
13 48 0.00429307 19 82 0.00254408
14 54 0.00386420 20 88 0.00237729
15 60 0.00350623

Define s  = s ( k )  as in Table 11.2. Since s  is  even we may write 
s  -  2 r  f o r  some in teger r .  Now le t n  denote the s e t  o f re a l numbers 
a  with the p roperty  th a t whenever a € Z, g e IN, (a ,g )  = 1 and 
|a  -  a / q \  ^ g*’1X1_k(rZk)_1t one has q  > X. Then a s  in 
Vaughan [1989a], §9, we have fo r  each 7) > 0 s u f f ic ie n tly  small,

Sup |h ( a ) |  « P1""0̂ ,  
a  e a
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w h e r e
(k -1 ) ( 2 s - X  ) -  k (k -2)

■  < r(k )-------------2S(2 k -l)------------ '
F urther, by choosing <f> = k / (2 k - l )  , we have th a t m (as defined fo r  
the purposes o f Theorem 1.4) s a t i s f ie s

m £ n .
The values o f <r given by the choices o f s  lis te d  in Table 11.2 a re  
a lso  lis te d  in Table 11.2, rounded down in the f in a l  decimal place. 
The s ( k )  were chosen so as to give the maximum values o f <r.

Table 11.3.
k u(k) t(k ) k u(k) t(k ) k u(k) t(k )

10 39 14 14 64 25 18 90 33
11 45 18 15 70 28 19 96 36
12 52 20 16 77 29 20 103 37
13 58 23 17 83 32

Now le t u = u(k) and t  = t(k )  be as given by Table 11.3. Then fo r  
10 ^ k s  20, by Tables 11.2 and 11.3 we have

A + t(l-<r) < 2 u + t -  k ,
and

u a 2k+l .
Thus the conditions o f  Theorem 1.4 a re  s a t is f ie d ,  and we may 
conclude th a t

GCk) * 2u+t .
This completes the proof o f Theorem 1.2.
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CHAPTER 6.
LARGE IMPROVEMENTS IN WARING'S PROBLEM.

1. INTRODUCTION.
Let G(k) denote the sm allest number s  such th a t every 

su ff ic ie n tly  large n a tu ra l number is  the sum of a t  most s  k th  powers 
o f n a tu ra l numbers.

In  th is  chap ter we extend the new ite ra tiv e  method o f Vaughan 
[1989a, 1989c]. The new method permits us to improve su b s ta n tia lly
a l l  previous upper bounds fo r  G(k) when k a 6.

Table 1.1
k F l k ) k F(k) k F(k) k F ( k )

6 27 10 63 14 95 18 129
7 36 11 70 15 103 19 138
8 47 12 79 16 112 20 146
9 55 13 87 17 120

We obtain

Theorem 1 .1 . When 6 s  k ^ 20 we h ave  G(k) £  F ( k ) , w here F { k )  i s  

g iv e n  b y  T a b le  1 .1.

This may be compared with the respec tive  bounds G(6) s  28 
(Chapter 5 ) , G(7) s  41 (Vaughan [1989a]), G(8) s  57 (Vaughan
[1989c]), G(9) as 75 (Vaughan [1989a]), G(10) s  92, G(11) * 108, 
G( 12) s  124, G( 13) £ 139, G(14) s  153, G(15) s  168, G(16) * 183, 
G(17) :£ 198, G( 18) :s 213, G(19) £ 228, G(20) s  243 (Chapter 5 ).

We remark th a t the above re s u lts  a re  intended as something o f a
\dem onstration o f the power o f the method, and improvements ma^ be
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o b t a i n e d  b y  r e f i n i n g  t h e  m e t h o d ,  e s p e c i a l l y  f o r  s m a l l e r  k .  T h i s  i s  a

m atter we intend to  re tu rn  to  in papers subsequent to th is  th es is .
For la rg e r k, i t  is  apparent th a t the new method almost halves 

the previous upper bounds, and i t  is  n a tu ra l to  ask  whether o r not 
th is  phenomenon p e rs is ts  fo r  very large  k. The answer is  in the 
a ffirm ative , so th a t a t  la s t  we can su b s ta n tia lly  improve on the
upper bound G(k) s  (2+o(1 ) )klogk due to Vinogradov [1959]. We now
obtain:

Theorem 1.2 . Suppose th a t  k a  3. D e fin e  th e r e a l  numbers 0 ,
s

A(sO, p i s ) (s  = 2 , 3 , . . . )  s u c c e s s iv e ly  by

© to II 0 > to ii ** 1 to ■O to II o
and f o r  s  > 2 by

0  = 
s

i  r i  i  i r  jc- a(s- i ) f ' 1 (1 .1 )k+A (s-l) [ k k+A (s-l) J [ 2k J ’
A i s )  = A (s-1 ). (1 -  0 ) + k0 -  1 ,

s  s
(1 .2 )

p (s )  = (1 -  A (s)) . (1 .3 )
L e t

p = Max p i s ) .
s  > 2 (1 .4 )

Then

c m  .  3 .  .  z[*£ > ] ) . (1 .5 )
v  k+1

C orollary  1 .2 .1 . Me h ave  G ik ) ^ (1 + o ( l ) ) k l o g k .  To be more 

p r e c is e , as  k  — > co we h ave

G ik ) < k i lo g k  + lo g lo g k  + 0 ( 1 ) )  .

Theorem 1.2 may be regarded a s  an improvement on Theorem 1.6 of 
Vaughan [1989a]. The la t te r  gives, as k — » oo ,

G(k) < 2k( logk + loglogk + 1 + log2 + O (log logk /logk)).

2 2 7



Let G* (k) denote the sm allest number s  such th a t almost a l l  
s u f f ic ie n tly  large n a tu ra l numbers a re  the sum o f  a t  most s  kth 
powers o f n a tu ra l numbers. P reviously, the l i s t  o f e sse n tia lly  best 
possib le  re s u lts  in Waring* s  problem has consisted  o f  the re s u lts  
G(2) = 4 (Lagrange), G+(3) = 4 (Davenport [1939a]), G(4) = 16
(Davenport [1939b]), G+(4) = 15 (Hardy and Littlewood [1925]), and 
G+(8) = 32 (Vaughan [1986b]). We a re  able to  add to  th is  l i s t .

Theorem 1 .3 . We have  G+(16) * 64 and  G+(32) = 128.

As a  simple deduction from the re s u lts  o f our method, we a re  a lso  
able to improve a  constan t in a  r e s u lt  o f Vaughan:

Theorem 1 .4 . Suppose th a t  0 < 5 < l / (2 k ) ,  and l e t  m, d e n o te  th e  

s e t  o f  r e a l  num bers a  w ith  th e  p r o p e r ty  th a t  w h e n e v er a  € Z, q  € IN, 
(a ,q )  = 1 and

I /  I - i n 1 / 2  + -  k| a  -  a / q \  £ q P

one h as  q  > P1/2 + 6k. F u r th e r , l e t  4 { P , R )  d e n o te  th e  s e t  o f  n a tu r a l

num bers n o t e x c e e d in g  P w ith  no p rim e  d iv is o r  e x c e e d in g  R. Then

th e r e  is  a  r e a l  num ber p (k ), g iv e n  by  (1 .4 ) , such  th a t  f o r  each

p o s it iv e  num ber c, th e re  is  a  p o s it iv e  number ri su ch  th a t  w henever

2 z  R £  Pn th e  e x p o n e n t ia l sum

S( a) = £  e(axk)
X  € d ( P , R )

s a t i s f i e s

Sup  |S (a ) | « P1+C(P"6 + p"p(k)) . 
tn

F u r th e r ,  as  k  — > co we h ave

2p t k ) k l o g k  fc 1 + o ( l ) .
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The concluding remark may be compared with Theorem 1.8 of 
Vaughan [1989a], where the concluding remark is  4p(k)klogk — > 1 as 
k  — » oo.

As is  u su a l with r e s u lts  on Waring* s  problem, the methods we 
introduce can be applied equally  well to  diagonal forms and 
simultaneous additive equations (see the in troduction  o f 
Vaughan [ 1989a]). The methods o f th is  chap ter may be used fo r  
simultaneous add itive  equations o f  d iffe rin g  degree, a  m atter we 
intend to  re tu rn  to  in a  paper subsequent to th is  th e s is  (but see 
P a rt I I  o f th is  th e s is ) .

As has become standard  in app lica tions o f the Hardy-Littlewood 
method, bounding G(k) depends fundamentally on estim ates f o r  the 
number o f so lu tio n s o f a u x ilia ry  equations o f the form

x + . . .  + x  -  y  + . . .  + y (1 .6 )1 8  1 S
with the x^ and y^ lying in c e r ta in  subse ts d  o f [ l,P ]n Z . Vaughan’s 
su b s ta n tia l innovation was to  s e t  each o f  the A equal to  a  s e t  A 

with su ita b le  arithm etic p ro p e rtie s , and to  use these  p roperties  to 
re la te  the number o f so lu tions o f the equation (1 .6 )  to  the number 
o f so lu tions o f the equation

x  + m (u + . . . +  u ) = y + m ( v + . . . + v  ) (1 .7 )1 s - l  1 s - 1
with (xy, m) = 1, x, y ^ P, M < m *  M ' t and u ,v  € where $ has
sim ilar p ro p ertie s  to A,  but with $ c [l,P/M ]r\Z . The condition
(xy, m) = 1 enables us, roughly speaking, to  assume th a t
x h y (mod m ) , and we a re  e ffe c tiv e ly  able to take f i r s t
d iffe ren ces  in a  very e f f ic ie n t  manner, by considering

lc k^ (x ,y )  = m ( x - y  ) (which is , o f course, an in teg er).
A c o n s tra in t on the method is  the absence o f  estim ates fo r  

exponential sums depending on ¥ (x ,y ) su b s ta n tia lly  b e tte r  than
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e ith e r  Weyl d iffe renc ing  o r Hua-type lemmata. Our new idea is  to 
fu r th e r  exp lo it the arithm etic p roperties  o f 4  so as  to continue 
talcing d iffe ren ces , each d iffe ren ce  being taken nearly  as 
e ff ic ie n tly  as the f i r s t .  This new method puts no o bstac les  in the 
way o f previous app lica tions o f  Vaughan’s  ite ra tiv e  method, since  
the improvements e ffec ted  do not change the c h a rac te r  o f the 
a u x ilia ry  equations used.

In  §2 we e s ta b lish  the fundamental inequality  between the numbers 
o f so lu tions o f equations (1 .6 ) and (1 .7 ) . In §3 we demonstrate how 
th is  re la tio n sh ip  may be used to  take successive d iffe re n c es , and go 
on to derive a  simple method f o r  bounding the number o f so lu tions of 
the equation (1 .6 ) . The s itu a tio n  where k is  large is  then
considered in §4, thereby proving Theorems 1.2 and 1 .4 . In §§5-7 we 
consider k  o f interm ediate s iz e , proving Theorem 1 .1 , and in §8 we 
prove the "almost a ll"  re s u lts  which give Theorem 1.3 .

Notation: Unless otherwise s ta ted  upper case L atin  le tte rs  denote
re a l numbers exceeding 2, lower case Latin le t te r s  denote in tegers, 
and lower case  Greek le t te r s  denote positive  re a l  numbers. We use p 
to  denote a  prime number, and k, n and s  to  denote positive  
in tegers. Throughout, e denotes a  s u ff ic ie n tly  small positive  
number, and im plicit constan ts  depend a t  most on k, s ,  t  and e. 
Unless otherwise s ta ted , k is  considered to  be fixed .
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2. THE FUNDAMENTAL LEMMA.
Let

4 ( P , R )  = { n : n ^ P, p in  implies p ^ P } , (2 .1 )
and le t S (P, R)  denote the number o f so lu tions o f the equations

k . k k , k /-o o'ix + . . .  + x = y + . . .  + y (2 .2 )1 s i  s
with

X y Y j  € 4 ( P ,  R)  (1 s  J  s  s ) .  (2 .3 )
Let ¥ (z ,c )  denote a  polynomial with in teger c o e ff ic ie n ts  in the 

variab les  z, c 9 . . . , c  o f degree in z a t  le a s t one, and write 
^ '( z . c )  f o r  ^ ( z , c )  . Let P, Q and R be positive  re a l  numbers with 
R < Q :£ p, and C , C' ( i  = l , . . . , t )  be re a l numbers with
1 C'  C « P. Denote by

S (P, Q, R)  = S (P, Q, R; S'; C, C' )
s  s  =  =

the number o f so lu tions o f the equation
¥ (z ,c )  + xk + . . .  + xk = ’J ' t z ' . c ')  + yk + • . .  + yk (2 .4 )= 1 s = 1 s

with
x y Y } € 4 ( Q,  R) (1 s J s  s ) ,  (2 .5 )

1 £ z, z ' ^ P, and C' < c ^ c ' s  c  ( i  = l , . . . , t )  . (2 .6 )
eFor a  given re a l  number 0 with 1 < P < Q , le t

T (P,Q ,R;0) = T i P , Q , R ; B } 9 ; C , C ' )S S * =
denote the number o f so lu tions o f the equation

^ (z ,c )  + wk(uk + . . .  + uk) « ^ ( z ' . c )  + wk(vk + . . .  + vk) (2 .7 ) = 1 s = 1 s
with z , z ' , c  as in (2 .6 ) , and

P° < w *  Min{ Q , P eR} , u ,v  € 4(QP”e,P) (J  = l , . . . , s )  , (2 .8 )
and z  s  z ' (mod wk) . (2 .9 )

F inally , le t
P (P,Q,P) = N (P , Q , R ; * ; C , C ' )

s  s  =  =

denote the number o f so lu tions o f the equation (2 .4 ) su b jec t to
(2 .5 ) , (2 .6 ) , and a lso  ¥ '( z , c )  = ^ ( z ' . c ' )  = 0.
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We sh a ll  requ ire  a  lemma on the density  o f in tegers with a  given 
sq u a re -free  kernel. Given an in teger v  with canonical prime 
fa c to r is a t io n

TT Pj >1=1
denote by sq( v) the sq u a re -free  kernel o f v, th a t is

TIP,1=1

Lemma 2 .1 . Suppose th a t  L is  a  p o s it iv e  r e a l  num ber, and r  is  a

p o s it iv e  in te g e r  w ith  lo g  r  « lo g  L . Then f o r  each  e > 0 we have

c a rd  { y  *  L : s  (y) = s  ( r )  > « L*. o o
Proof: Suppose th a t s  ( r)  = p . . . p  . Then0 I n

n * loSr  * loZLlo g lo g r * lo g log ! ’
(see, fo r  example, Hardy and Wright [1979], §22.10) .

Let L > ee and
U = card  { y £ L : s Q(y) = sQ( r )  > .

Then U is  bounded above by the number o f so lu tions o f the inequality  
u^ log Pt + . . .  + i^ log  Pn £ log L ,

with u^e lN  (1 s  i  £ n ). But fo r  a  given in teger m, the number of
so lu tions o f the equation

u + . . .  + u =02 
1 n

with € IN v  <0> (1 £ i  £ n ) y is
( -1 )“ [ ”  j  £ (o2+n)n-1/ ( n - l ) ! ,

(see f o r  example Vaughan [1981b], Exercise 1 o f Chapter 1). Thus
rr „ ( lo g L /lo g 2 )n
u *  — 0?TT!-----•

Then by S tir l in g ’s  formula,
log U « U i n )  ,
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w h e r e

2i( t )  -  tCloglogL -  logt) + t  .
Now, %L i t )  is  an increasing function  o f t  in an in te rv a l [1,M] with 
M » log L . But n  « logL/loglogL , and so

log U « logL. logloglogL/loglogL .
That is , U « i f  fo r  each e > 0 .

This completes the proof o f the lemma.

The lemma below re la te s  S to  T .8 8

Lemma 2 .2 . L e t  0 = 0(s,k;4O  s a t i s f y  1 < P < Q. Then

S  (P , Q , R ) « S ( P . p ’ . R )  + N (P , Q , R ) + Q P °*‘ s  ( P , Q , R )8 8 8  8-1
+ P

[  " < 0  L 1 = 1 J
(P*P)2s_1. r  (P ,Q ,R ; 0) .

The im p l ic i t  c o n s ta n t may depend on  

Proof: Write
x 2)(L) y

to denote th a t there  is  some d iv iso r d o f x, with d =s L, such th a t 
x /d  has a l l  o f i t s  prime d iv iso rs  amongst those o f y.

Let S ' denote the number o f so lu tions o f (2 .4 ) sa tis fy in g  (2 .5 ) 
and (2 .6 ) f o r  which

M iM x^y^ *  P° (2 .10)
fo r  a t  le a s t one j ,  le t S"  denote the number fo r  which

¥ ' ( z , £ )  = 0 o r 4,/ ( z ' , c ' ) =  0 , (2.11)
0le t Sm denote the number fo r  which Min{x^, y ^  > P  f o r  every j ,

(2 .11) does not hold, and
Xj 2)(P®) ¥ '( z , c )  o r  y i  2)(Pe) * ' ( z ' , c ' )  (2 .12)

qf o r  a t  le a s t one j ,  and le t S,¥ denote the number f o r  which x  ̂ > P
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and > P0 f o r  every j ,  (2 .11) does not hold, and (2 .12 ) holds fo r  
no j .

Then
S (P, Q, R) *  4.M ax{S', S", S*\ S"> .

s

We divide into cases.
( i)  Suppose th a t S ' a Max{S",S*, S"}, so th a t S (P , Q , R ) ^ 4 S '.8
Let

f(a ;L ,P )  = £  e (axk) ,
X € <$(L,P)

and
F (a ;P ,P ) = £  e(a4r(z, c ) ) ,

2,=
where the summation is  over z and c sa tis fy in g  (2 .6 ) . Then

S ' « f |P (a ;P ,P )2f ( a ;P e,P ) . / ( a ; 0 ,P ) 2s"1| da .
Jo

Then by Holder’s  inequality , we have
S (P,Q ,F) « (S (P ,P e,P ) ) 1/(2s)(S (P ,Q t R ) ) 1 “ 1/<2s),S S 8

and the r e s u lt  follows in the f i r s t  case.
( i i )  Suppose th a t S" * Max{S~, S", S ' >, so th a t S (P,Q ,F) s  4S".S
Let

G(a;P, R)  = £  e (a ^ (z ,£ ) )  , 
z t c_

where the summation is  over z, c sa tis fy in g  (2 .6 )  su b jec t to
9 ' ( z , c )  = 0. Then we have

S" « f |G (a ;P ,F ) .F (a ;P ,P ) .f (a ;Q ,P )2s| da .Jo
Then by Schwarz’s  inequality ,

S (P ,Q ,R)  « (S (P ,Q ,F ))1/2(tf (P ,Q ,P ))1/2,B B S
and so the r e s u lt  follows in the second case.
( i i i )  Suppose th a t Sm a Max’fS'1', S ' , S"}, so th a t S (P, Q, P) ^ 4S*\S

Given z and c sa tis fy in g  (2 .6 ) with ¥ '( z ,£ )  * 0, denote by ^ (z .c )  
the s e t  o f in tegers x such th a t x  s  Q, and x has a  d iv iso r d, with
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d s  P , such th a t x / d  has a l l  o f i t s  prime d iv iso rs  amongst those o f 
^ ' ( z . c ) .  Let

H i a ; P , Q , R )  = £  £  e (a (x k + ¥ ( z ,c ) ) )  ,
z ’= x € H z t c )

where the summation is  over z ,c  sa tis fy in g  (2 .6 ) and ^ '( z . c )  * 0 . 
Then we have

Sm € \  |J? (a ;P ,Q ,P ) .F (a ;P ,P ).f (a ;Q ,P )2s"1| d a  ,
J o

so th a t by Schwarz’ s inequality ,
s -  « (Ss (P ,0 ,R ))1/2. £ J  \ H ( a - , P , Q , R ) Z. f ( . a ; Q , R ) 2s

Then

0

-2, 1/2
da

S (P,Q ,P) « I / V'Cr, r ' ) , (2.13)

where V ( r , r ' )  denotes the number o f so lu tions o f the equation 
^ (z ,c )  + dkxk + xk + . . .  + xk= 1 B-l

= 'K z ', c ' ) + ekyk + yk + . . .  + yk ,
=* 1 s —1

with z, c, z ' , c ' , Xj and y  ̂ s a tis fy in g  (2 .5 ) , (2 .6 ) su b je c t to 
^ '( z , c )  *  0, ^ ( z ' , ^ )  * 0, r |¥ ' ( z , c ) ,  r ' l ^ ' f z ' . c ' )  ,

1 ^ d, e ^ Pe , x ^ Q/ d ,  y  *  Q / e ,  s q ( x )  = r ,  s Q(y) = r ' .
Let

G ^a jP .F ) « e (a ^ (z ,c ) )  ,
z, c

(2.14)

where the summation is  over z , c sa tis fy in g  (2 .6 ) , and su b jec t to 
V ' ( z , c )  * 0 and r l ’fc '(z ,c )  . Then by (2 .1 3 ), fo r  some constan ts  K and
w (the  to ta l  degree o f 40 we have.1

where

Ss (P,Q,K) « J  |1*(a)2, f (a ;Q ,P )2s_2| da ,

S*(a) = £  (M a;P ,F ) £  £  e(adkyk) .r 4-1 © y^Q/d

(2 .15)

(2 .16)
r^KP d^P Sq( y)=r
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H e r e ,  i f  r  i s  n o t  s q u a r e - f r e e ,  w e  u n d e r s t a n d  t h e  t h i r d  s u m m a t io n  i n

(2 .16 ) to be empty. Now by Cauchy’s inequality  and (2 .1 6 ), we have
|S ( a ) |2 s  f £ |G (a;J>,ft)|2l  f £  | £  £ e(adkyk) | 2l (2.17)t o J  ̂ « © v^O/dr^KP r^KP d^P y^Q/d

so(y)=r
Also, by interchanging the o rder o f summation,

£  I £  £  e (adkyk) l 2 = £  I V £  e (ad kyk) | 2,u 0 ySQ/d u v—0 8r^KP d^P . . r:£KP . d^Psq( y )=r s (y)=r _0 d^Q/y
and by Cauchy’s  inequality  combined with Lemma 2 .1 , the la t te r  
expression is

pC I  I  I I  e (adkyk) | 2u<n ao ySsQ ©r^KP , d^Ps (y)=r _0 d^Q/y
l P °Q /y

r^KP» y—Q 
s o (y)=r

« QP6+ £
l  yySQ

,e+2t« QP

Then by ( 2 .1 5 ) - ( 2 .18), we have
(2.18)

S (P,Q,R) « QPS*2c f f  7  |G ( a ;P ,R ) |2] .  | f  (<x;<?,R) | 2s' 2 doc . s Jo ^  « r Jr̂ KP
But by considering the underlying diophantine equation, the in teg ra l 
on the r ig h t hand side  o f the la s t  inequality  is

« PC.S  (P, Q, R) ,s-l
by using estim ates f o r  the d iv iso r function . The r e s u l t  now follows 
in the th ird  case.
(iv ) Suppose th a t S '¥ ss Max{S/ , S " ,S m} , so th a t S (P, Q, R) s  4S/If.8
Then fo r  a  given so lu tion  o f (2 .4 ) sa tis fy in g  (2 .5 )  and (2 .6 )
counted by S,y, we have fo r  every j

x  > Pe and y > P°,J J }

V ' ( z , c )  * 0 and V ' ( z ' f c ' )  * 0 ,
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a n d  n e i t h e r

x j  2)( Pe) ¥ '( z , c )  nor y  2)( Pe) ¥ ' ( z ' , c ' )  . (2 .19)
Let w be the g re a te s t d iv iso r o f x  ̂ with the p roperty  th a t
(w, ¥ '( z , c ) )  = 1 . I f  w *  P0 , then x^ 2)(P°) ’P 'C z.c) , con trad ic ting
(2 .1 9 ). So w > P , and since each prime d iv iso r o f x^ is  a t  most R,

we may fin d  a  d iv iso r w o f x withJ J
Pe < Vj s  Min{ Q , P eR}

and sa ts ify in g  (wy'I'' ( z , c ) ) = 1. We may do likewise with the y  y  

We th ere fo re  deduce th a t
S" « V ,i

where V denotes the number o f so lu tions o f the equation 
¥ (z ,c )  +V (wu )k “ ’H z ' . c ' )  + £  (w 'v )k,“  j=i J J j=i 3 3

with z , z ' , £ , c*  s a tis fy in g  (2 .6 ) , and f o r  j  = l , . . . , s ,  
u  ̂ € sHQ/WyR) , Vj € d{Q/w'yR) ,

P® < w^w' s  Mini Q, P®R} , (2.20)
and

Let
( v , ¥ ' ( z , c ) )  = (w ',¥ ' ( z ' , c ' )) = 1 .

F  (a; P ,R)  = V e (a ^ (z ,c ) )  ,w Li —

where the summation is over a l l  z ,c  sa tis fy in g  (2 .6 )  su b jec t to 
(w, ^ ( z . c ) )  = 1, and le t

F (a) = /(w ^ajQ /W j,P ).f(-w 'ka;Q /w ',P ) .
Then

where the summation is  over w, w'  s a tis fy in g  (2 .2 0 ), and where we 
have w ritten W -  w . .  . w , and likewise fo r  V '.
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L e t

X.(oc) = IF (a;P ,R )z.f(w l‘a;<3/w ,fi)2s| ,J " J J
and le t Y^(a) denote the analogous function  ap p rop ria te  to the w'
Then

S/r «
i .  / .  i h ' - ’ - v * ’]

■v l / ( 2 s )

da .

By Holder’s  inequality , we have
.1 s  r > l / ( 2 s )

K  j ,  ( v “>-v*>]

« S U v - - ] — U v - - ]
, l / ( 2 s )  f A l / ( 2 s )

Now we observe th a t
J  X (a) da s  V(P,Q,R,w ) ,

where W(P,Q,R,w) denotes the number o f so lu tions o f the equation 
ty(z,c) + wk(uk + __ + uk) = t f C z ',c ') + wk(vk + . . .  + vk)= 1 S = 1 S

with z , z ' , c , c '  a s  in (2 .6 ) ,
-e

and
u i * v i  € d( QP , R )  (j  = 1 , . . .  , s )  ,

( ¥ '( z ,c ) ,w )  = (¥ ' (z 7, c ' ), w) = 1 .
Therefore, by Holder’s inequality  we have

_i s r «i l /  (2 s )
l  J  n X (« ) .y  («) daw,w' = J J

« n [w(p,o,R,vj ).i/(p >o ,fi,w ')lW , H J = 1
l / ( 2 s )

2 s - l

‘) “  ( j „ .
l / ( 2 s )

j  =  l  ^ J

1 /(2s)
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where F(P, Q t R ; 6 )  denotes the number o f so lu tions o f the equation
¥ (z ,c )  + vk(uk + . . .  + uk) ® ¥ (z ' , c ' )  + wk (v k + . . .  + vk) (2 .21) = 1 s = 1 s

with (2 .6 ) , (2 .8 ) and
( ¥ ' ( z ,£ ) ,  v) = (¥ ' ( z '  , c '  ),w) = 1 .

I t  is  now s u ff ic ie n t  to  show th a t
v ( p , Q , R i e )  «  p c f  n c 1l - r . ( p , < ? , R ; G ) *t  1=1 8

For a  given w sa tis fy in g  (2 .8 ) ,  le t S (u ,c )  denote the s e t  o f 
so lu tions o f the congruence

¥ (z ,c )  « u (mod wk)
with (¥ ' (z ,c ) ,w )  = 1 . Now i f  p is  any prime d iv iso r  o f v, and 
pr||wk, then the number o f so lu tions o f

¥ (z ,c )  = u (mod pr )
with

(# ' ( z ,c ) ,p )  = 1
is 0 (1 ), s ince  a l l  such so lu tions a re  non-singular (mod p ). Thus, by 
using the Chinese Remainder Theorem we deduce th a t

card  2 (u ,c )  « w . (2 .22)
P lain ly  in (2 .21 ) we have

^ (z ,c )  ■  S K z ' , c ' )  (mod wk) .
Thus each so lu tio n  o f (2 .21) may be c la s s if ie d  according to the 
common residue c la s s  (mod w ) o f ^ ( z ,c )  and V ( . z ' , c ' )  . Let

g  ( a ;z ,c )  = Y  e (a ¥ (x ,c ) )  .w "  xsp "_ kx=z (mod w )
Then by (2 .2 1 ),

V ( P , Q , R ; e ) s  7  V ,Lt w
Pe<wsMin{(?, P*P>

where
1

V -  \ G (a ) . |f(w ka;<?P‘e, P ) |2s da , (2 .23)w JQ H
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and
W

G (a) = £  £  £  g ^ ( a ; z , c )
U ™ 1 C t n  f  \=  Z  €  2 ( t l , c )

Hence, by Cauchy’s inequality and (2.22) we have
k

CH(a )  « w 'f  n c,l I  I  I  \ g " l c c ; z , c )  I
1-1 "-1 £ z 6 S(u,c)

k

= wCf n c ,] [  l  \ g j « i z , g ) \ z .
^  1 = 1  J  c  z = 1

(¥' (z, c) ,w) = l
The result now follows from (2.23) on considering the underlying 

diophantine equation.
This completes the proof of the lemma.

We now define the modified forward difference operator, Ai , by 
A*(f (x); h; m) = m_k(f (x+hmk)-f (x)) ,

and define A^ recursively by

V t f t x ) : h i .......... .............................“ j . i 5
= A *(A *(f(x);hi f . . .  ,h j ;mi , . .  . ,mj ) ;h j+i;mj+i) .

We also adopt the convention that
AQ ( f ( x ) ; h ; m ) = f i x ) .

For 0 s j < Jc let

V  = ^ (z;hi#. .. ,h ;mi,... .iDj) ® Aj(f(z);2hi....2/y, .. .,

where f  (z) -  iz - - ... - hynk)k.
We now consider the effect of substituting V ^ i z ; h ; m ) for V i z , c )

in Lemma 2.2. We shall first require some notation.
Let 0 = ^(s, k) satisfy 0 < ^  s 1/k for i = 1,... ,k , and write

0
$ = 0 + . . . + 0 , W = P J, tf = PW"k J *1 \J J J J

1-*
and Qj = P J (1 *  j  *  k) .
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Given a constant tc > 0, su b stitu te  the conditions
(2.24)

for
M^ < m^ *  M^R , 1 s  *  k H^ (1 ^ i ^ j)

C \ < c i *  Ci (1 *  1 *  ^
in (2.6), and then write

S (P, <?,*;¥) = S (P, Q, R; ¥ ; ic)s  j  s  J
for S (P, Q, Pj'I'jC, C') , and do likewise with T and N  .S =  =  8 8

Lemma 2.3. S u p p o s e  that f o r  s o m e  p o s i t i v e  r e a l  n u m b e r , tj, we h a v e  
exp( (loglogP)2) < R  s pn .

T h e n  f o r  j = 0,.. . ,k-l, and any c o n s t a n t k > 0, we have

S (P,Q.P;¥ :»c) « PS j J f n w )i=l '
(M, JO8*"1.? (P,Q.R;0 :»:ic) .J + l  8  J  J + l  J

( H e r e we a d o p t  t he c o n v e n t i o n  that Q  =  P) .o
Proof: Write 4> - ^J+1 * consider the estimate given by

Lemma 2.2.
Notice first that for the permissable values of z, h and m  we 

have
^'(zjhjni) > 0 ,

and hence for j = 0,..., k-1 we have

N  (P, Q, R; 40 = 0 . 8 J (2.25)

By considering S (P,P,B;40 in integral form, we may make a trivial s J
estimate to obtain

S(P,PV,P;¥) s  P ^ S  ( P , Q, K; ®)  s Q M  S (P, 0, P; 40 . (2.26)8 J  S - l  J J J J+l S - l  j J
Thus far we have established, on combining (2.25) and (2.26) with 

Lemma 2.2, that
S I P , Q  , R ; 9  ) « P CQ  H  S  ,(P,0 ,R;» )

B  J  J  J  J + l  S - l  J  J

*  P ‘ \ n » M p ] ( M  P)2®"1.? CP.O.R;*;*, )  . (2.27)l jl.! 1 1 J J+1 8 J J
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We now show ind uctively  that fo r  s  = 1 , 2 , . . .  , we have

<?JV Se -1(P ' <V * i V
« P.2 s C

• (  n  w )i=l J
(M P)2s_1.r (P,Q ,R;0;^,) . (2.28)J + l  S  j  J

This will complete the proof of the lemma.
We first note that by using standard estimates from prime number

theory, when P is sufficiently large we have for j = 0,... ,k-l,
card(*4(Qj, R )) > (2.29)

2since R  > exp( (loglogP) ). Then for s = 1 we have

Ss— } « p (  i w f  ’
whilst by (2.29),

S  J  J

by considering diagonal solutions alone. Then (2.28) follows in the 
case s = 1. Now suppose that the inductive hypothesis holds for 
t < s. Then by combining the inductive hypothesis with (2.27), we 
have

S (P,0 ,P;¥ ) s - l  J  j

« P(2B-1,£f n HMfiltM, R ) Zb~3 .T ,(P,0 ,*;*;*.) . (2.30)t 1 1 J J+1 S_1 J J
But by considering solutions of (2.7) in which u  -  v  , we have6 8
from (2.29),

l -cT (P.0,*;*;*) » (Q/W,,) -T (P, Q .  R; 0; 9 )  ,S  j  J  J  J + l  B - l  J  J (2.31)

and (2.28) now follows from (2.30) and (2.31). Thus <2.28) holds for 
each s a: 1, and the lemma now follows.
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3 . S U C C E S S IV E  D IFFERENCING.

Lemma 2.3 permits us to relate S (P, Q, R ; V  ) to T  CP tQ,R;<f>;^ ) .s j  s j

We now consider the simplest method of relating T  (P,Q, R;<f>;V ) to
s J

S ( P , Q ' , R ; V  ) . This allows us to obtain a relatively simple s  J + l
estimate for S (P, P, R ; V  ), and hence for S (P, R) .8 0 S+l

Lemma 3.1. A d o p t i n g  t he s a m e  n o t a t i o n  a s  th a t  p r e c e d i n g  

L e m m a  2.3, w e  h a v e  f o r  j  = 0,1,...,k-1, a n d  a n y  c o n s t a n t  k  1,

w 6*  *  " v . K  w H (<w w

+ (S (2Q , R ) . S (2R.20 :2k ))1/2.
8  J + l  8  J + l  J + l

Proof: Consider the equation (2.7) with 0 = 0 . We put x = z+z'
k kand h  = (z-z')w . Thus 2z = x + h w  and 2z' -  x  -  h w  . Hence by

(2.6), (2.8) and (2.9), we have
T  ( P , Q  , R ; 6 ; V  ;k ) *  U  + 2U  ,8  J  j  0  1 (3.1)

where U  is the number of solutions of (2.7) with (2.6), (2.8),o
(2.9) and z = z', and U  is the number of solutions of the equation

¥ (x+hwk;2h;m) + (2w)k(xk+. ..+xk)j  =  =  I s
=  ¥  ( x - h w k ;2 h ; o i )  + ( 2 w ) k ( y k+ . . . + y k ) j  =  =  i s

(3.2)

with
x * 2P, 1 *  h  *  H  , M  < w  *  M  P, -v j + l  j + l  j + l

x j , y i € <4(Qj + 1 , R) (1 £  i  s  s ) ,
1 *  h  *  k H  , M  < m  *  M  R  (1 s r * j). * r  r  r  r  r

Plainly,
u  « p m  r . f n h m r \ s  (Q ,P) .0 J+ l  iL'i 1 1 J 8 J+1

Also, 1/ is the number of solutions of the equation
¥j+i(x;2h, h;m,w) + 2k(xk + ... + xk - yk - ... - yk) = 0 , 

with the variables satisfying (3.3).

(3.3)

(3.4)

(3.5)
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Now write
F ( * : * ) =  l  . . .  I  lJ If Sm <W D M JSU O H S iM < m  R  M < m  S H  R  h  S X H  h  s x h  z S 2 P  1 1 1  J J J 1 1 J J

e ( a ^ )  . (3.6)

Then by (3.5) and (3.3), and by considering the underlying

diophantine equation, we have
.1

U  € f F  («;2k ). |/(a;2Q . W l 28 da , (3.7)

and so by Schwarz’s inequality,

U
i  ■» 1 /2
|f(a;20Jtl>R ) r sdaj

x [ j V j + 1(« : 2 K ) 2 . f ( a ; 2 Q j + i , K ) 2 s |  d a 1
1/2 

J '
Thus

1 /9
U  « (S (20 .R ) . S  (2P,20 :2»c)) . (3.8)1  8  j + 1  8  J + l  J + l

Collecting together (3.1), (3.4) and (3.8) completes the proof of
the lemma.

Combining the conclusions of Lemmata 2.3 and 3.1 gives us a means
of relating S (P,Q ,P;4' ) to S (P, Q  , R ) , and thus we are s j  j 8 j+l j+l
effectively able to "difference" repeatedly to obtain estimates
for S (P, R) . We aim to establish bounds of the form 8+1

X +e
S (P,P) « P 8 8

when R  is no larger than a small power of P. The next lemma supplies 
us with such a bound.

Lemma 3.2. S u p p o s e  that t is a  p o s i t i v e  i n t e g e r, a n d  p  a  p o s i t i v e

r e a l  n u m b e r  w i t h 2t - k  < p  *  2 1 , a n d  s a t i s f y i n g  t h e  p r o p e r t y  that

g i v e n e > 0, t h e r e  is  a  p o s i t i v e  n u m b e r  = t)Q (k,e) s u c h  that

w h e n e v e r  0 < , w e  h a v e  S ^ ( P tP n) « P/1+c.
D e f i n e  the r e a l  n u m b e r s X , 0 , A(s) (s = t, i+1,...)8 8

s u c c e s s i v e l y  b y  Xfc = p, 0fc = 0, A(t) = p  - 2t + Jc, and for s  > t b y
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es
1 f 1 _ 1 If k-A(s-l)

k+A(s-l) [ k k+A(s-l) J [ 2k
A(s) = A(s-l).(l - 0 ) + k0 - 1 ,

Then g i v e n  t' a n d  

w h e n e v e r  0 < i) <

A = 2s - k + A(s) .s
e' >0, t h e r e  is a n  tji
and t £ s £ t', we have 

A +e'
S (P,Pn) « P s .

^(k.e', t')

(3.9)

(3.10)
(3.11) 

such that

Proof: We prove the result by induction, the case s = t being
assumed. So suppose that the result holds for s' * s, and consider 
S (P,P,P;¥ ) with R = p" and 0 s s T) / k  .

s  O 0

For j  - 1,...,k, let

= _ j ___ . r i  _ i  ] r fr-A (s)
k+A(s) L fc k+AlsJ J [  2k J *

and adopt the same notation as that preceding Lemma 2.3. Also, write
A for A . We shall now prove inductively that for j  = 0....k-1,

s

and any constant k  1, we have

S J J + l  J

c plt(k-J,£« +ifi2s<k-J1[ i *,»,*).
X+C
J+l

By making a trivial estimate, we have
k 2

S (2P,20 ,P;¥ ;2k ) « P‘
s  k k

Then by Lemma 3.1, we have
( n w )i=l J

S  (2Q . R )  .s k

(3.12)

r s ( ^ k , - ^ k ' V l 5K) * T1 + r 2 •
where

T = P M  R1 k ( V  w )  •
 ̂i=i J

S  ( Q . R )  ,b k

and
r of  k i 2 i 1/2r 2 = [ s s (2 o k>r ) . p 2 [  ^ n w j  Ss (2<V R )j  •

But we have <f> - 1/k, and hence H  = 1 , and so the result now k k
follows in the case j = k-1.
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Now suppose that the r e su lt  is  true fo r  j '  £ J. Then we may
assume that J =£ k-1, and hence that

^  + ... + <t>} < j / k  s 1 - 1/k .
So by (3.12) and Lemma 2.3 we have

S (P,0 2 k )S J J
« P1 + (k"J+1)£(W R ) zs J+i

We then deduce from Lemma 3.1 that

( n w jL i=l J
' 2 s ( k - j + l ) n x+c 
R  > 1

where
T (P, Q  ,R;<p ;k ) « T + T ,s  j - l  ’ \ j ’  J - l ’ 3  4 (3.13)

r 3  - PV [  n w j < . (3.14)

T = P (k-J>‘p2s<k-J*11[ V h w r ] .r'/2, 
4  ̂i = l  1 1 J B

(3.15)

and

We now note that
T  = P lfs ( H  M  )2(Q Q  )X+c. 5 J+i J J J J+i (3.16)

1 + 2s0j+i+ M l-*  -*  ) + 2(1 -  (k -1 )*  ) - 2 ( 1 + ^ )  -  A (l-*  )
= 1 + (k-A(s) )^j + 1“ 2Jc*
= 0

and hence
T 1/2 « (PM ).QX+C.5 J vj

Then from (3.13), (3.14) and (3.15), we have
T  (P,0 ,P;*;¥ ;ic)s  J - l  , i r j  j - i ’

c  p l + ( k - J + l ) c  W p 2 s ( k - J + 1 )
( w R e>

and so our second assertion follows for J' = J-l.
We have shown that (3.12) holds for j  - 0,. .., k-1, and hence that 

r s (P ,Q o, P ; 0 i ; ¥o ) « P ^ M ^ . Q ^ ,  
so that by Lemma 2.3,

S (P ,P ,R ;¥  ) « P1*(k+1,E.« 2sR2<k+1,s.Ql*£.s  O 1 V1
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But since 6  - 6 , from (3.10) and (3.11) we have* 1  s + l
A(l-0 ) + 1 + 2s<f> = A .1 1 S+l

and hence on writing A' for A , we haves + l
S (P , R ) « S (P.P.P;'* ) « px'+(k+2>‘ R2(k+i)B

S+l 8 0
Then given e' > 0, on taking e(e') and tj(e') to be sufficiently 
small positive real numbers, we have

A +e'
S (P , P ’) « P  a+1 .s + l

Thus the inductive hypothesis follows for s+l in place of s, and 
this completes the proof of the lemma.

In order to make use of Lemma 3.2 we require a suitable estimate 
of the form S ^ { P , R ) « P**+c . This may be obtained either from 
classical estimates (s = 1,2), or from results of Vaughan [1989a, 
1989c].

We note that the proof of Lemma 3.2 shows that the bound for 
S (P,P*7) given also applies to S (P,P,R ; V  ), and so the conclusions s—1 0

A +e
S (P , P n) « P s

can be replaced, by considering the underlying diophantine equation, 
by the bound

J[ | V e(axk),2 , P , , 2s-2 .I | ) e(ax ) | da «
A +e 
P s .

0 x^p
X  € d{P, P77)

In fact the new "fundamental lemma" (Lemma 2.2) in the iterative
method enables us to draw such conclusions in general. In
particular, by combining this observation with Theorem 4.4 of 
Vaughan [1989a], we have

I ) e ( a x  ) | | ) e ( a x  ) | da « P
x5p n

X  € d ( P , P  )
whenever the positive number i? = t}(g ) is sufficiently small.

r
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4 .  TH E  E S T IM A T IO N  O F G f lO  WHEN K  IS LAR G E.

We now investigate the consequences of the estimate given by 

Lemma 3.2 when k  is large.

The proof of Theorem 1.2.
Adopt the same notation as in the statement of Theorem 1.2, and 

define
X  « 2 s  -  k  + A is) (4.1)8

for s > 2. Then on noting the classical estimate
S J P . P )  «  Pz* \

we deduce from Lemma 3.2 that given s and e > 0, there is an
T) = 7) (k, e , s ) such that whenever 0 < < tj and 2 ^  s  £  s  , we1 1 0  'i  o
have

X +e
S  (P,P") « P s (4.2)

Let m  denote the set of real numbers
whenever a € Z, qr € IN, (a,q) = 1 and |a

. _ i/2  . .
q  > P  . Let

a with the property that
✓  i -  - i Di /2  -  k ua / q  | ^ q  P  one has

X  = P
1/2

and for a sufficiently small positive number 7) let
B - { x : x = py, X/2 < p X, y e  4(X,X”) >

and
h(a) « ^ e(axk) .

x € 2
Then by substituting the conclusion (4.2) (noting (4.1)) in place

of Theorem 7.1 of Vaughan [1989a] in the argument of §7 of
Vaughan [1989a], we have

Sup |h(a)| « P1-P+£, (4.3)
a € m

248



where fo r  k a 3 we have
p = p(k) = Max p(k,s) , (4.4)

s  > 2

in which

p(k,s) = ^  (1 - A(s)) .
Since our auxiliary equations are identical to those used in the 

applications of the new iterative method in Vaughan [ 1989a], we may 
conclude that every large positive integer n  may be written as the 
sum of 1 + 2u + 2 v  kth powers of positive integers, where as in §8 
of Vaughan [1989a] we have

v  a k+1 and 2up(k) > A(v) .
We take

Thus, by the argument of Vaughan [1989a] we have

C(W * 3 + 2v + 2[§S t] •
This completes the proof of Theorem 1.2.

We note that the argument of §9 of Chapter 5 would enable us to 
reduce 3 to 2 in the above estimate, at the cost of a slightly more 
elaborate analysis.

The proof of Theorem 1.4 and Corollary 1.2.1.
All but the last two lines of Theorem 1.4 follow by the argument

of §10 of Vaughan [1989a] on noting (1.3), (1.4), (4.3) and (4.4).
Suppose now that k is a large positive integer, and adopt the

same notation as in the statement of Theorem 1.2. Denote by loĝ k
the i-fold iterated logarithm, and take N  = N i k ) to be the positive

2integer with 2 s log^k < e .
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For i  = 1 , . . .  , N  d efin e
t(i) = [klog^k] + 1,

and for j = 1,... tN  define
s{ j ) = tiN) +  ... + t ( N - j +1).

Now, for s  > 2, provided that 0 < A(s-l) £ k-2, we have by (1.1),
1 ^ 1 + 21~kA(s-l)/k

k+A(s-l) s k+A(s-l) (4.5)

-“ (■-IrroS)'< A(s) < A(s (4.6)
and by (1.2) we have

2 + 21"kA(s-l)/k‘|
4(*"1,L1 ----- k+A(s-l)----j

On noting that A(2) = k-2, we may proceed inductively to deduce that
for s > 2 we have 0 < A(s) < A(s-l) ^ k-2. Then for s  > 2, we have
that 0 < 0 < 1/k, and A(s) is a decreasing function of s. In

S

particular, for s > s(l),
A(s-l) s A(t ( N)) < (k-2)(1 - 1/k)'

Now for x  £ 1,

. t ( N ) - 2

(1 - l/x)x < e"1,
and hence for s  > s(1) we have

A(s-l) < (k—2)(1 - 1/k) ~2. exp (-log k) < k/log kN + l  N

(4.7)

(4.8)
Then for s  > s(l),

I+ atI - I )  > I  (1 "  2 ”k ) [  1 " 1 5 T E  + ( l o g Nk r 2 ( 1  +  1 / l o g / r l )
> | (1 - l/logNk) (4.9)

since
(1 - 2-k) (log k)_2( 1 + 1/log k)_1 > 2"k(l - 1/log k) .N  N  N

This last inequality follows on observing that owing to the 
assumption log^k £ 2 we have

2k > (log k)2.N
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We th erefore deduce from ( 4 .6 ) ,  (4 .8 )  and (4 .9 )  th at fo r  s  > s ( l ) ,
we have

A(s) < i ° g Nfc [ 1 - I (1 - l/log,N W ]
s - s ( l )

(4.10)

We now apply an inductive argument to show that when 1 < j  *  N, 

we have that for s > s(j), 

kA (s) < 1 -  |logNfc J l k (1 - (log k)"2)l e N + l - J  J
s - s i j )

(4.11)

in which we have written
£  - e_1logN ik f p e x p ( t ( N - i ) / k - 2(logM+i_ik)’1)l . (4.12)

t  i = 2  J

Here we adopt the convention that when the product in the last 
expression is empty, it is taken to have value one.

We first show that the inductive hypothesis holds for j = 2. From
(4.10), for s  > s(2) we have

A(s-l) s A(s(2)) <

and by (4.7),
i o g /  [ 1 - I ( 1 - (logKk r l ) )

t(N-l)
(4.13)

1 - | (1 - (logHk r l ) ]
U N - 1)

Then in particular,
A(s-l) < k(log k) ,N - l

< exp(2 - 2log k)N

® e2(log k)-2.&H-1

-2

(4.14)

since logNk £ e , owing to our assumption log^k £ 2, and a similar
argument to that leading to (4.9) yields

, 1 - k
>2 - 2

i  l 1 ~ ( i° g „ _ ik ) ' 2)  •k+A(s-l)
Thus, by (4.6), (4.13) and (4.14) we deduce that (4.11) holds with

J  -  2 .
Suppose now that the inductive hypo thesis holds for J  -  J  > 1. 

Then for s  > s ( J + 1) we have, in a similar manner to the argument for

J  =  2 ,
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A (s - l )  £ A (s (J + l) )

< ~ 1 S e x p [4 ( l o g H M -jk r l  '  2 t ( N " J ) / k ]  ( 4 - 1 5 )

= k  £ -2

” log k  J+i e N
Then in particular,

A(s-l) < Jc(log k)”2,N“J
and a similar argument to that leading to (4.9) yields

1tat I-T ) > I  ( 4 '  ( lo g N-Jic r 2 ]  '
Thus, by (4.6) and (4.15) we deduce that (4.11) holds with J+l 
replacing J. This completes the induction.

Now consider the substitution of (4.11) into the expression
pCs) = (1 -  A (s))

for s  > s{N). The maximum value of this expression as s varies is 
attained for a value of s satisfying

s - x[ logf-------* --------—  1] 11 < 1
*- >- k  - 2(1 - (logic) z) JJ I

where A is the larger root of the transcendental equation

(A +1)-TSSTc * h [  1 -  1  (1  -  (1° g k ) ' 2 )) S(N ) =
Thus, on using the estimate

f  2 -2  1 "1 - ^ ( 1 -  (logk) 2)

= expf 2 f  t { N - i ) / k \ . f 1 + of loglogk 11 ,
i=o J  ̂(logk)2log k)

we obtain
N - l

A = logk + loglogk + log k + 4 V (logM k)”1 + 0(1) . (4.16)N + l  .  L  N - i + 11=2
But by recalling that N ( k ) has been chosen with log^k 2, we have

N-l
l1=2l  (1° gN .l-i,C r l  < I e_2J < 1 >J = 1
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and hence the optimising choice for s satisfies
S = x [ l o g ( l  + 2 / l c ) + 0 [ n Ai K ) ) 1 + 0 ( l )

= ^ (logk + loglogk +0(1)) .
Hence, by (4.11),

2klogk.p(k) = 1 + 0(log2k/logk) . (4.17)
The last two lines of Theorem 1.4 now follow by the argument of §10 
of Vaughan [1989a] on noting (1.3), (1.4), (4.3), (4.4), and (4.17). 

Now consider the substitution of (4.11) into the expression

2v + 2psr] •
The optimising choice for v  occurs with

\v - s(N) - p| < 1 ,
where

and

H log

M i k ) =

k - 2(1 - (logk) - 2 ) ) =
log(^((k)) ,

k.if2N
2p.logNk log - 2k - 2(1 - (logk) ) 

Thus, by (1.5), (4.11) and (4.17), we have
)

G(k) s 2s(N) + 21ogi e M i k ) ) log

= 2s { N ) + k. logf e ' £ n 1 + 0(k/logk) .
L p(k)log k JN

Then by (4.12) and (4.17),
G(k) ^ k(logk + loglogk + log k + 3 + log2 + 0 p -° f )N + l  (  1 0 g K  J

(
^ 1

- 2k - 2(1 - (logk) \

+ 0(logk)

N - l

i  = 2
Then by the same argument as above, we deduce that

G(k) s k(logk + loglogk + 0(1)) as k — » «». 
This completes the proof of Corollary 1.2.1.

+ 4k V (log k)”1. L i +1
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5 . BO UNDS FOR TH E  NUMBER O F S O LU T IO N S  O F THE A U X IL IA R Y  EQ U ATIO N S.

When k  is of moderate size, existing methods of Vaughan [1989a, 
1989c] can be used to improve estimates arising from Lemma 3.2. Here 
we outline the methods used to calculate the values of X used ins
§§6-8 which, when R  is no larger than a small power of P, give 

bounds of the form
X +e

S (P,P) « P 8 .8
For s = 3 and 4, the estimates given by Theorem 1.4 of 

Vaughan [1989c] (which we shall call method "bl") are always 
superior to those arising from Lemma 3.2. When s = 5, the second of 
the estimates of Lemma 2.2 of Vaughan [1989c] (which we shall call

method "j", where j is the parameter used in the method) is
sometimes superior to Lemma 3.2. Finally, for smaller k the
inequality (k-2) of Vaughan [1989a], §4 proves superior to Lemma 3.2 
for large s.

In Table 5.1 we list the optimal values of X for those s with8
X > 2 s  - k  which arise from one of the above mentioned methods when 8
6 £  k  ^ 8 . We also list the corresponding values of 0g , and in 
column j we list the method giving the optimal choice of X . In the

S

latter column we use to denote that it is Lemma 3.2 which gives 
that choice. The table of values was computed to 16 significant 
figures by using an electronic computer, the final significant 
figure being rounded up.

In Table 5.2 we extend Table 5.1 for certain values of s when 
9 2S k  ^ 20 and k  - 32.
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Table 5 .1
k S’ J 0 Xs
6 3 bl 0.0454545455 3.090910

4 bl 0.0833333334 4.333334
5 * 0.1201242962 5.773790
6 * 0.1288434456 7.318309
7 * 0.1369149650 8.959303
8 * 0.1439930252 10.685128
9 * 0.1498768941 12.481705
10 * 0.1545351314 14.334475
11 (k-2) 0.1546391753 16.210587
12 (k-2) 0.1546391753 18.105857
13 (k-2) 0.1546391753 20.017323

7 3 bl 0.0319595422 3.063920
4 bl 0.0681855611 4.264118
5 * 0.0974431925 5.628154
6 * 0.1038982326 7.082381
7 * 0.1101648099 8.624130
8 * 0.1160399777 10.247946
9 * 0.1213462902 11.945936
10 * 0.1259617078 13.708517
11 * 0.1298348055 15.525370
12 * 0.1329814175 17.386376
13 « 0.1354674555 19.282307
14 * 0.1373867321 21.205229
15 (k-2) 0.1377777778 23.141397
16 Ck-2) 0.1377777778 25.086360
17 (k-2) 0.1377777778 27.038906

8 3 bl 0.0248055265 3.049612
4 bl 0.0607775378 4.228929
5 * 0.0817750602 5.537309
6 * 0.0866803646 6.924136
7 « 0.0915512425 8.388838
8 * 0.0962759134 9.929058
9 * 0.1007419941 11.540657
10 * 0.1048498730 13.217918
11 * 0.1085249793 14.953943
12 * 0.1117254184 16.741167
13 * 0.1144431325 18.571891
14 * 0.1166991500 20.438745
15 * 0.1185352535 22.335020
16 « 0.1200048163 24.254855
17 * 0.1211648790 26.193294
18 * 0.1220704489 28.146262
19 * 0.1227710977 30.110475
20 (k-2) 0.1228070176 32.079364
21 (k - 2 ) 0.1228070176 34.052073
22 (k-2) 0.1228070176 36.028135
23 (k-2) 0.1228070176 38.007136
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Table 5 .2
k s X k s A8 8
9 20 31.185933 10 24 38.147771

23 37.088830 26 42.095236
11 26 41.183092 12 30 48.154488

30 49.082996 33 54.089993
13 32 51.187003 14 36 58.163644

37 61.081900 41 68.076269
15 40 65.146397 16 42 68.174119

44 73.082998 48 80.078679
17 46 75.158678 18 50 82.146823

52 87.075299 56 94.072760
19 52 85.171222 20 56 92.160009

60 101.070744 63 106.076886
32 100 168.143478

112 192.066307

6 .  E ST IM A TIN G  GCK) FOR S M A LLE R  K .

Following the analyses of §5 of Vaughan [1989a] and Chapter 5, it 
is now a simple and routine matter to cross from the estimates 
contained in Tables 5.1 and 5.2 to an upper bound for G(k). We shall 
therefore be rather brief in the remainder of the proof of 
Theorem 1.1.

For k = 6 or 8, let T) = tjCJc) be a sufficiently small positive
number (in the context of Lemma 3.2). Let

13 k  = 6
23 k = 8 .

We now consider the number, K(n), of representations of a large 
natural number n in the form

k  k  kx + . . . + x  + y  -  n
1 2 t  J

t = t(k)
■ {
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with

x i € d { P , P v) (1 S i  i  2 t)  and 1 S y < P , 
in which P = n1/k.

By pu tting  u = v = 1 in the argument o f §5 o f  Vaughan [ 1989a], 
and noting th a t

u  s  v  ^  2u, t+u k+2,
and

A + v( 1 -  2*“k) < 2 t + v  -  k  , 
we deduce th a t in each o f the cases k = 6 and k  -  8 we have

P(n) » G(n)P2t+v-k,
in which G(n) is  the usual s in g u la r se r ie s  in Waring’s  problem, th a t 
is °o q

6 (n) = £ £ (qr”1S(q, a) )2t+ve (-a n /g )  , (6 .1 )
q=l a=l 

(a,q)=l
where

r,a) = JS(qr, a) = ^  e (a r  •
r=l

(6.2)
Then by Theorem 4 .6  o f Vaughan [1981b] we have in each case

G(k) s  2t+v .
For the case  k = 7 the above ana lysis would give G(7) :£ 37. 

However, we may obtain  the r e s u lt  s ta ted  in Theorem 1.1 by applying 
Theorem 1.3 o f Chapter 5. We s e t  t  = 17, p = A , A = A , and

0 = 2 - 1  31
7 .2 S+1 225

Then the conditions o f  the aforementioned theorem are  s a tis f ie d , 
since  fo r  k  -  7  vie have

and

t  £ 2k-2 ,
S (P,P*) « P , S ( P , P V) « P ,t - l  e t c

_.2t+2-k+c
: Pc
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when 7) > 0 is sufficiently small, and

fi > 2 t - 2 - k  , X > 2 t - k  , 
jli( 1-0) + 1 + (2 t-2 )0  = X , 
X (l-e) + 1 + 2 t0 < 2t+2-k . 

Thus we conclude th a t G (7) *  2t+2 = 36.

7. THE ESTIMATION OF GOO FOR INTERMEDIATE VALUES OF K.
When 9 s  k s  20 we make use o f Theorem 1.4 o f Chapter 5. We note 

th a t we could instead use the an a ly sis  o f §9 o f Vaughan [1989a], a t
the c o s t o f adding one to  the upper bounds f o r  G ( k ) given in
Theorem 1.1 f o r  9 ^ k  *  20. This defec t may be remedied by making 
use o f the comment a t  the end o f §3 in the la t te r  an a ly sis .

Let
P = n1/k, X = Pk/(2k_1), Z = PX"1, 

and define the generating func tio n  h by
S = { x  : x  = pz, X/2 < p s  X, z € j4(Z,Zn) > , (7 .1 )

h ( a )  =  £  e (axk) . (7 .2 )
x  e £

Table 7 .1 .
k s(fc) o*(k) k s(k ) cr(k)
8 16 0. 01295004 15 40 0.00558208
9 20 0. 01104785 16 42 0.00514140

10 24 0. 00950665 17 46 0.00476322
11 26 0. 00839659 18 50 0.00442971
12 30 0. 00746422 19 52 0.00413669
13 32 0. 00672248 20 56 0.00388274
14 36 6. 00610732 32 100 0.00218668

Define s  = s ( k )  as in Table 7 .1 . Since s  is  even we may write 
s  = 2 r  f o r  some in teger r .  Now le t n denote the s e t  o f re a l numbers
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a  with the property  th a t whenever a € Z, q  € IN, (a ,g )  = 1 and
| a  -  a / q \  =s q  1X 1 k(rZk) 1 one has q  > X . Then as in
Vaughan [1989a] §9, we have fo r  each T) > 0 su ff ic ie n tly  small,

Sup | h (a) | <c P1_a+£, 
a  € n

where

cr = <r(k)
(k-1) (2s-A ) -  k (k -2) 62 s(2 k -l)

The values o f <r given by the choices o f s  l is te d  in Table 7 .1  a re  
a lso  lis te d  in Table 7 .1 , rounded down in the f in a l  decimal place 
(<r(8) has a lso  been ca lcu la ted , th is  being su p erio r to  the estim ate 
following from Weyl’s in equ ality ). The s (k )  were chosen so as to 
give the maximum value o f <r.

Table 7 .2 .
k u(k) t(k ) k u(k) t(k ) k uCk) t(k )
9 23 9 14 41 13 18 56 17

10 26 11 15 44 15 19 60 18
11 30 10 16 48 16 20 63 20
12 33 13 17 52 16 32 112 31
13 37 13

Now le t u = u(k) and t  = t(k )  be as given by Table 7 .2 . Then fo r  
9 ^ k £ 20, by Tables 5 .2 , 7 .1  and 7 .2  we have

A + t(l-<r) < 2u+t-k ,
u

and
u * 2k+l .

Thus the conditions o f Theorem 1.4  o f Chapter 5 a re  s a tis f ie d , and 
we may conclude th a t

G(k) s  2u + t  .
This completes the p roof o f Theorem 1.1.
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8. AN UPPER BOUND FOR G+(K).
We now apply standard  methods to give upper bounds fo r  G+( 16) and 

G+( 32). By considering the subs is ten t 2 -ad ic  equations, we have
G+(k) a  4k when k is  a  power o f 2 (o r see the argument o f  Hardy and 
Wright [1979] Theorem 396), and so the upper bound we deduce here 
w ill be s u f f ic ie n t  to  prove Theorem 1.3 . We note a lso  th a t the
methods we apply fo r  the cases k = 16 and k  -  32 apply equally  well 
to  each in teger k a 8 .

Let n be a  large n a tu ra l number, and
D 1/k P = n

Let W be a  parameter to be chosen la te r  with 2 s  W s  P, and define 
5l(q, a) = { a  : |a  -  a /q | ^ (2kq)”1WP”k > ,

and le t  5t denote the union o f the 51 (q, a) with 1 s  a s  q  s  W,
( a ,q)  = 1.

Let
it = ( (2k)-V -k, 1 + ( 2 k ) " V ’k ]\5l .

Also, le t £ and h (a) be defined as in (7 .1 ) and (7 .2 ) respectively , 
and le t <r(k) be as given in Table 7 .1 .

Table 8 .1 .
k u(k) t()c)

16 48 16
32 112 16

Take u -  u (k ) and t  = t(k )  els  in Table 8 .1 , sind le t R ( n ) denote 
the number o f rep resen ta tions o f the positive  in teger n in the form

xk + . . .  + xk + yk + . . .  + yk = n , (8 .1 )
with

x t € A ( . P , P n) (1 ss i s  u) and y  ̂ € £ (1 s  j  < t ) .
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Then

where

R ( n ) = f  g (a )u M a )1 e (-a n ) da J o

g ( a) = £  e (axk) .

Also, we define

Then i f  we write

F (  a)
■ {

X €  J ( P , P  )

g ( a ) u hCa)* a  € u
a  £ u .

^u (n) = J  F (a )e (-a n ) da ,

we have th a t R (n) is  the nth  Fourier c o e ff ic ie n tit

F (a).
Let

F_(n) = f  g (a )u h (a ) t  e (-a n ) da .51 j ji
Then by B esse l's  inequality , fo r  each positive  in teger 

r  |R(n) -  ^ ( n )  |2 = V |Rn ( n ) |2nSN nSN
=s f |F ( a ) |2 da J o
-  J  lg (a )2u h (a )2 t| dau

But els  in §7 we have
Sup |h ( a ) |  « P 

a  e n

l -C T + C

so th a t by Tables 8 .1  and 7 .1  we have

and
X + 2 t(l-« r) < 2u+2t - k

u

u > 2/c+l .

of the function

AT we have
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Thus we may apply the arguments o f §9 o f Chapter 5 to  deduce th a t 
fo r  some 5 > 0, when W is  no la rg er than a  small power o f log P, we 
have

P , ,  %2 u  , ,  > 2 t ,  , r>2 u + 2 t - k  t , - 6 ,  r > \ " 2 t|g (a )  h (a ) | da « P W (log P)Ju
But by the argument o f  §5 o f Vaughan [ 1989a], we have

f g ( a ) u h ( a ) fc e (-a n ) da » 6 (n ) .P u+t k(log P) t  J Jl
when W is  a  su ff ic ie n tly  small power o f log P. Here G(n) denotes the 
usual s in g u la r s e r ie s  in Waring’s problem, namely th a t given by 
(6 .1 )  with t+u rep lacing  2 t+ v .  Now when t+u a: 4k we have th a t

1 « G(n) « 1,
and hence by p a r t ia l  summation, with V a  s u ff ic ie n tly  small power of
log N, and N s u ff ic ie n tly  large, we have

2
l

R(n) -
V n) « w(2u+2 t - k )/k  y s (io g  y ) - 2t(w< u .t-k)/k  (1 w)- t )2N /2 < n ^ N

Then there  is a  v > 0 such th a t the number o f in tegers, E ( N ) ,  in8
[1 , N ]  which a re  not the sum o f s  kth powers o f positiv e  in tegers, 
s a t i s f ie s

E (AO « N. (log AO"*.u+t
Thus almost a l l  numbers a re  represented  in the form (8 .1 ) , and hence 
we deduce th a t

G+(k) a; u+t
f o r  k = 16 and k = 32.

This completes the p roof o f Theorem 1.3 .
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APPENDIX A.
ON A PROBLEM RELATED TO ONE OF LITTLEWOOD AND OFFORD.
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1. INTRODUCTION.
Let z , z .........z be complex numbers o f modulus a t  le a s t one.1 2  n

Denote by N ( z )  -  N ( z  , . . .  , z  ) the number o f sums o f the form— I n
I  c,zi •1=1

with Cj = 1 o r -1 , lying in the in te rio r  o f a  given d isc  o f un it 
rad iu s .

From th e ir  investigations on "random polynomials", Littlewood and 
Of fo rd  were led to  consider bounds fo r  N { z ) , and gave one adequate 
f o r  th e ir  purposes (see Littlewood and Of fo rd  [1943], Theorem 1). 
Erd6s [1945] applied a  Sperner’s  Theorem argument (see
Bollobcis [1986], §§3,4) to deduce th a t when the z  ̂ a re  a l l  rea l, we 
have

Wtz) S ([n /2 ])
with equality  holding when z -  . . .  -  z  = 1 .  L ater, Kleitman [1965,1 n
1970] and Katona [1966] extended th is  re s u lt  to  the complex f ie ld , 
and even to  an analogous re s u lt  on vecto rs in  an a rb itra ry  
archimedean normed space. More recen tly , Griggs [1980] has 
e laborated  on these re s u lts  and arguments.

I t  would appear th a t a l l  re s u lts  thus f a r  have been on 
archimedean spaces o f some s o r t , and indeed th is  would appear to be 
e sse n tia l fo r  the Sperner’s Theorem argument to  succeed. We now give 
a  r e s u l t  fo r  a  non-archimedean example:

Theorem 1 .1 . L e t  a  , . . . , a  be re d u c e d  re s id u e s  ( mod q ) , and l e t1 n
N (q ;  a) d e n o te  th e  num ber o f  c h o ic e s  o f  e  , . . . , e  , w i t h  e  = 0 o r 1,= I n 1
such  th a t

n
£  e a . = 0 ( mod q ) . 

i = i  1
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I f  (qr.o^) = 1 f o r  e v e ry  i, and q  > (n + l) /2  , th en

S [[n /2 l] '
F u r th e r ,  p u t t in g

^(n) f 1 f o r  1 £ i  s  [n /2 ]
1 -1 fo r  [n /2 ] < i  s  n .

we h ave  N ( . q ; g n ) ) = [ [„ /£ ] )  *

C orollary  1 .1 .1 . L e t  a  , . . . , a  € 0  s a t i s f y  |a  | = 1 . D en o te  by1 n p i p
tf(r)(p ;a )  * j / r>(p ;a i f . . . , a^)

the num ber o f  c h o ic e s  o f  e , . . .  , e  w ith  e = 0 o r 1, su ch  th a tI n i

I f  pr  > (n + l) /2 , th e n

«<r)(p ;a ) s  [ [n^2 ]] .

The c o ro lla ry  is  immediate from the theorem on considering 
congruences (mod pr ). Results le ss  p rec ise  than the theorem have 
recen tly  been used in investigations on the lo ca l so lu b ility  o f 
simultaneous add itive  equations (see, f o r  example, Lemma 3 .4  o f 
Chapter 2 ).

Our proof is  divided into many cases. When n is  even, the use o f 
exponential sums makes the re s u lt  almost immediate. However, l i fe  is 
ra th e r  harder when n is  odd, and we must take ca re  to  explo it a l l  
ava ilab le  asymmetries p resen t in the residue system, these tending 
to  d e fla te  N (q;  a ) .
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2. PROOF OF THE THEOREM.
Let

S O ) * 1 + e (0 / q )  .
Then, by considering the underlying exponential sums, we have

N ( q \  a) * q”1 ^  yj SCra^ . (2 .1 )

We divide into cases.
(A) Suppose th a t n is  even.
Applying Holder’ s inequality  to (2 .1 ) ,  we have

N(q;a) *  J] fq”1 ^  iS C ra ^ H= 1=1 t  r=i *
n r 3. >1/

= n k * £  \sM\n]
1=1 L r=l J

1 / n

by a  change o f variab le . Thus, since  n is  even and q  > (n + l)/2 , we 
have

and the re s u lt  holds in case (A).
(B) Suppose th a t n is  odd.
We w rite n = 2k+l with k  a  positive  in teger (the  case  n -  1 is 
t r iv ia l ) .  We divide into cases according to  the value o f
7) = a  + . . .  + a  .1 n

( i)  Suppose th a t (t \ , q ) -  1 .
For A a  given reduced residue (mod q ) , le t  N ^ ( q ; a )  denote the number
o f choices o f e , . . . , e  t with e = 0 o r 1, such th a t I n  1n

£  s  A (mod q) . (2.2)1=1
Then N ^ i q i a )  = N (q ;  a )  , since  whenever (2 .2 ) holds with A = t?, we 
have

n
Y  (1 -e  )a  = 0 (mod q)  .

£ 1  1 1
Then we have

N (q;  a  , . . . , a  , - tj) = N(q;  a) + N (q;  a) = 2 .tf(q ;a )  . (2 .3 )l  n  — Tj =  =

2 6 6



But by p a r t  (A), we have

* (« bi ........ v - ” 5 * [2£ i ]  -  2 (2k+1) •
and the r e s u lt  follows in case  (B )(i) .
( i i )  Suppose th a t (rj,g) is  a  proper d iv iso r o f  q.

Let d -  (tj, q )  . By applying H older's inequality  to  (2 .1 ) , we have

N ( q ; a  , . . .  , a  ,-7») 1 n ;  (« -1i = l  L r =  1
|S ( r a ( ) I31. |S ( m ) i 2J

l / ( 2 k )

n f'?"1 £ IS(r a i ) | 2k*21
i = k + l L r = l  J

l / ( 2 k + 2 )

We now observe th a t
- 1  f  , e ,  .  1 2 k + 2  . . .  ( n + l K  f 2 k + 2 ' l  _ f 2 k + l ' |

q  ^ | S ( r a ) |  = N ( q ; r  > = [  k+l j  = 2 [ k  j  .
and, by a  change o f variab le ,

q"1 J  |S ( ra i ) | 2k. |S (rrj) | 2 = N (q;  y (n_1), £, -£ ) , 
r = l

fo r  some £ with (£ ,q ) = d.
We e s ta b lish  now a  lemma which is  u se fu l both here and la te r .

Lemma 2 .1 . Suppose t h a t  k  £ 1, q  k+ 2 and  a  * ±1,0 (mod q ) . 
< 2 k ) > ^  2 k + 3 f2 k + 3 l .  . ^  0■ M q - .g  < 5ETg [  k+1J f o r k  * 2 ,

and

( 4 )N ( q ; v  , a , - a )  s  16 .
P roof: We have

<2k) x f (2k). A .. , (2k).^ ( q ; r  , a, -a )  = N (q ;  y ) + (q ;y  )
=  □  =  a -  a  s =

. i r  / ____ ( 2 k ) .  , «* /  ( 2 k )  .
NJ q’ lL * N~Jq ;I  '  •

Since a  * ±1,0 (mod q )  we have

and
W g jy ^ ’ .a . - a )  = 2Afo(g ;y <2>) = 4 < 25/6 = ,

tf (g ;r<4>» a .- oc) s  2Wo(q ;y <4>) + 4 = 16 .

Then
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0 £  t  < q , a  + u s O  (mod g ), - a  + t  * 0 (mod g ). Then, as
a  * ±1,0 (mod qr) we have u  a 2, t  2.

When u s  k the congruence
2k , „(2k) _

Thus we may suppose that k 3. Choose u and t so that 0 s u < qr,

£ s a  (mod qr)

has
1=1

so lu tions o f the type r .  1 + ( r+ u ) ( - l )  b a  (mod g ) , when t  s  k i t  has 
[k - t]  °** ^he type + r ( - l )  b a  (mod q ) ,  and i t  has no o ther
so lu tions since  q  a k+2. There is  a  concomitant conclusion when a  is 
replaced by -a . Thus, on using p a r t  (A) to estim ate NQ( q ; 7  ), we 
deduce th a t

N ( q ; y <Zk>, a , - a )  s  2 (2£] ♦  2 ^ ]  ♦  2 ^ * ]  . (2 .4 )
Since u = - a  = - t  (mod q)  we have u + t  =  q , and without lo ss o f
genera lity  we may suppose now th a t t  a u, whence t  i  Xqr > Xk + 1.
Thus we may now assume th a t

n < r . l ™ . a . - a )  S 2 p )  ♦  2 (k2g  ♦  z [ £ \  .

holds with k 2: 3 and t  Kk + 1. Hence
(2k) . 2k+3f2k+3'L« (g ;r  s  4 i ^ [ k+1J^

where A is  given by
(v _ i) (2k+l)(2k+3) _ « _ pi> + 3 ° k (k - l)  nU  11 2k+4----------- 1 2k 2ic+4 2,Cl,C X) H T S T  •m=3

When k = 3 ,5 ,6  the r ig h t hand side does no t exceed -27/10,
-9  + 3/14 + 10/3, -11 + 3/16 + 8 respectively , so A < 1. When k = 4
and t  a 4 i t  does not exceed -7  + 1/4 + 6 /7 , so again  A < 1. When 
k = 4 and t = 3, we have 3 £ g /2  2 3 , so q  = 6, u = 3. Thus

* 2 g ]  + * g )  = 172 < i i [ “ ] .
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Therefore we may suppose th a t k a 7. Now the product on the r ig h t 
hand side  is

r t r - 2 m -1 ■» •

y  log 1 2k+lexp
1 t  2m~ 1

t— 9, hi CJ L 2k+l J
•

< exp 4 m-2 *|
2 k + l  J

and when k  2t 7 we have
r  4m-2 _ 2 t2-8  ^ (k+2)2 -  16 _ k 7 _ 55 ^ k+1
L  2 k + l  2k+l 4k+2 4 8 “ 16k+8 4m=3

and e x p ((k + l)/4 )  > k. The la s t  inequality  may be estab lished  by 
observing th a t f i x )  = e x p ((x + l)/4 )  -  x  is  s t r i c t ly  increasing  fo r  
x  a  81og2 -  1, and th a t 7 > 81og2 -  1 and e2 > 7, and so
f (k )  * f (7 )  > 0.

I t  now follows th a t
U - V (2k+i l ^ k+3) < 2 -  2k + 2 (ic-l)2Jc+4

whence A < 1 once more.
» 0 f

This completes the proof o f the lemma.

Returning to the proof o f the theorem, by Lemma 2 .1 ,
2 . n „ i > .  » ( « « , . <  ( j p § § )  (2k“ ) )  [2 (2kI ‘] )

< 2(2k; 1]
Thus the r e s u lt  follows in the case  (B )( ii) .
( i i i )  Suppose th a t g|7) .
Then we have

1/2

a  = - ( a  + . . .  + a  ) (mod g)
n  1 n - l

and hence
N i q ; a  , . . . , a  ) = N (g;a , . . . ,< *  . - ( a  + . . .  + a  ))

I n  1 n - l  1 n - l

= 2. N iq ;  a  , . .  . , a  ) .
1 n - l

We now divide into fu r th e r  cases.
(2 .5 )
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Suppose th a t there  a re  m values o f i  with a  ■  0 , and n-m  values 
o f 1 with = -0 . Thus

(a) Suppose that there is a 0 with ■ ±0 for i =

Without lo ss o f  genera lity  we may assume th a t n-m  £ m. Then since 
(0 ,q ) = 1 and q  > (n + l) /2 , we have e ith e r n  -  2m o r  n  = 2m + q.  The 
f i r s t  case cannot occur, s ince  we have supposed n to be odd. Then we 
must have 1 s  m -  (n -g )/2 < k / 2 .

We th ere fo re  have

and the r e s u lt  follows once again.
(b) Suppose th a t there  is  no 0 such th a t f o r  i  = 1.........n we have
a  s  ±0 .

By a  rearrangem ent o f  variab les  we may suppose th a t there  is  no 0 
such th a t f o r  i  = l , . . . , n - l  we have =  ±0. The case  k -  1 is 
t r iv ia l .  Suppose then th a t k  > 1, and le t £ { l , . . . , n - l >  denote 
the s e t  o f indices f o r  which a  = ±C (mod q)  . There a re  th ree 
cases:
(a) We may choose < with 1 < card (S ?) ^ 2k-2.
Choose < so th a t s  = card (S ?) is  minimal amongst those C sa tis fy in g  
1 < card(S^) s  2k-2. Then we may rearrange  v a riab le s  so th a t

{ 2 k - s + l , . . .  ,2k  > , and by Holder’s  inequality , fo r  k > 2 we
have

m0 -  (n-m)0 = 0 (mod q )  .

Then on noting th a t 2(m+l) < k+2, we deduce th a t
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N iq ;  .........a ^ )  s  jj  ̂ jg" 1 ^  |S ( r a t ) | 2k"2. |S(rC ) I 2J

x t^'1 tL r = l

2k-2-s 
( 2 k - 4 ) ( 2 k - s )

s  -  2

1( 2 k - 4 ) ( 2 k - s ) >
J

For k  -  2 (and s  = 2 ), by Cauchy’s inequality  we have
2 f 3. o11/2

N iq ;  a .... a ) s JJ Iqr”1 J] iSCr^)!2.
n ~ 1 = 1 t  r = l  '

(0) For every <, card(S^) ^ 1 . 
Then we have

....... s n [  I*?"1 £ |s(ra2 i- i) | 2k’ z- |s (r“ 2i )|2 ]1=1 t t  r = i J

l / ( 2 k )

x t9' 1 JL r = l 11 / ( 2 k K
)

(y) There a re  reduced residues £ and £ with card(S^) = 1 and 
card(S  ) = 2 k - 1.K
We may rea rrange  variab les  so th a t = { 2 k } .  Then by Cauchy’s
inequality , we have

N { q ; a t . . . , a  ) s  fq_1 ^ |S (r£ ) | 2k-2|S (r< ) | 21
n"  ̂ r=i J

1/2

[
q > 1/2

q_1 2] |S (r£ ) | 2kj

We now observe th a t given a  and 0 with (a0 ,q ) = 1 and 
a  * ±0 (mod q ), there  is  a  0 '  with 0 '  * ±1,0  (mod q )  such th a t 

q fl f  |S ( r a ) |2k‘2. |S ( r0 ) | 2 = f f(q ;r<2k‘2’ ,P ' , ~P ‘ ) .
r =  1

The premiss o f Lemma 2. 1 is  s a t is f ie d  with k  rep laced by k-1, since
2k+l f2k+ llk a 2. Thus the above does not exceed ^ + 4  ^ when k  *  3, and 16

when k = 3. Hence in cases (a) and (0) we have

2 W(9:“i ........ V i 5 s  ( T 1)
and the re s u lt  follows from (2 .5 ) .
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In the case  (y ), when k  *  3 we obtain , v ia  p a r t  (A),
„ ^ _ f2k+ lf2k+l1 f2k‘n 1/2 f2k+11........ “ n J  S 2 [ i m [ k  J [ Jcjj = [ fc J

and again the re s u l t  follows from (2 .5 )
When k = 3 we obtain , in the same way,

I H q ;a t .........a ^ )  s  f l 6 ^ 1 j  = (320)1/z < 18.
Thus, by (2 .5 ) ,

N(q-, a )  s  34 < 3S = fgj .
This completes the proof o f the theorem.
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